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Chapter 1

Vector

1.1 Space vector

You may have already encountered a vector represented by a directed line segment in a plane or
space. Here, the vector represented by the directed line segment in the three-dimensional space is
called space vector．A vector in space represents a line segment with direction and magnitude.

From now on, the vector of space will always be represented by a directed line segment. It can
be said that the vectors of space are equal as long as they have the same direction and magnitude,
unlike the numbers you have dealt with so far. In other words, any vector in space can be replaced
by a vector in space that is parallel to it and has the same magnitude, and from this, the vector
in space can move freely without changing its direction and magnitude.．

First, we define two elementary operations, vector addition and scalar multiplication, for
a vector in space. The operation of creating the sum of vectors is called addition, and multiplying
the vector by a constant is called scalar multiplication.

When orthogonal coordinates are prepared for the space vector x and the origin and end points
are translated so that the starting point is the origin. The vector connecting the origin and end

coordinates (x1, x2, x3) is x =

 x1
x2
x3

 or expressed as t[x1 x2 x3]．Especially when dealing with

xyz-space, a vector created by connecting points (1, 0, 0), (0, 1, 0), (0, 0, 1) with the origin as the
starting point. Using i, j, boldsymbolk, bfx = x1i+x2j+x3 boldsymbolk．Then the sum of two
vectors x = x1 i+ x2 j + x3 k，y = y1 i+ y2 j + y3 k is defined by

x1 i+ x2 j + x3 k + y1 i+ y2 j + y3 k = (x1 + y1) i+ (x2 + y2) j + (x3 + y3)k

Also, the magnitude of the vector |x1 i + x2 j + A3 k| is the distance of the line segment
connecting origin and point (x1, x2, x3), which is represented by

√
x21 + x22 + x23.

Example 1.1

For A = −i+ 2 j + 3 k,B = −3 j + 2 k, find the followings:．

(a) 2A (b) 3B − 2A (c) |A|

Answer (a) 2A = 2(−i+ 2 j + 3 k) = −2 i+ 4 j + 6 k.
(b) 3B − 2A = 3(−3 j + 2 k)− 2(−i+ 2 j + 3 k = 2 i− 13 j.
(c) |A| =

√
(−1)2 + 22 + 32 =

√
14.

iii
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Question 1.1

Find |A+B|
Basic vector

Vector i, j, k formed by connecting the origin and the point (1, 0, 0), (0, 1, 0), (0, 0, 1) is called
the basic vector in the Cartesian coordinate system (O − xyz). Also, a vector with a magnitude
of 1 such as i, j,k is called a unit vector.

1.2 Inner product

The following three things are basic in the vector of space. (1) Sum, (2) Scalar multiplication, (3)
Inner product (scalar product)

Now that we have already learned about sums and scalar multiplication, we will introduce the
inner product of vectors in space.

Let the non-zero vectors A,B and their angles be θ(0 ≤ θ ≤ π). Then the real number
|A||B| cos θ is called inner product or scalar product of A and B and denoted by A ·B. Thus,

A ·B = |A||B| cos θ

If at least one of A and B is bf 0, set A ·B = 0.

Theorem 1.1

For two vectors A,B，if A = A1 i+A2 j +A3 k,B = B1 i+B2 j +B3 k，then

A ·B = A1B1 +A2B2 +A3B3

．

Question 1.2

Prove the above theorem using the definition of inner product and the law of cosines.．

Example 1.2

Find the angle between A = i+ j + 2 k and B = − i+ 2 j + k. Abswer

cos θ =
A1B1 +A2B2 +A3B3

|A1 i+A2 j +A3 k||B1 i+B2 j +B3 k|
=

−1 + 2 + 2√
6
√
6

=
1

2
, ⇒ θ = cos−1 1

2
=
π

3

Question 1.3

For A = − i+ 3 j + k,B = 2 i+ 4 j − 2 k, find the following values:

(1) Angle between A and B (2) A unit vector with the direction of A

1.3 Cross produc

Definition 1.1
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In the two space vectorsA,B, the size is the area of ?the parallelogram created byA,B |A|B| sin theta,
the direction is perpendicular to both boldsymbolA,B, and A is rotating within 180 circ and over-
lapping in the direction of B, the vector determined as the direction of the right-handed screw is
the cross product of A,B ( cross product) is called A×B．For A = 0,B = 0, θ = 0.

(A1 i+A2 j+A3k)×(B1 i+B2 j+B3k) = (A2B3−A3B2)i+(A3B1−A1B3)j+(A1B2−A2B1)k.

Using the determinant, we can express the right-hand side as follows:

(A1 i+A2 j +A3 k)× (B1 i+B2 j +B3 k) =

∣∣∣∣∣∣
i j k
A1 A2 A3

B1 B2 B3

∣∣∣∣∣∣ .
Example 1.3

For A = t[1 2 1],B = t[2 − 1 − 2]，find A×B．

Answer

∣∣∣∣∣∣
i j k
1 2 1
2 −1 −2

∣∣∣∣∣∣ = i

∣∣∣∣ 2 1
−1 −2

∣∣∣∣ − j

∣∣∣∣ 1 1
2 −2

∣∣∣∣ + k

∣∣∣∣ 1 2
2 −1

∣∣∣∣ = −3 i + 4 j + −5 k =

t[−3 4 − 5]

Question 1.4

For A = 2 i− 3 j − k, B = i+ 4 j − 2 k，find the following vectors:． (1) A×B
(2) (2A− 3B)× (A+ 2B)

Question 1.5

Let A = i+ 2 j + k,B = 2 i− j − 2 k．
(1) Find the area of the parallelogram when these are regarded as two adjacent sides．(2) Find

a vector other than the zero vector that is orthogonal to these．

Question 1.6

Prove the followings:．
|A×B|2 = (A ·A)(B ·B)− (A ·B)2

1.4 Directional cosine

Let A ̸= 0 and let the angle between the direction of A and x-axis，y-axis，z-axis is α, β, γ
respectively. Then we say

cosα, cosβ, cos γ

is the directional cosine of A.
For A = A1 i+A2 j +A3 k，we can express

A = |A|(cosα i+ cosβ j + cos γ k)

Question 1.7

The position vector of point A forms an angle between the x axis with pi/4, the y axis with π/3,
and the z axis with π/6, and its magnitude is 6. Find the coordinates of A．
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1.5 Application of inner product and cross product

1.5.1 Area vector

If one side of the plane π is specified as its front and the other side of the front is back, the front
and back can be specified for this plane π. A plane whose front and back are specified in this way
is called a directed plane. To display the orientation of the directed plane, consider a shape on
the directed plane π, and when you turn the edge of the shape so that you see this shape on your
left shoulder, it is perpendicular to this plane and the right-hand thread the direction of travel
represents the front and back of the directed plane. A vector of magnitude 1 perpendicular to
this plane and in the direction of the right-handed screw is called a unit normal vector, andit is
represented by a n.

表

S = S n

S

When the area of?the figure on this directed plane π is S, the vector S = Sn is called the area
vector of this figure. From |S| = |Sn| = S|n| = S, the size of the area vector represents the area
of this figure, The direction of S represents the slope of this figure in space.

As shown in the figure above, let the plane figure with the area vector S be the bottom, and the
volume of the pillar with the generatrix parallel to the vector A be V . At this time, assume that
the angle between A and S is an acute angle. At this time, it is assumed that the angle between
A and bfS is an acute angle. Then, the height h of this pillar is expressed as

h = |A| cos θ

and

V = h|S| = |bfA||S| cos θ = A · S

Then we say A · S directed volume．
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Consider a rectangle ABCD with an area vector S and a directed plane pi, as shown in the
figure above. At this time, the image obtained by projecting the rectangle ABCD onto the directed
plane π is A’B’C’D’. Find the area of ??the rectangle A’B’C’D’when the angle between the rectangle
ABCD and the directed plane π is θ.．First, notice that the angle between the area vector S and
the normal vector n of the directed plane π is θ. Then, the area S′ of the rectangle A’B’C’D’is
overheadA′B′ B′C′．Also，A′B′ = ABcos θ, B′C′ = BC．Therefore，

S′ = AB BCcos θ = |S| cos θ = |S||n| cos θ = S · n

Generalizing this argument, when there is a plane figure with an area vector of S and a directed
plane π, this plane figure is obtained by projecting it onto the plane pi. The area of ?the figure
S is given by

S′ = S · n
At this time, S · boldsymboln is called the bf directed area of the orthodox projection on the
directed plane π of this plane.

1.5.2 Scalar triple product

A · (B ×C) is called Scalar triple product and can be solved by

(A1 i+A2 j +A3 k) · (B1 i+B2 j +B3 k × C1 i+ C2 j + C3 k) =

∣∣∣∣∣∣
A1 A2 A3

B1 B2 B3

C1 C2 C3

∣∣∣∣∣∣ .
．

Vectors A,B,C are on the same plane, then we say A,B,Cは coplanar or linearly depen-
dent. Also，ifA,B,C are not on the same plane, we say not coplanar or linearly independent．

The absolute value of the scalar triple product can be thought of as the volume of a paral-
lelepiped made up of A,B,C. Then to check to see whether three vectors A,B,C are on the
same plane or not, we can use the scalar triple product.

Theorem 1.2

VectorsA,B,C are coplanar if and only if the scalar triple productA·(B×C) = 0．

Example 1.4

Show that A = i+ 2 j − k,B = 2 i− j − k,C = − i+ 3 j + 4 k is not coplanar.

Answer A · (B ×C) =

∣∣∣∣∣∣
1 2 −1
2 −1 −1

−1 3 4

∣∣∣∣∣∣ = −20 ̸= 0．Thus they are not coplanar．
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Question 1.8

Check to see i+ j, − j + 2 k, 2 i− 2 k is coplanar or not．

1.5.3 Vector triple product

The product of three vectors A,B,C A × (B × C) is called vector triple product and the
following formula holds.．

A× (B ×C) = (A ·C)B − (A ·B)C

Example 1.5

Prove the above theorem Answer Let A = A1 i + A2 j + A3 k, B = B1 i + B2 j + B3 k,
C = C1 i+ C2 j + C3 k. Then，

B ×C = (B2C3 −B3C2) i− (B1C3 −B3C1) j + (B1C2 −B2C1) k

Thus，the first component V1 of V = A× (B ×C) is

V1 = A2(B1C2 −B2C1) +A3(B1C3 −B3C1)

= B1(A2C2 +A3C3)− C1(A2B2 +A3B3)

= B1(A1C1 +A2C2 +A3C3)− C1(A1B1 +A2B2 +A3B3)

= (A ·C)B1 − (A ·B)C1

Similarly, we find，V2, V3.

V2 = (A ·C)B2 − (A ·C)C2, V3 = (A ·C)B3 − (A ·C)C3

Therefore,
V = (A ·C)B − (A ·C)C

Question 1.9

Show that (A×B) · (C · d) =
∣∣∣∣ A ·C A · d
B ·C B · d

∣∣∣∣．
Question 1.10

Show that |A×B|2 = (A ·A)(B ·B)− (A ·B)2．



Chapter 2

Differentiation / integration of
vectors

For each point t belonging to the subset D of the real R, given the real functions x(t), y(t), z(t),
one vector you can think of x(t), y(t), z(t))．This vector F (t) is called one variable vector-valued
functionVector-valued function or vector function from D to R3 and denoted by

F (t) = (x(t), y(t), z(t))

or
F (t) = x(t) i+ y(t) j + z(t) k

Often boldsymbolF (t) is geometrically a mapping from the real axis t to the vector connecting
the origin and the point (x(t), y(t), z(t)). It will be treated.

Example 2.1

For F (t) = t cos t i+ t sin t j + t2 k，find the trace of F (t) .
Answer The components of F (t) are x = t cos t, y = t sin t, z = t2. Then z = x2 + y2 and the
trace of F (t), (x(t), y(t), z(t)) is on the paraboloid z = x2 + y2.

Definition 2.1

In the vector function F (t), if t → t0 and F (t) → bfL, then
ThelimitvalueofF (t) is said to be bfL, which is expressed as follows．

lim
t→t0

F (t) = L

Since the definition of the limit value is the same as for the one-variable function, you probably
expect the definition of continuity to be the same as for the one-variable function. In fact, that’s
the case.

Definition 2.2

When limt→t0 F (t) = F (t0) holds, the vector function F (t) it is said that t = t0 is
continuous. Also, when all t in the interval [a, b] are continuous, F (t) is said to be
continuous in the interval [a, b], which is expressed as F (t) ∈ C[a, b].

ix
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In this way, various definitions in a one-variable function are inherited by a vector function.

Definition 2.3

A vector function F (t) is said to be differentiable at t = t0 if

lim
t→t0

F (t)− F (t0)

t− t0
= A

exists for t = t0. Also, the limit A is called a coefficient of derivative at t0 and
denoted by F ′(t0)．

We will study in the next chapter, the direction of the vector F ′(t0) is the direction of the
tangent line to the curve F (t).

As the sum of vectors and the scalar multiple are defined by the sum of the corresponding
components and the scalar multiple, the calculation of the limit value, derivative coefficient, and
indefinite integral of the vector function is performed by the limit value, derivative coefficient, of
the component of the vector function. It can be obtained from the indefinite integral.

Theorem 2.1

Let F (t) = x(t) i+ y(t) j + z(t) k. Then the followings are true．
(a) lim

t→t0
F (t) = lim

t→t0
x(t) i+ lim

t→t0
y(t) j + lim

t→t0
z(t) k

(b) F (t) is continuous ⇔ x(t), y(t), z(t) are continuous
(c) F ∈ C ′[a, b] ⇒ F ′(t0) = x′(t0) i+ y′(t0) j + z′(t0) k

(d) F ∈ C[a, b] ⇒
∫ b

a

F (t)dt =

∫ b

a

x(t)dt i+

∫ b

a

y(t)dt j +

∫ b

a

z(t)dt k

Proof (a)

|F (t)− L| =
√
(x(t)− l1)2 + (y(t)− l2)2 + (z(t)− l3)2

Then，if x(t) → l1, y(t) → l2, z(t) → l3，then F (t) → L．Also，if F (t) → L，√
(x(t)− l1)2 + (y(t)− l2)2 + (z(t)− l3)2 → 0

Note that everything in the square root is the sum of squares. Then

(x(t)− l1)
2 → 0, (y(t)− l2)

2 → 0, (z(t)− l3)
2 → 0

Thus, x(t) → l1, y(t) → l2, z(t) → l3 implies

lim
t→t0

F (t) = lim
t→t0

x(t) i+ lim
t→t0

y(t) j + lim
t→t0

z(t) k

Proof of (b)，(c)，(d) are your exercise. ．

Example 2.2

For F (t) = t2 i+ t j + t3 k， find F ′(t).
Answer Differentiate eachcomponents, we have

F ′(t) = 2t i+ j + 3t2 k



xi

If F (t),G(t) are differentiable for t, then the followings are true.

(1) (F (t)±G(t))′ = F ′(t)±G′(t)
(2) (cF (t))′ = cF ′(t)
(3) (F (t) ·G(t))′ = F ′(t) ·G(t) + F (t) ·G′(t)
(4) (F (t)×G(t))′ = F ′(t)×G(t) + F (t)×G′(t)

Example 2.3

For F = 5t2 i + t j − t2 k, G = sin t i − cos t j，find the followings:．(1) (F ·G)′ (2) (F ×G)′

Answer F ′ = (5t2)′ i+(t)′ j+−(t2)′k = 10ti+ j−2tk, G′ = (sin t)′ i−(cos t)′ j = cos ti+sin tj.
(1)

(F ·G)′ = F ′ ·G+ F ·G′

= (10t i+ j − 2t k) · (sin t i− cos t j) + (5t2 i+ t j − t2 k) · (cos t i+ sin t j)

= (5t2 − 1) cos t+ 11 sin t

(2)

(F ×G)′ = F ′ ×G+ F ×G′

= (10t i+ j − 2t k)× (sin t i− cos t j) + (5t2 i+ t j − t2 k)× (cos t i+ sin t j)

=

∣∣∣∣∣∣
i j k
10t 1 −2t
sin t cos t 0

∣∣∣∣∣∣+
∣∣∣∣∣∣

i j k
5t2 t −t2
cos t sin t 0

∣∣∣∣∣∣
= (t2 sin t− 2t cos t) i− (t2 cos t+ 2t sin t) j + (5t2 sin t− sin t− 11t cos t) k

Example 2.4

Suppose that the magnitude of F (t), |F (t)| is constant，show that F (t) and F ′(t) are orthogonal
for all t．
Answer Let |F (t)| = c. Then |F (t)|2 = F (t) · F (t) = c2. Thus, by the derivative of the vector
function, we have

(F (t) · F (t))′ = 2F ′(t) · F (t) = 0

Thus the inner product is 0 and F (t) and F ′(t) are orthogonal.
For every vector functions F (t), G(T ) and a constant α，a constant vector C, we have the

followings:

(1)
∫
(F +G) dt =

∫
F dt+

∫
G dt

(2)
∫
CF dt = C

∫
F dt

(3)
∫
αdFdt dt = αF −

∫
dα
dt F dt

(4)
∫
F · dGdt dt = F ·G−

∫
dF
dt ·G dt

(5)
∫
F × dG

dt dt = F ×G−
∫
dF
dt ×G dt

Example 2.5

For every vector function F = F (t)，prove that
∫
F · F ′ dt = 1

2F · F． Answer
∫
F · F ′ dt =

F · F −
∫
F ′ · F dt．Therefore,，

∫
F · F ′ dt = 1

2F · F .

Question 2.1

Find
∫ 3

2
F · dFdt dt, provide F (2) = 2 i− j + 2 k, F (3) = 4 i− 2 j + 3 k
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2.1 Space curves

The space curve (hodograph) drawn by the point P (x, y, z) in space is given by

C = {(x, y, z) : x = x(t), y = y(t), z = z(t), t ∈ [a, b]}

. This is the same as the position vector of the point P with the origin O as r = O⃗P = xi+yj+zk,
and given as a vector function of t

r(t) = x(t) i+ y(t) j + z(t) k

r(t0) r(t0 + ∆t)

x

y

z

O

C

Figure 2.1: Tangent vector

Next, let’s think about what the derivative r prime(t) of the vector function r(t) represents
geometrically. The derivative of a vector function r(t), r′(t) is by the definition r′(t).

r′(t) = lim
∆t→0

r(t+∆t)− r(t)

∆t

Now if r(t+∆t)− r(t) is r′(t) ̸= 0，then even if ∆t approaches 0 , it not 0 and it approaches the
direction of the tangent vector，Thus, the limit

lim
∆t→0

r(t+∆t)− r(t)

might be used as a tangent directional vector.
Unfortunately, this limit cannot be used as a tangent direction vector. Because this limit is 0

and 0 has no direction.
Therefore, to avoid this, consider the following vector that can obtain a large length when ∆t

is small.
r(t+∆t)− r(t)

∆t

This vector is parallel to r(t + Deltat) − boldsymbolr(t) when ∆t is non-zero．That is, this
vector is parallel to the tangent direction vector. Therefore, when this limit value r prime(t) exists,
this limit value can be considered as a tangent direction vector, so r prime(t) is called tangent
vector of curve r = r(t). Also,

t(t) =
r′(t)

|r′(t)|

is called unit tangent vector．
Note that |t(t)| = 1 here, from the example 2 t′(t) and t(t) is orthogonal．So, t′(t) is called

normal vectorofthecurver(t). Also， for t′(t) ̸= 0，

n(t) =
t′(t)

|t′(t)|
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is called principal unit normal vector．

r(t0) r(t0 + ∆t)

x

y

z

O

C

Figure 2.2: Normal vector

Example 2.6

2 Find the equation of straight line goes through the points (−1, 0, 2), (1, 4, 3).
Answer The straight line to be found has a starting point of (−1, 0, 2) and a direction of t[1, 4, 3]−
t[−1, 0, 2] = t[2, 4, 1]. Let the arbitrary point on the line as (x, y, z). Then，

(x, y, z) = (−1, 0, 2) + (2, 4, 1)t, t ∈ R

Solve this for t, we have
x+ 1

2
=
y

4
=
z − 2

1

Example 2.7

Draw the plane curve r(t) = sin t i+ sin t j.
Answer Since x(t) = sin t, y(t) = sin(t), we have x = y．t should be noted here that the value of
sint is from −1 to 1, so the curve to be calculated is y = x, −1 leqx leq1.

Example 2.8

Find the equation of the tangent line to the curve r(t) = cos t i+ sin t j at t =
π

4
．

Answer The tangent vector is give by

r′(
π

4
) = − sin t i+ cos t j |t=π

4
= −

√
2

2
i+

√
2

2
j

Thus, the equation of the tangent line is

(x, y) =

(
−
√
2

2
,

√
2

2

)
t+

(√
2

2
,

√
2

2

)
or

t =
x−

√
2/2

−
√
2/2

=
y −

√
2/2√

2/2

When r = r(t) satisfies the condition r′(t) ̸= 0, r′(t) ∈ C[a, b]，we say r is smooth curve．
The length of the a ≤ t ≤ b part of a smooth curve r = r(t) is called arc length an denoted by
s. How can you find the arc length?
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Curve r = r(t) = (x(t), y(t), z(t)) corresponding to the small interval [t, t +∆t in the interval
[a, b]. The length of the arc PQ is considered to be approximated by the line segment PQ. Then

PQ =
√

(∆x)2 + (∆y)2 + (∆z)2 =

√
(
∆x

∆t
)2 + (

∆y

∆t
)2 + (

∆z

∆t
)2 ∆t

Thus the length of s is expressed by

s = lim
∑√

(
∆x

∆t
)2 + (

∆y

∆t
)2 + (

∆z

∆t
)2 ∆t

=

∫ b

a

√
(
dx

dt
)2 + (

dy

dt
)2 + (

dz

dt
)2dt

=

∫ b

a

|dr
dt

|dt

Also, the arc lenght s(t) from r(a) to r(t) is given by

s(t) =

∫ t

a

|dr
dt

|dt

Thus,
ds

dt
= |dr

dt
|

Theorem 2.2

When r = r(t) is smooth curve， the arc length s(t) from r(a) to r(t) is given by

s(t) =

∫ t

a

|dr
dt

|dt

As you may have noticed here, if you think of t as time, then |dr
dt

| is considered to be a change in

position within a minute time. Therefore, it represents the moving speed of the point P. Therefore,
the length s(t) of the curve can be thought of as the distance that the point P has moved within
the time t.

Example 2.9

Find the arc length of r(t) = cos t i+ sin t j + t k for 0 ≤ t ≤ 2π.
Answer Since x = cos t, y = sin t, z = t，we have x2 + y2 = 1. Thus, r(t) is a smooth curve that
spirally rotates around a cylinder with a radius of 1.

dr

dt
= − sin t i+ cos t j + k

implies

|dr
dt

| =
√
(− sin t)2 + (cos t)2 + 1 =

√
1 + 1 =

√
2

Therefore,

s =

∫ 2π

0

√
2dt = 2

√
2π

．
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Example 2.10

Express r(t) = 5 cos ti+ 5 sin t j using the arc length s as a parameter.

Answer r(t) = 5 cos t i+ 5 sin t j implies

|dr
dt

| = | − 5 sin t i+ 5 cos t j| = 5

Thus

s =

∫ t

0

5dt = 5t

or |r(t)|2 = x2+ y2 = 25 implies r(t) is a circle of the radius 5 with the center at the origin. Thus,
the arc length is s = 5t．Therefore,

r(s) = r(t(s)) = 5 cos
s

5
i+ 5 sin

s

5
j

When the curve C is expressed by r(s) using the parameter s，we find the tangent vector.

r(s+∆s)− r(s)

∆s
=

chord length

arc length
−→ 1

Thus, the unit tangent vector t is expressed by

t =
dr

ds

Figure 2.3: curvature

Now let’s think about how the curve bends. First, let’s think about the curve on the plane．Let
ϕ be the angle formed by the tangent l and the x axis at the point P on the curve. The tangents
l and ϕ change as the point P moves．At this time, the rate of change of ϕ per unit arc length is
called curvature(curvature) .

κ = |dϕ
ds

|

Where the tangent unit vector t can be represented by bft = (cos phi, sin phi)．Therefore,
when examining the rate of change of the tangent vector per unit arc length,

dt

ds
= (− sinϕ

dϕ

ds
, cosϕ

dϕ

ds
) =

dϕ

ds
(− sinϕ, cosϕ)

Thus

|dt
ds

| = |dϕ
ds

(− sinϕ, cosϕ)| = |dϕ
ds

| = κ

Therefore, the curvature κ can also be expressed by the rate of change of the tangent vector per
unit arc length.

Example 2.11
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Find the curvature of the curve y = f(x).

Answer First find |dϕ
ds

|．tanϕ is the slope of the tangent line. Thus tanϕ = y′(x) Therefore,

ϕ = tan−1(y′)

Differentiate this with respect to x.

dϕ

dx
=

1

1 + (y′)2
· d
dx

(y′) =
y′′

1 + (y′)2

Note that，
dϕ

dx
=
dϕ

ds

ds

dx
=
dϕ

ds

√
1 + (y′)2

Then
dϕ

ds

√
1 + (y′)2 =

y′′

1 + (y′)2

Therefore,

κ = |dϕ
ds

| = |y′′|
[1 + (y′)2]3/2

The curvature of the curve in space is κ = | dtds |.

dt

ds
=
dt/dt

ds/dt
, n =

t′

|t′|
=

dt/dt

|dt/dt|

Then

dt

ds
= n

|dt/dt|
ds/dt

= n|dt
ds

| = nκ (2.1)

2.2 Motion of objects

The curve
C : r(t) = (x(t), y(t), z(t)), t ∈ [a, b]

can be thought of as the locus drawn by the point P moving in space．Here, the interval [a, b] is
considered as the interval of time, and r(t) is considered as the position of the object in time t.
For the motion r = r(t)， r′(t) is called velocity．Also，r′′(t) is acceleration and expressed by
v(t),A(t). Thus,，

v(t) = r′(t),A(t) = r′′(t)

As we have already learned, the tangent unit vector can be represented by bft =
dr

ds
and the

velocity vector is

v(t) =
dr(t)

dt
=
dr(t)

ds

ds

dt
=
ds

dt
t

Thus, velocity vector is a vector tangential to the locus of a point．The magnitude of the velocity

vector v,
ds

dt
is the rate or speed of change in arc length and denoted by v. Thus

v = |v| = |r′(t)| = ds

dt
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Next, to understand the acceleration a little better, let’s consider the velocity vector.　

v(t) = r′(t) =
ds

dt
t = vt

Differentiate both sides of the above equation,

A =
dv

dt
=
dv

dt
t+ v

dt

dt
=
dv

dt
t+ v|dt

dt
|n

Note that
dt

dt
=
dt

ds

ds

dt
= v

dt

ds

Then

|dt
dt

| = |v dt
ds

| = v|dt
ds

| = vκ

Therefore,

A =
dv

dt
t+ v2κn

= at + an

at = (A · t)t, an = (A · n)n

Example 2.12

For
r(t) = (cosπt, sinπt, t)

t = 1, find v(t),A(t), v, t,n.
Answer

r(t) = (cosπt, sinπt, t)

v(t) = r′(t) = (−π sinπt, π cosπt, 1)

A(t) = r′′(t) = (−π2 cosπt,−π2 sinπt, 0)

Then for t = 1,

v(1) = (0, π, 1)

A(1) = (π2, 0, 0)

Then
v = |v(1)| =

√
π2 + 1

t =
v(1)

|v(1)|
=

(0, π, 1)√
π2 + 1

Now we have many ways to find n. Here we will consider a method that is easy to calculate．

A = at + an, at = (A · t)t = 0

implies
an = A−At = (π2, 0, 0)
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Thus，
n =

an
|an|

= (1, 0, 0)

Other way is

v = |v(t)| =
√
π2 sin2 πt+ π2 cos2 πt+ 1 =

√
π2 + 1

at =
dv

dt
= 0

Thus, n =
an
|an|

= (1, 0, 0)

The vector
B = t× n

which is orthogonal to the unit normal vector t and the normal vector n is called binormal unit
vector. Also, the τ satisfying

dB

ds
= −τn

is called torsion.
Now, let’s examine the three unit vectors t,n,B that have appeared so far.

r(t0) r(t0 + ∆t)

x

y

z

O

C

Figure 2.4:

The plane made by t and n is called osculating plane. the plane made by n and B is called
normal plane. the plane made by t and Bis called rectifying plane.

First，t,n,B are orthogonal to each other. Also, these vectors satisfies the following relations.

Theorem 2.3

[Frenet-Serret]
dt

ds
= κn,

dn

ds
= −κt+ τB,

dB

ds
= −τn

Proof By the equation 2.1,
dt

ds
= κn. Also, by the definition of torsion,

dB

ds
= −τn．Next

differentiate n× t with respect to s, we have

dn

ds
=
dB

ds
× t+B × dt

ds
= τB − κt

Example 2.13

For the curve r = 2a(sin−1 t+ t
√
1− t2) i+ 2at2 j + 4at k，find the followings． However, a is an

arbitrary positive constant.
(a) the arc length the curve for t1 ≤ t ≤ t2
(b) the unit tangent vector t
(c) the normal vector n and the curvature κ



2.2. MOTION OF OBJECTS xix

(d) the binormal vector B and the torsion τ

Answer (a)
dr

dt
= 4a

√
1− t2 i+ 4at j + 4a k implies

|dr
dt

| =
√
16a2(1− t2) + 16a2t2 + 16a2 =

√
32a2 = 4

√
2a

Therefore，

s =

∫ t2

t1

|dr
dt

|dt = 4
√
2a(t2 − t1)

(b)

t =
dr

ds
=
dr/dt

ds/dt
=

4a
√
1− t2 i+ 4at j + 4a k

4
√
2a

(c)
dt

dt
=

1√
2
(

−t√
1− t2

i+ j),
ds

dt
= 4

√
2a より

κ = |dt
ds

| = |dt/dt
ds/dt

| = 1

8a

√
t2

1− t2
+ 1 =

1

8a
√
1− t2

また，n =
1

κ

dt

ds
より

n = −t i+
√

1− t2 j

(d)

B = t× n =
1√
2

∣∣∣∣∣∣
i j k√

1− t2 t 1

−t
√
1− t2 0

∣∣∣∣∣∣ = 1√
2
(−
√

1− t2 i− t j + k

Also，
dB

ds
=
dB/dt

ds/dt
=

1

8a
(

t√
1− t2

i− j) = −τn

より τ =
1

8a
√
1− t2





Chapter 3

Scalar field, vector field

3.1 Gradient and directional derivative

When the real number ϕ(P) corresponds to each point P in the space area D The three-variable
function ϕ(P) is called scalar field scalar field @ scalar field on D. Similarly, in the space area
D, when the vector F (P) corresponds to each point P, the three-variable vector function F (P)) is
called vector field on D. Let the component of the vector F be F = F1 i+ F2 j + F3 k. Then

F (P) = F1(x, y, z) i+ F2(x, y, z) j + F3(x, y, z) k

Also, if F1, F2, F3 are continuous，then F is said to be continuous.

Example 3.1

Graph the vector field F (x, y) = −y i+ x j．
Answer Since the vector (−y, x) corresponds to the point (x, y) on the xy plane, a four-
dimensional space is required to draw a graph. Unfortunately, a four-dimensional space cannot
be prepared, so the vector field is expressed using the following method. First, select the point
(x0, y0) on the xy plane, and then set the vector F (x0, y0) at that point. Draw the point (x0, y0)
as the starting point.

F (1, 0) = j, F (2,−1) = i+ 2j, F (3, 2) = −2 i+ 3j

Then we have the following graph 3.1.

x

y

F(1,0)=(0,1) F(2,-1)=(1,2)

F(3,2)=(-2,3)

Figure 3.1: vector field

xxi
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If you look at the figure 3.1, you will notice that the vector is a tangent to a curve.．This curve
is called streamlines or lines of forceline of force@line of force. Generally, when F represents the
velocity of a fluid, the curve drawn along the flow is called a streamline, and when F represents a
magnetic field, it is along the direction of the magnetic field. The drawn curve is called the magnetic
field line.．Similarly, when F represents an electric field, the curve drawn along the direction of the
electric field is drawn along the power line, and when F represents the electromagnetic field, it is
drawn along the direction of the electromagnetic field. The curved line is called an electromagnetic
force line.

Bring a magnet to the sandbox and collect iron sand. If you sprinkle this iron sand on paper
and place a U magnet under the paper, the iron sand will line up along the lines of magnetic force,
and you may have observed that the stronger the magnetic field, the more iron sand is attached.
Let us consider these phenomena here.．
Electric field

If the distance from the charge q to the point P is r and the unit vector from q to P is r0, the
electric field at the point P is given by the following equation.

E =
1

4πϵ0

q

r2
r0

Note that， ϵ0 = 8.85418782× 10−12[s2C2/kgm2] is called the permittivity of vacuum
Universal gravitational field

F for a universal gravitational field (generally called universal gravitational force) in which an
object with a substance amount of M at the origin acts on an object with a substance amount of
m at a point P (x, y, z) Then

F = −κMm

r3
(x, y, z) = −κMm

|r|3
r

Gradient
Here, for a scalar field defined in an area of space，consider vector field gradf defined by

∇f = fx i+ fy j + fz k

Here, ∇f can be seen as an operator applied to f(x, y, z) by

∇ =
∂

∂x
i+

∂

∂y
j +

∂

∂z
k

This is called gradient of f .
For the scalar field f , the curved surface defined by f(x, y, z) = c(c constant) is the level

surface of the scalar field f . and the group of coordinating surfaces obtained by changing the
value of c is called the coordinating surface group.

Example 3.2

Show that the gradient through the point (x0, y0, z0) is orthogonal to the level surface through the
point (x0, y0, z0).
Answer Let the level surface through the point (x0, y0, z0) be

f(x, y, z) = c

Let any curve that passes through the point (x0, y0, z0) on this level surface be

r = r(t) = x(t) i+ y(t) j + z(t) k
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Then f(r(t)) = f(x(t), y(t), z(t)) = c. Thus differentiate both sides by t.

fxxt + fyyt + fzzt = (fx, fy, fz) · (xt, yt, zt) = ∇f · dr
dt

= 0

Therefore, the gradient is orthogonal to the level surface because it is orthogonal to the tangents
of the curves on all level surfaces.
Directional derivatives

Let the unit vector bfu be the directional unit vector at point P. Also, a straight line passing
through the point P and having bfu as the direction vector is represented by r(s) using the
distance s from the point P. Then, at the point P, the directional derivative of the scalar field f in
the u direction is given by

∂f(r(s))

∂u
= lim
s→0

f(p+ su)− f(p)

s

Therefore,

∂f(r(s))

∂u
= lim

s→0

f(p+ su)− f(p)

s
=

d

ds
f(x(s), y(s), z(s)) |s=0

= fxxs + fyys + fzzs = ∇f · dr
ds

= ∇f · u

Example 3.3

Find the unit normal vector orthogonal to the surface z2 = x2 + 2y2 at (1, 2, 3) and find the direc-
tional derivative in the direction of (1, 3,−1) and the equation of tangent plane.
Answer Let

f(x, y, z) = x2 + 2y2 − z2

Then the level surface is f(x, y, z) = 0. Also, ，the normal vector is given by ∇f . Thus

∇f = (2x, 4y,−2z),∇f |(1,2,3)= (2, 8,−6)

Therefore,

n =
∇f
|∇f |

=
(2, 8,−6)√
4 + 64 + 36

=
(2, 8,−6)√

104

Next, find the directional unit vector to find the directional derivative in the (1, 3,−1) direction

at the point (1, 2, 3). u =
(1, 3,−1)√

11
．Then the directional derivative is

∂f

∂u
= ∇f · u = (2, 8,−6) · (1, 3,−1)√

11
=

32√
11

Also, the equation of the tangent plane is

2(x− 1) + 8(y − 2)− 6(z − 3) = 0that is2x+ 8y − 6z = 0

Example 3.4

Find the streamline of the vector field F (x, y) = −y i+ x j．
Answer Let f(x, y) = c be a streamline equation. Then ∇f(x, y) = fx i + fy j expresses the
normal vector of f(x, y) = c.

∇f(x, y) · F (x, y) = 0 Thus, (fx i+ fy j) · (−y i+ x j) = 0



xxiv CHAPTER 3. SCALAR FIELD, VECTOR FIELD

This implies that， −yfx + xfy = 0．Note that the slope of the tangent line of f(x, y) = c is

fxdx+ fydy = 0implies
dy

dx
= −fx

fy

Then
dy

dx
= −fx

fy
= −x

y

implies xdx+ ydy = 0．Thus fx = x, fy = y and

f(x, y) =

∫
fxdx =

x2

2
+ c(y) (3.1)

Next differentiate the equation 3.1 with respect to y. Then

fy = c′(y) = yimpliesc(y) =
y2

2

Therefore, the equation of the streamline is

f(x, y) =
x2

2
+
y2

2
= c

Potential Let the position vector of the point P be r = xi + yj + zk, r = |r| =
√
x2 + y2 + z2

Then there are many things that are inversely proportional to the distance, such as the magnitude
of universal gravitation and the intensity of light. These can be set by

f(x, y, z) =
c

r
=

c√
x2 + y2 + z2

Here we find the gradient of f(x, y, z).

fx = c
∂

∂x
(x2 + y2 + x2)−

1
2 = −c1

2
(x2 + y2 + z2)−

3
2 (2x) =

−cx
|r|3

fy =
−cy
|r|3

fz =
−cz
|r|3

implies

∇f = (fx, fy, fz) = (
−cx
r3

,
−cy
r3

,
−cz
r3

) = −c r
r3

Therefore， ∇f is equal to the vector field.

Definition 3.1

If vector field F is the gradient of f , in other words, F = −∇f . Then F is called
conservative field．Also，the scalar field f is called scalar potential of F and
F is said to have a scalar potential of f．

Example 3.5
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Let the position vector of P(x, y, z) be r = x i + y j + z k，and vector field be F = − r

|r|
. Then

show that this vector field is a conservative field in any area except at origin and

f(x, y, z) = |r| = (x2 + y2 + z2)1/2

is the scalar potential of F .
Answer

fx =
∂

∂x
(x2 + y2 + x2)

1
2 =

1

2
(x2 + y2 + z2)−

1
2 (2x) =

x

|r|

fy =
y

|r|

fz =
z

|r|

implies −∇f = (fx, fy, fz) = F．Thus， F is a conservative field.

f(x, y, z) = |r| = (x2 + y2 + z2)1/2

is the scalar potential of F .

Example 3.6

For the vector field r = x i + y j + z k and the scalar field r = |r| =
√
x2 + y2 + z2, show the

followings:．
(1) ∇r = r

r
(2) ∇rn = nrn−2r

Answer (1)

∇r = (
∂

∂x
i+

∂

∂y
j +

∂

∂z
k)
√
x2 + y2 + z2 =

2x i+ 2y j + 2z k

2
√
x2 + y2 + z2

=
r

r

(2)

∇rn =
∂

∂x
(rn) i+

∂

∂y
(rn) j +

∂

∂z
(rn) k

=
∂

∂r
(rn)

∂r

∂x
i+

∂

∂r
(rn)

∂r

∂y
j +

∂

∂r
(rn)

∂r

∂x
k

= nrn−1

(
∂r

∂x
i+

∂r

∂y
j +

∂r

∂z
k

)
= nrn−1∇r = nrn−1 r

r
= nrn−2r
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Exercise3.2

1. For the scalar field ϕ = x2z + ey/x, ψ = 2z2y − xy2, find the followings: (1) ∇ϕ, ∇ψ
(2) the value ∇(ϕψ)P of ∇(ϕψ) at P(1, 0,−2).

2. Find the directional derivative in the direction of u = 1
7 (2i− 3j + 6k) of ϕ = 4xz3 − 3x2yz at

P(2,−1, 2).

3. Let r = xi+ yj + zk, r = |r|. Then find A,B.．

(1) A = ∇
(
2r2 − 4

√
r + 6

3
√
r

)
, (2) B = ∇(r2e−r)

4. Find the unit normal vector n of x2y + 2xz = 4 at P(2,−2, 3)．

5. For any scalar fields ϕ, ψ, show the followings.

∇
(
ϕ

ψ

)
=
ψ∇ϕ− ϕ∇ψ

ϕ2

6. Let the distance of P(x, y, z), Q(ξ, η, ζ) be r. Then prove the following for the differential
operator

∇P = i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
, ∇Q = i

∂

∂ξ
+ j

∂

∂η
+ k

∂

∂ζ

(1) ∇Qr = −∇P r (2) ∇Q(
1

r
) = −∇P (

1

r
)
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3.2 Line integral

Given C the curve connecting two points R，Q. However, this curve should be a smooth curve.
Let s be the arc length measured along C．Then, as we learned in Chapter 2, the points on the
curve (x, y, z) can be expressed by s as a parameter．So the equation for the curve C is

r = r(s) = x(s) i+ y(s) j + z(s) k

However, it is assumed that points R and Q correspond to s = aandb(a < b), respectively. At this
time, the scalar field defined for any point P (x, y, z) on the curve C : r = r(s) is f( rmP ) =
f(x, y, z).

The curve C is divided into n arcs s1, s2, . . . , sn, and this division is represented by ∆. Let the
arc length of each curve si be ∆si, take an arbitrary point rmP i in si,

J(∆) =

n∑
i=1

f(Pi)∆si

Here, if J(∆) approaches the limit value J when this division is made finer and ∆ is made as small
as possible, then this limit value J is called line integral of the scalar field f along C and denoted
by ∫

C

f(P)ds

When the curve C is closed, it is expressed as∮
C

f(P)ds

Since the definition of line integral is based on the same Riemann sum as the previous integral,
it is clear that the following formula holds for line integral.

1.
∫
C
kf(P)ds = k

∫
C
f(P)ds

2.
∫
C
[f(P) + g(P)]ds =

∫
C
f(P)ds+

∫
C
g(P)ds

Also, when the curve C is not smooth but is made up of a finite number of smooth curves
C1, C2, . . . , Cn, this curve is Piecewise smooth curve , and the line integral along such a curve
is ∫

C

=

∫
C1

+

∫
C2

+ · · ·+
∫
Cn

Example 3.7

Evaluate the line integral

∫
C

(x3 + y4)ds, where C is a line connecting the points (0, 0, 0) and

(1, 1, 1).
Answer When the straight line connecting the point (0, 0, 0) and the point (1, 1, 1) is displayed
as a parameter  x = t

y = t
z = t

0 ≤ t ≤ 1
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Then the curve C is expressed as r(t) = t i+ t j + t k and the length s of C is

s(t) =

∫ t

0

|dr
dt

|dt =
∫ t

0

|i+ j + k|dt =
√
3t

Thus, ds =
√
3dt and the line integral is∫

C

(x3 + y4)ds =

∫ 1

0

(t3 + t4)
√
3dt =

√
3(

1

4
+

1

5
) =

9
√
3

20

Line integral of vector field
Oriented curve C : r = r(t) and the vector field defined on C, F = F1 i+F2 j+F3 k are given．

Here, the unit tangent vector t of C is positive direction．Then F · t is a scalar field defined on C
and the line integral of this scalar field on C is expressed by∫

C

F · tds

This is called a line integral along the C oriented curve F．EEspecially, note that

tds =
dr

ds
ds = dr

Then ∫
C

F · tds =
∫
C

F · dr

Figure 3.2: Line integral of vector field

Considering the case where the vector field F is an electric field.
∫ S

P
F ·dr can be thought of as

the work per unit charge performed by the electric field F . when the positive charge moves from
point P to point S along the curve C, which is called the potential difference or voltage between
two points.

Example 3.8

Find the amount of word done by the mass point to go around
x2

16
+
y2

9
= 1. Note that vector

field is given by

F = (3x− 4y + 2z) i+ (4x+ 2y − 3z2) j + (2xz − 4y2 + z3) k
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Answer Let x = 4 cos t, y = 3 sin t. Then

r = r(t) = 4 cos t i+ 3 sin t j, dr(t) = (−4 sin t i+ 3 cos t j)dt

Also,

F = (12 cos t− 12 sin t) i+ (16 cos t+ 6 sin t) j − 36 sin2 t k

Thus ∫
C

F · dr =

∫ 2π

0

[48− 30 sin t cos t]dt = 96π

Example 3.9

Find the line integral

∫
C

(x2yi+ (x+ y) j) · tds．Here，C is the curve y = x2 from (0, 0) to (2, 4).

Answer∫
C

F · tds =

∫
C

F · dr

=

∫
C

(x2yi+ (x+ y) j) · (dx i+ dy j) =

∫
C

(x2ydx+ (x+ y)dy)

=

∫ 2

0

x2x2dx+

∫ 2

0

(x+ x2)(2xdx) =

[
1

5
x5
]2
0

+

[
2

3
x3 +

2

4
x4
]2
0

=
296

15

Alternate answer Express the curve C using a parameter.

C : r(t) = x i+ y j = t i+ t2 j, 0 ≤ t ≤ 2

Then

dr = (i+ 2t j)dt, F = x2y i+ (x+ y) j = t4 i+ (t+ t2) j

Thus∫
C

F · tds =

∫
C

F · dr

=

∫ 2

0

(t4 i+ (t+ t2) j) · (i+ 2t j)dt =

∫ 2

0

(t4 + 2t2 + 2t3)dt =

[
1

5
t5 +

2

3
t3 +

2

4
t4
]2
0

=
296

15

In this example, −C is a reversed curve of C so that the direction is from (2, 4) to (0, 0). Then
the parameteric expression of −C is

−C : r(t) = r(2− t) = (2− t) i+ (2− t)2 j, 0 ≤ t ≤ 2

Thus,

dr = (−i− 2(2− t) j)dt, F = x2y i+ (x+ y) j = (2− t)4 i+ (2− t) + (2− t)2 j

Therefore， ∫
−C

F · dr =

∫ 2

0

((2− t)4 i+ ((2− t) + (2− t)2) j) · (−i− 2(2− t) j)dt
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Note that let 2− t = u. Then du = −dt and∫
−C

F · dr = −
∫ 0

2

(u4 i+ (u+ u2) j) · (−i− 2u j)du

= −
∫ 2

0

(u4 i+ (u+ u2) j) · (−i− 2u j)du = −
∫
C

F · dr

Therefore， ∫
−C

F · dr = −
∫
C

F · dr

or ∫
−C

F · tds = −
∫
C

F · tds

So far, in the conservation field, we have already learned that the vector field is equal in
magnitude to the gradient of the scalar field. Now let’s investigate what holds true in relation to
line integrals.

Theorem 3.1

In the vector field F (x, y, z), the following conditions are equivalent．
(1) there exists a scalar function ϕ(x, y, z) so that F = −∇ϕ
(2) For any closed curve C,

∮
C
F · dr = 0 holds. (independent of path)．

Potential energy
Suppose the force field F has the potential U . That is, suppose F = −∇U holds. Consider

the curve C in the field of this force, and assume that the curve C goes from the point P to Q.．
When a mass moves from point P to Q along this curve C while being affected by this force field,
the work W that this mass receives from F is

W =

∫
C

F · dr = U(P )− U(Q)

It doesn’t matter how you choose the curve C that connects the two points P and Q．Therefore,
the value U(P) at the point P of the potential U is called potential energy at the point P of this
force field．

Example 3.10

Let r = x i+ y j + z k，r = |r|. Then show that the vector field F = r
r3 has the scalar potential

ϕ = 1
r and find the potential energy at each point in space.

Answer ∇ 1
r = − r

r3 implies F = −∇ϕ. or，

∇1

r
=

∂(r−1)

∂x
i+

∂(r−1)

∂y
j +

∂(r−1)

∂z
k =

∂(r−1)

∂r

d(r)

∂x
i+

∂(r−1)

∂r

d(r)

∂y
j +

∂(r−1)

∂r

d(r)

∂z
k

= −r−2(
x i+ y j + z k

r
) = − r

r3

Thus，F = −∇ 1
r and the vector field F has a potential ϕ = 1

r . Therefore, the potential energy at
P is 1

r．

Question 3.1
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Suppose the force field F has the potential U . Prove that the following equation holds when a
mass point with mass m moves in this force field and moves from point A to point B.

1

2
mv2A + U(A) =

1

2
mv2B + U(B)

Here，vA, vB are magnitude of the velocity vectors at A,B, respectively．
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Exercise3.3

1. Given the force field F = 3xyi− 5z+10xk. Find the work done by F which is W =
∫
C
F · dr,

moving along the curve
C : x = t2 + 1, y = 2t2, z = t3

from t = 1 to t = 2.

2. Given the scalar field ϕ = 2xyz2，the field F = xyi−zj+x2k. Let the curve C be parametrized
by x = t2, y = 2t, z = t3 (0 ≤ t ≤ 1)．Find the following line integrals.

(1)
∫
C
ϕdr (2)

∫
C
F× dr

3. Let r = xi+ yj + zk．Then for any closed curve C, prove that
∫
C
r · dr = 0．

4. Suppose that the force field F has the potential U．Within the force field, the point mass with
the mass m moves from the point A to the point B, show that following equation holds．

1

2
mv2A + U(A) =

1

2
mv2B + U(B)

Here，vA, vB are the magnitude of velocity vectors of A and B.

5. Φ = tan−1 y
x is defined in the domain D excluding the z axis from the whole space．Let C

be a circle with a radius of a centered at the origin O on the xy plane. Prove the following
equation. ∫

C

(∇ϕ) · dr = 2π
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3.3 Surface integrals

Let f(P) = f(x, y, z) be the scalar field defined for any point P(x, y, z) on the surface S : r =
r(u, v) = x(u, v) i+ y(u, v) j + z(u, v) k．Here，S is a smooth surface.

Figure 3.3: surface

Divide S into n small faces S1, S2, . . . , Sn, and represent this division with ∆. Next, let the
area of the curved surface Si be ∆Si, and take the point Pi in Si and consider the following sum.

S(∆) =

n∑
i=1

f(Pi)∆Si

Here, when the surface integral is made finer and ∆ is made as small as possible, if S(∆) approaches
S as much as possible, this limit value S is called surface integral of the scalar field f and denoted
by ∫∫

S

f(x, y, z)dS

Figure 3.4: Area element

Here the area element dS is approximated by the area of parallelogram with the sides ∂r
∂udu

and ∂r
∂v dv.

dS ≈ |∂r
∂u

× ∂r

∂v
|dudv

The surface integral of the scalar field f on the surface S is expressed as follows.∫∫
S

f(x, y, z)dS =

∫∫
Ω

f(x(u, v), y(u, v), z(u, v))|ru × rv|dudv

Here, Ω is the area on the uv plane that corresponds to S.
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Example 3.11

Find the surface integral of the scalar field f on the paraboloid S : x2 + y2 + z = 4 where z ≥ 0.

f(x, y, z) =
2y2 + z

(4x2 + 4y2 + 1)1/2

Answer Let r be the position vector corresponds to S : x2 + y2 + z = 4. Then

r = x i+ y j + (4− x2 − y2) k

Next we find the normal vecor rx × ry of S.

rx × ry = (i− 2x k)× (j − 2y k)

=

∣∣∣∣∣∣
i j k
1 0 −2x
0 1 −2y

∣∣∣∣∣∣ = 2x i+ 2y j + k

Thus
|rx × ry| =

√
4x2 + 4y2 + 1

Here，we use the polar coordintate transformation Ω : 4− (x2 + y2) ≥ 0. Then∫∫
S

f(x, y, z)dS =

∫∫
Ω

2y2 + z

(4x2 + 4y2 + 1)1/2
|rx × ry|dxdy

=

∫∫
Ω

(2y2 + z)dxdy =

∫ 2π

0

∫ 2

0

(4− r2 + 2r2 sin2 θ)rdrdθ

=

∫ 2π

0

[
2r2 − r2

4
+
r4

2
sin2 θ

]2π
0

dθ =

∫ 2π

0

(4 + 8 sin2 θ)dθ = 8π + 8π = 16π

Question 3.2

Find

∫∫
S

xy2dS, where S : x+ y + z = 1, x ≥ 0, y ≥ 0, z ≥ 0．

Question 3.3

Let A,B,C be the intersection of the plane 2x+2y+ z = 2 and x-axis，y-axis, z-axis and let the
△ABC be the surface S. Find

∫
S
fdS, f = x2 + 2y + z − 1．

Surface integral of vector field
As in the line integral, we define surface integral of F = F1 i + F2 j + F3 k on the surface S

using the normal vector n of S or area vector S and expressed as∫∫
S

F · ndS =

∫∫
S

F · dS

Note that the direction of n and the direction of ru × rv are the same.

n =
ru × rv
|ru × rv|

Therefore, the surface integral of the vector field F on the surface S is expressed by the double
integral as follows.
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∫∫
S

F · ndS =

∫∫
Ω

F · ru × rv
|ru × rv|

|ru × rv|dudv =

∫∫
Ω

F · (ru × rv)dudv

=

∫∫
Ω

∣∣∣∣∣∣
F1 F2 F3
∂x
∂u

∂y
∂u

∂z
∂u

∂x
∂v

∂y
∂v

∂z
∂v

∣∣∣∣∣∣ dudv
Also， using the directional cosine n = cosα i+ cosβ j + cos γ k can be written as follows.

∫∫
S

F · ndS =

∫∫
S

F · (cosα i+ cosβ j + cos γ k)dS =

∫∫
S

(F1 cosα+ F2 cosβ + F3 cos γ)dS

=

∫∫
S

(F1dydz + F2dzdx+ F3dxdy)

Question 3.4

Let S be the surface represented by the equation F (x, y, z) = 0. Prove that the unit normal vector
n of the surface S is given by the following equation. Here ∇F ̸= 0．

n =
Fxi+ Fyj + Fzk√
F 2
x + F 2

y + F 2
z

Flux

Figure 3.5: flus

Here, when the vector field boldsymbolF is the velocity field at a certain point when the fluid
flows constantly in the flow tube, F · ndS is called flux towards n of F．Therefore, the flux of
F is dQ and the surface integral is

∫∫
S
F ·ndS which is called flux integral and Reprresents the

total flux (total flow rate)．

Example 3.12

Let the vector field be F = y j + z k，surface be S : x2 + y2 = 4− z, z ≥ 0．Find the surface

integral of

∫∫
S

F · ndS

Answer The position vector is r = x i+ y j + z k = x i+ y j + (4− x2 − y2) k. Then

∫∫
S

F · ndS =

∫∫
Ω

∣∣∣∣∣∣
0 y 4− x2 − y2

1 0 −2x
0 1 −2y

∣∣∣∣∣∣ dxdy =

∫∫
Ω

(4− x2 + y2)dxdy



xxxvi CHAPTER 3. SCALAR FIELD, VECTOR FIELD

Here we use the polar coordinate transformation, Ω : x2 + y2 ≤ 4. Then x = r cos θ, y = r sin θ
implies∫∫

Ω

(4− x2 + y2)dxdy =

∫ 2π

0

∫ 2

0

(4− r2 + 2r2 sin2 θ)rdrdθ =

∫ 2π

0

[
2r2 − r2

4
+
r4

2
sin2 θ

]2
0

dθ

=

∫ 2π

0

(4 + 8 sin2 θ)dθ = 8π + 8π = 16π

Question 3.5

Let the vector field be F = x i + y j − 2z k , and the surface be S : x2 + y2 = a2, 0 ≤ z ≤ 1 ．

Then find the surface integral of

∫∫
S

F · ndS.

Question 3.6

Let S be the sphere of the radius a with the center Ｏ．Let r =
−→
OP be the position vector of P．

Then by taking the unit normal vector n of the sperical surface S outward, prove the followings.∫
S

r

r3
· n dS = 4π, r = |r|

Answer Since x2 + y2 + z2 = a2，for z ≥ 0，the position vector is r = x i + y j + z k =
x i+ y j +

√
a2 − x2 − y2 k. Thus，

∫∫
S

F · ndS =

∫∫
Ω

∣∣∣∣∣∣
x
r3

y
r3

z
r3

1 0 −2x
0 1 −2y

∣∣∣∣∣∣ dxdy
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Example 3.13

F = (2x− z)i+ x2yj − x2zk，Let the surface S be a bounded part of the plane x = 0, x = 1, y =
0, y = 1, z = 0, z = 1．Then find the surface integral

∫∫
S
F · ndS.

Answer

For the plane DEFG: since x = 1, the position vector is r = xi+ yj + zk = i+ yj + zk. Here
the positive direction is from the bck of the plane to the front of DEFG. Thus, the unit normal
vector is

n =
ry × rz
|ry × rz|

=

∣∣∣∣∣∣
i j k
0 1 0
0 0 1

∣∣∣∣∣∣ = i

Also，the orthogonal projection on to yz plane is Ωyz = {(y, z) : 0 ≤ y ≤ 1, 0 ≤ z ≤ 1}. Then，∫∫
DEFG

F · ndS =

∫ 1

0

∫ 1

0

(2− z)dydz =

∫ 1

0

[2y − yz]1y=0 dz =

∫ 1

0

(2− z)dx =

[
2z − z2

2

]1
0

=
3

2

For the plane ABCO: since x = 0, the position vector is r = xi+yj+ zk = yj+ zk. Here，the
positive direction is the direction of the back of plane ABCO to the front．Thus，the unit normal
vector is

n =
rz × ry
|rz × ry|

=

∣∣∣∣∣∣
i j k
0 0 1
0 1 0

∣∣∣∣∣∣ = −i

Also，the orthogonal projection onto yz plane is Ωyz = {(y, z) : 0 ≤ y ≤ 1, 0 ≤ z ≤ 1}. Then∫∫
ABCO

F · ndS =

∫ 1

0

∫ 1

0

zdydz =

∫ 1

0

[yz]1y=0 dz =

∫ 1

0

zdx =

[
z2

2

]1
0

=
1

2

For the plane ABEF: since y = 1, the position vector is r = xi+ yj + zk = xi+ j + zk. Here
the positive direction is the direction of the back of the plane ABEF to the front. Thus, the unit
normla vector is

n =
rz × rx
|rz × rx|

=

∣∣∣∣∣∣
i j k
0 0 1
1 0 0

∣∣∣∣∣∣ = j

Also，the orthogonal projection onto xz plane is Ωxz = {(x, z) : 0 ≤ x ≤ 1, 0 ≤ z ≤ 1}. Then∫∫
ABEF

F · ndS =

∫ 1

0

∫ 1

0

x2dxdz =
1

3
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Similarly，if you do the surface integral of the remaining surface，we have∫
F · ndS =

11

6
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Exercise3.4

1. Let A,B,C be the intersection of the plane 2x+2y+ z = 2 and x-axis，y-axis, and z-axis, and
the surface S be the △ ABC. Find the following surface integrals.

(1)
∫
S
fdS, f = x2 + 2y + z − 1

(2)
∫
S
A · ndS, A = x2i+ zk

2. Let the region x ≥ 0, y ≥ 0, x2 + y2 ≤ a2 on the xy-plane be S．Find the surface integral．∫
S

A× ndS, A = xi+ (x− y)j + (log xy)k

3. Find the following surface integrals．∫∫
S

(3xi+4zj+2yk)·ndS, S : y2+z2 = 4, 0 ≤ x ≤ 3, y ≥ 0, z ≥ 0, (nの zcomponent is positive

4 Find the surface integral．∫∫
S

(xi+ yj− 2zk) · ndS, S : x2 + y2 = a2, 0 ≤ z ≤ 1
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3.4 Divergence

Consider the vector field F defined in an area of space. The component of F is

F = F1 i+ F2 j + F3 k

At this time, divF is called the divergence of the vector field and defined as follows.

Definition 3.2

divF =
∂F1

∂x
+
∂F2

∂y
+
∂F3

∂z

If we use the operator ∇，we can write div F = ∇ · F ．

Example 3.14

Find the divergence of F = 3xy i+ x2y j + y2z k．
Answer

divF =
∂F1

∂x
+
∂F2

∂y
+
∂F3

∂z

= 3y + x2 + y2

．
Next, let’s think about what the divergence of a vector field is, using actual physical phenomena.

Here, we consider the movement of liquid, gas, etc. spreading in space. At this time, the velocity
of the particles in that space is a vector field and v(x, y, z) = v1 i + v2 j + v3 k．Here, consider
a Cartesian coordinate system with the point P in space as the origin, as shown in the figure ??.
Imagine a small rectangular parallelepiped ∆x∆y∆z in a liquid．The area formed by ∆y∆z is
denoted by∆Syz.

x
y

z

∆y

∆x
∆z

Figure 3.6: divergenc

First, let’s calculate the change in flow rate within a unit time of exiting from the surface of
a rectangular parallelepiped. The x component of the vector perpendicular to the plane of the
rectangular parallelepiped of the fluid entering the rectangular parallelepiped at the point (0, y, z)
is ρv1, where ρ is the density of the liquid. Therefore, the flow rate of the fluid flowing from the
back surface within the unit time ∆t is

ρv1(0, y, z)∆Syz∆t
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Next, the x component of the vector perpendicular to the plane of the rectangular parallelepiped
of the fluid coming out of the rectangular parallelepiped is

ρv1(∆x, y, z) = ρv1(∆x, y, z)− ρv1(0, y, z) + ρv1(0, y, z)

=
ρv1(∆x, y, z)− ρv1(0, y, z)

∆x
∆x+ ρv1(0, y, z)

≈ ∂ρv1
∂x

∆x+ ρv1(0, y, x)

Therefore, the flow rate of the fluid flowing out from the front surface is

ρv1(0, y, z)∆Syz∆t+

(
∂ρv1
∂x

∆x

)
∆Syz∆t

The same thing happens on the remaining four sides．Here, the surface integral of the vector field
ρv on six closed surfaces

∫∫
S
ρ bfv ·ndS is ， As learned in the previous chapter, it represents the

total flow velocity (total flow rate), so it can be approximated by adding all of these.∫∫
S

ρv · ndS ≈
(
∂ρv1
∂x

+
∂ρv2
∂y

+
∂ρv3
∂z

)
∆x∆y∆z = ∇ · (ρv)∆V

Here, the left side is the flow rate of the fluid flowing out from the surface S of a small rectangular
parallelepiped to the outside in 1 second. In other words, it is considered to be the flow rate of the
fluid that springs out in one second. Therefore

The value at point P of ∇ · ρv is the volume density at point P of the volume of
fluid that springs up in one second.．

This is the divergence of ρv at P．Thus at P

∇ · ρv > 0 implies spill out.
∇ · ρv < 0 implies swallow.
∇ · ρv = 0 implies equilibrium.

Basic formula
For every vector field F , G, and the scalar field ϕ，the following formula holds.．

∇ · (F +G) = ∇ · F +∇G

∇ · (ϕF ) = (∇ϕ) · F + ϕ∇ · F
Proof

∇ · (F +G) = (i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
) · (F +G)

= (i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
) · F + (i

∂

∂x
+ j

∂

∂y
+ k

∂

∂z
) ·G

= ∇ · F +∇G

∇ · (ϕF ) = (i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
) · (ϕF ) = i · ∂(ϕF )

∂x
+ j · ∂(ϕF )

∂y
+ k · ∂(ϕF )

∂z

= i · (∂ϕ
∂x

F + ϕ
∂F

∂x
) + j · (∂ϕ

∂y
F + ϕ

∂F

∂y
) + k · (∂ϕ

∂z
F + ϕ

∂F

∂z
)

= (∇ϕ) · F + ϕ∇ · F
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Example 3.15

For ϕ = 3x2 − yz, F = 3xyz2 i+ 2xy3 j − x2yz k，find the following scalar.
(1) ∇ · F (2) F · ∇ϕ (3) ∇ · (ϕF ) Answer (1)

∇ · F =
∂

∂x
(3xyz2) +

∂

∂y
(2xy3) +

∂

∂z
(−x2yz) = 3yz2 + 6xy2 − x2y

(2) ∇ϕ = 6x i− z j − y k implies

F · ∇ϕ = (3xyz2)(6x) + (2xy3)(−z) + (−x2yz)(−y) = 18x2yz2 − 2xy3z + x2y2z

Question 3.7

find (3)．

Example 3.16

Let r = xi+ yj + zk, r = |r|．Prove the following:

(1) ∇ · r = 3, (2) ∇ · (rnr) = (n+ 3)rn (3) ∇ · ( r
r3

) = 0

Answer (1)

∇ · r = (
∂

∂x
i+

∂

∂y
j +

∂

∂z
k) · (xi+ yj + zk) = 1 + 1 + 1 = 3

(2) By the differentiation of composite functions,，

∇ · (rnr) = (∇rn) · r + rn∇ · r = nrn−1 r

r
· r + rn(3) = nrn + 3rn = (n+ 3)rn

(3)

∇ · ( r
r3

) = ∇ · r−3r = (∇r−3) · r + r−3∇ · r = −3r−4 r

r
· r + r−3(3) = 0

Laplacian
If F is conservative, then divF can be expressed by

divF = ∇ · F = ∇ · ∇ϕ

=

(
∂

∂x
i+

∂

∂y
j +

∂

∂z
k

)
·
(
∂ϕ

∂x
i+

∂ϕ

∂y
j +

∂ϕ

∂z
k

)
=

∂2ϕ

∂x2
i+

∂2ϕ

∂y2
j +

∂2ϕ

∂z2
k

This is called Laplacian of the scalar field f and denoted by ∇2ϕ or ∆ϕ．Here，the inner product
of the operators ∇ · ∇ is represented by ∇2. Then

∇2 =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2

Also, the partial differentiation equation

∇2ϕ =
∂2ϕ

∂x2
+
∂2ϕ

∂y2
+
∂2ϕ

∂z2
= 0

is called Laplace equation and the solution to that equation ϕ is calledharmonic function ．
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Example 3.17

Find ϕ = 3x2y − y3z2 のとき，∇2ϕ． Answer

∇2ϕ =
∂2

∂x2
(3x2y − y3z2) +

∂2

∂y2
(3x2y − y3z2) +

∂2

∂z2
(3x2y − y3z2) = 6y − 6yz2 − 2y3

Question 3.8

Let r = xi+ yj + zk, r = |r|． Find the followings.
(1) ∇2rn = n(n+ 1)rn−2 (2) ∇2( 1r ) = 0

Example 3.18

Let r = xi+ yj + zk, r = |r|．

(1) Prove that ∇2f(r) =
d2f

dr2
+

2

r

df

dr
よ．

(2) Find f(r) so that ∇2f(r) = 0.．
Answer (1) w = f(r), r = r(x, y, z)implies

∇f(r) = df

dr
(
∂r

∂x
i+

∂r

∂y
j +

∂r

∂z
k) =

df

dr
∇r

Thus，

∇2f(r) = ∇ · (df
dr

∇r) = ∇(
df

dr
) · ∇r + df

dr
∇ · ∇r

Note that ∇r · ∇r = r
r · r

r = 1. Also，∇ · ∇r = ∇ · r
r = ∇ · (r−1r) = (∇r−1) · r + r−1∇ · r =

−r−2r · r + r−1(3) = 2
r . Therefore，

∇2f(r) =
d2f

dr2
+

2

r

df

dr

(2) Since ∇2f(r) = 0，we have
d2f

dr2
+

2

r

df

dr
= 0

Note that if we let w = df
dr，then dw

dr = − 2
rw and it is separable．Thus，dw

w = − 2
rdr and integrate

both sides, we have
log |w| = −2 log |r|+ c. Thus，w = cr−2. w = df

dr and df
dr = cr−2．Therefore，f = c0r

−1 + c1.
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Exercise3.5

fundamental formula Let r = xi+ yj + zk, r =
√
x2 + y2 + z2. Then

(1) ∇r = r
r

(2) ∇rn = nrn−1∇r = nrn−2r
(3) ∇ · (ϕA) = (∇ϕ) ·A+ ϕ∇ ·A

1. Find the followings.．

(1) ∇ · (2x2zi− xy2zj + 3yz2k) (2) ∇2(3x2z − y2z3 + 4x2y)

(3) ∇(∇ · F ), F = (3x2y − z)i+ (xz3 + y4)j − 2x2z2k

2. Let r = xi+ yj + zk, r = |r|．Find the following scalar．

(1) ∇ · (r∇r−3) (2)∇2
{
∇ ·
(

r
r2

)}
3. Let r = xi+ yj + zk, w be a constant vector. Then show that ．

∇ · (w × r) = 0

4. For the scalar fields ϕ, ψ, prove the followings. (1) ∇2(ϕψ) = ϕ∇2ψ + 2(∇ϕ) · (∇ψ) + ψ∇2ϕ

(2) ∇ · (ϕ∇ψ) = (∇ϕ) · (∇ψ) + ϕ∇2ψ

(3) ∇ · (ϕ∇ψ − ψ∇ϕ) = ϕ∇2ψ − ψ∇2ϕ

5. Find ϕ = ϕ(x, y, z) which satisfies ϕ = ϕ(x, y, z)∇ϕ = 2xyz3i + x2z3j + 3x2yz2k．provided
ϕ(1,−2, 2) = 4．

6. For scalar fields U, V , show the following.

∇ · {(∇U)× (∇V )} = 0

7. For the curve r = r(t) = x(t)i + y(t)j + z(t)k and the scalar field ϕ = ϕ(x, y, z)，show that

the derivative dϕ(x(t),y(t),z(t))
dt of ϕ along the curve is equal to dr

dt · ∇ϕ.

8. Prove that the derivative of ϕ(t) which is composed by putting x = x(t), y = y(t), z = z(t) into
ϕ(x, y, z, t) isdϕdt = ∂ϕ

∂t +
dr
dt · ∇ϕ．provided，r = xi+ yj + zk.
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3.5 Rotation

Definition 3.3

For the vector field in space F = F1i+F2j+F3k, we define the curlofF or curlF
as follows.．

curlF = ∇× F =

(
∂F3

∂y
− ∂F2

∂z

)
i+

(
∂F1

∂z
− ∂F3

∂x

)
j +

(
∂F2

∂x
− ∂F1

∂y

)
k

More formally,

∇× F =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

F1 F2 F3

∣∣∣∣∣∣
Example 3.19

Find the curl of F = z i+ x2 j + 2y k．
Answer

curlF =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

z x2 2y

∣∣∣∣∣∣ = 2i+ j + 2xk

It is not so difficult to find the rotation of the vector field, but it is difficult to understand what
the rotation of the vector field is. So let’s understand what the rotation of a vector field is by
considering the following example.

For F = (F1, F2)，we study how much quadrilateral ABCD can be rotated, where quadrilateral
ABCD are given by A (xA, yA), B(xA +∆x, yA), C(xA +∆x, yA +∆y), D(xA, yA +∆y)

First，the horizontal component at point A (xA, yA) is F1(xA, yA)．The horizontal component
at point D (xA, yA +∆y) is

F1(xA, yA) +
∂F1

∂y
(xA, yA)∆y

The difference between these two values, that is, the difference between the horizontal components
∂F1

∂y
(xA, yA)∆y is positive, the quadrilateral ABCD rotates clockwise．Also, the difference in the

vertical components at points A and B,
∂F2

∂x
(xA, yA)∆x is positive，the quadrilateral ABCD rotates

counter clockwise．Thus

∥curlF ∥ =
∂F2

∂x
− ∂F1

∂y

is the force of rotation of the quadrilateral by F and the direction of the force is orthogonal to the

quadrilateral k(
∂F2

∂x
− ∂F1

∂y
). This is the name curl comes from．Thus, for ∇× F = 0, the vector

field F becomes no votex. ．

Example 3.20

If F is conservative， show that ∇× F = 0．
Answer Since F is conservative， there exists f so that F = ∇f．Now we find curlF . Then

∇× F = ∇×∇f =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

fx fy fz

∣∣∣∣∣∣ = (fzy − fyz)i+ (fxz − fzx)j + (fyx − fxy)k = 0
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Theorem 3.2

For any scalar field ϕ and any vector field A, show that

∇× (∇ϕ) = 0, ∇ · (∇×A) = 0

Example 3.21

Let r = xi+ yj + zk, r = |r| and ω be a constant vector, prove the followings.．

(1) ∇× r = 0 (2) ∇× (ω × r) = 2ω

(1) ∇× r =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

x y z

∣∣∣∣∣∣ = ( ∂z∂y − ∂y
∂z )i+ (∂x∂z − ∂z

∂x )j + (∂y∂y − ∂x
∂y )k = 0

(2) Let w = w1i+ w2j + w3k. Then

w × r =

∣∣∣∣∣∣
i j k
w1 w2 w3

x y z

∣∣∣∣∣∣ = (w2z − w3y)i+ (w3x− w1z)j + (w1y − w2x)k

Thus，

∇× (w × r) =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

w2z − w3y w3x− w1z w1y − w2x

∣∣∣∣∣∣ = 2w1i+ 2w2j + 2w3k = 2w

Scalar potential
If vector field A has the potential ϕ，then A = −∇ϕ. Thus by the theorem 3.2，∇ × A =

−∇× (∇ϕ) = 0．How about the converse?．

Theorem 3.3

If the vector field A on all spacesatisfies ∇×A = 0，then the vector field A has a potential

Example 3.22

Find

∫
C

((2x+ yz) i+ zx j + xy k) · dr. for

(1) C is a close curve
(2) C is a curve connecting from the pointP(1, 0,−1) to the point Q(2,−1, 3).
Answer (1)

∇× (2x+ yz) i+ zx j + xy k =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

2x+ yz zx xy

∣∣∣∣∣∣ = 0

Then ∮
C

((2x+ yz) i+ zx j + xy k) · dr = 0

(2) Since 2x+ yz) i+ zx j + xy k has a scalar potential, we find the scalar potential.

(2x+ yz) i+ zx j + xy k = −∇ϕ = −(
∂ϕ

∂x
i+

∂ϕ

∂y
j +

∂ϕ

∂z
k)
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implies ϕ = −(x2 + xyz) + C．Note that

dr =
dr

dt
dt = (

dx

dt
i+

dy

dt
j +

dz

dt
k)dt

Then，∫
C

((2x+ yz) i+ zx j + xy k) · dr =

∫
C

(−∇ϕ · (dx
dt

i+
dy

dt
j +

dz

dt
k))dt

=

∫ Q

P

(−dϕ) = −ϕ]QP = (x2 + xyz)]QP = 4− 6− 1 = −3

Vector potential
For the vector field A, if there exists the vector field p satisfying

A = ∇× p

then we say that the vector field A has vector potentialp．Here，if the vector field A has the
vector potential p, then by the theorem3.2，∇ · (∇× p) = 0. we have ∇ ·A = 0．How about the
converse?．

Theorem 3.4

The vector fieldA defined in all space，if∇·A = 0，then the vector fieldA has a vector potential．
To solve the exercise，we introduce a nes symbol. Formal inner product of A = a1i+a2j+a3k

and ∇ is an operator such as

A · ∇ = a1
∂

∂x
+ a2

∂

∂y
+ a3

∂

∂z

When this is applied to the scalar field ϕ and the vector field A，we can write

(A · ∇)ϕ = a1
∂ϕ

∂x
+ a2

∂ϕ

∂y
+ a3

∂ϕ

∂z
= A · ∇ϕ

(A · ∇)A = a1
∂A

∂x
+ a2

∂A

∂y
+ a3

∂ϕ

∂A

The formula

∇(A ·B) = (B · ∇)A+ (A · ∇)B +B × (∇×A) +A× (∇×B)

and it’s proof．
To process an expression containing the operator ∇，put ∇ as ∂

∂xi+
∂
∂y j +

∂
∂zz. Then excute

∇. After that, processing is performed using the scalar triple product and vector triple product
learned in vector algebra．

A× (∇×B) = A×
(
i× ∂B

∂x
+ j × ∂B

∂y
+ k

∂B

∂z

)
= (A · ∂B

∂x
)i+ (A · ∂B

∂y
)y + (A · ∂B

∂z
)k − (A · i)∂B

∂x
− (A · j)∂B

∂y
+ (A · k)∂B

∂z

In the above equation interchange A and B. Then

B × (∇×A) = (B · ∂A
∂x

)i+ (B · ∂A
∂y

)y + (B · ∂A
∂z

)k − (B · i)∂A
∂x

− (B · j)∂A
∂y

+ (B · k)∂A
∂z
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Adding these two equations, we have

A× (∇×B) +B × (∇×A)

= ∇(A ·B)− (B · ∇)A− (A · ∇)B

Therefore，
∇(A ·B) = (B · ∇)A+ (A · ∇)B +B × (∇×A) +A× (∇×B)
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Exercise3.6

1. Let A = 2xz2i− yzj + 3xz3k, ϕ = x2yz．Find the followings.．

(1) ∇×A

(2) ∇× (ϕA)

(3) ∇× (∇×A)

2. Find a, b, c so that V = (x+ 2y + az)i+ (bx− 3y − z)j + (4x+ cy + 2z)k satisfies ∇×V = 0.

3. If ∇×A = 0, ∇×B = 0，then prove that ∇ · (A×B) = 0．

4. Let C be a constant vector．Then prove the following equation for arbitray vecot field A,B.

(1) ∇(C ·A) = (C · ∇)A+C × (∇×A)

(2) ∇ · (C ×A) = −C · (∇×A)

(3) ∇× (C ×A) = C(∇ ·A)− (C · ∇)A

5. For an arbitrary vector field A, prove the following．

(A · ∇)A =
1

2
∇|A|2 −A× (∇×A)

6. Let ρ and p be scalar fields．If ρF = ∇p，then prove that F · (∇× F ) = 0．





Chapter 4

Integral formula

4.1 Gauss’s divergence theorem

Next, we will learn about the divergence theorem named after the German mathematician Carl
Friedrich Gauss(1777-1855).

Gauss’s divergence theorem

Theorem 4.1

[Gauss’s divergence theorem] For the vector field F (x, y, z) = F1i+F2j+F3k，let
V be the area of the space surrounded by the smooth closed surface S, and let n
be the normal vector. Then∫∫

S

F · ndS =

∫∫∫
V

divF dV

∫∫
S

(F1dydz + F2dzdx+ F3dxdy) =

∫∫∫
V

(
∂F1

∂x
+
∂F2

∂y
+
∂F3

∂z

)
dxdydz

If you think of S and V as variables，then∫
S

F · n dS =

∫
V

∇ · F dV

li
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x

y

z

Ω

n1

S1

n2

S2

Figure 4.1: Gauss’s theorem

Proof First, suppose V is sandwiched between two curved surfaces S1, S2 from the bottom
and top.．Also, S1 is given by z = f1(x, y), (x, y) ∈ Ω， S2 is given by z = f2(x, y) (x, y) ∈ Ω.
Then ∫∫∫

V

∂F3

∂z
dV =

∫∫∫
V

∂F3

∂z
dzdydx =

∫∫
Ω

[

∫ f2(x,y)

z=f1(x,y)

∂F3

∂z
dz]dydx

=

∫∫
Ω

[F3]
f2(x,y)
z=f1(x,y)

dydx

=

∫∫
Ω

[F3(x, y, f2(x, y))− F3(x, y, f1(x, y))]dydx

For the surface S2，normal unit vector for curvilinear coordinates (x, y)

rx × ry
∥rx × ry∥

is equal to n. On the surface S1, the unit normal vector is equal to −n. Thus,∫∫
Ω

F3(x, y, f2(x, y))dxdy =

∫∫
S2

F3dxdy

−
∫∫

Ω

F3(x, y, f1(x, y))dxdy =

∫∫
S1

F3dxdy

Therefore， ∫∫∫
V

∂F3

∂z
dV =

∫∫
S2

F3dxdy +

∫∫
S1

F3dxdy =

∫∫
S

F3dxdy

Similarly, by projecting S onto another plane, we can show∫∫∫
V

∂F1

∂z
dV =

∫∫
S

F1dydz∫∫∫
V

∂F2

∂z
dV =

∫∫
S

F2dzdx

Adding each, we have ∫∫∫
V

∇ · F dV =

∫∫
S

F · ndS

If the region V is common, you can prove it by dividing V into subregions



4.1. GAUSS’S DIVERGENCE THEOREM liii

Example 4.1

The surface integral ∫∫
S

xz2dydz + (x2y − z3)dzdx+ (2xy + y2z)dxdy

where, the surface S is the upper sphere S1 : z =
√
a2 − x2 − y2, x2 + y2 ≤ a2 と S2 : z =

0, x2 + y2 ≤ a2.
(1) Evaluate this surface integral by using Gauss’s divergence theorem.
(2) Evaluate this surface integral directly.

Answer (1) F = xz2i+ (x2y − z3)j + (2xy + y2z)k より F を求めると

divF = ∇ · (xz2i+ (x2y − z3)j + (2xy + y2z)k) = z2 + x2 + y2

Thus ∫∫
S

xz2dydz + (x2y − z3)dzdx+ (2xy + y2z)dxdy =

∫∫∫
V

(x2 + y2 + z2)dV

Now V is an upper sphere with the radius a. Then by the spherical coordinate transformation
(ρ, ϕ, θ), we have∫ 2π

θ=0

∫ π
2

ϕ=0

∫ a

ρ=0

ρ2ρ2 sinϕdρdϕdθ =

∫ 2π

θ=0

dθ

∫ π
2

ϕ=0

sinϕ

∫ a

ρ=0

ρ4dρ = 2π(1)(
a5

5
) =

2πa5

5

(2)∫∫
S1

xz2dydz + (x2y − z3)dzdx+ (2xy + y2z)dxdy =

∫∫
S1

xz2dydz +

∫∫
S1

(x2y − z3)dxdy

+

∫∫
S1

(2xy + y2z)dxdy

Since z =
√
a2 − x2 − y2，projection onto yz plane，x = 0 implies Ω1 = {(y, z) : y2 + z2 ≤

a2, z ≥ 0}. Here，we consier x > 0 and x < 0.∫∫
S1

xz2dydz =

∫ a

y=−a

∫ √
a2−y2

z=0

z2
√
a2 − y2 − z2dzdy −

∫ a

y=−a

∫ √
a2−y2

z=0

−z2
√
a2 − y2 − z2dzdy

= 4

∫ a

y=0

∫ √
a2−y2

z=0

z2
√
a2 − y2 − z2dzdy

Next projection onto xz plane. Then y = 0 implies Ω1 = {(x, z) : x2 + z2 ≤ a2, z ≥ 0}．Thus，
for y > 0 and y < 0,∫∫

S1

(x2y − z3)dzdx = 2

∫ a

x=−a

∫ √
a2−x2

z=0

(x2
√
a2 − x2 − z2 − z3)dzdx = 4

∫ a

x=0

∫ √
a2−x2

z=0

x2
√
a2 − x2 − z2dzdx

Lastly，projection onto xy plane. Then x = 0 implies Ω1 = {(x, y) : x2 + y2 ≤ a2}．∫∫
S1

(2xy + y2z)dzdx =

∫ a

x=−a

∫ √
a2−x2

y=−
√
z2−x2

(2xy + y2
√
a2 − x2 − y2)dydx =

∫ a

x=−a

∫ √
a2−x2

y=−
√
z2−x2

y2
√
a2 − x2 − y2dydx

= 4

∫ a

x=0

∫ √
a2−x2

y=0

y2
√
a2 − x2 − y2dydx
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Next consider the surface integral for S2 = {(x, y) : x2+y2 ≤ a2}．First projection onto，yz plane.
S2 maps to Ω2 = {(y, z) : −a ≤ y ≤ a, z = 0}.∫∫

S2

xz2dydz = 0

By Projecting onto xz plane，S2 maps to Ω2 = {(x, z) : −a ≤ x ≤ a, z = 0}.，∫∫
S2

(x2y − z3)dzdx = 0

By projecting onto xy plane, S2 maps to Ω2 = {(x, y) : x2 + y2 ≤ a2}.∫∫
S2

(2xy + y2z)dzdy =

∫∫
S2

2xydzdx =

∫ a

−a

∫ √
a2−x2

−
√
a2−x2

2xydydx = 0

Adding these，∫
S1

F · n dS = 4

∫ a

y=0

∫ √
a2−y2

z=0

z2
√
a2 − y2 − z2dzdy + 4

∫ a

x=0

∫ √
a2−x2

z=0

x2
√
a2 − x2 − z2dzdx

+ 4

∫ a

x=0

∫ √
a2−x2

y=0

y2
√
a2 − x2 − y2dydx = 12

∫ a

x=0

∫ √
a2−x2

y=0

y2
√
a2 − x2 − y2dydx

Here using the polar coorinates，we have x = r cos θ, y = r sin θ. Thus∫
S1

F · n dS = 12

∫ π/2

θ=0

∫ a

r=0

r2 sin2 θ
√
a2 − r2rdrdθ = 12(

∫ a

0

r3
√
a2 − r2dr)(

∫ π/2

0

sin2 θdθ)

= 12(

∫ 0

t=a2

√
t(a2 − t)(

dt

−2
))(
π

4
) = (3π)(

1

2

∫ a2

0

(a2t1/2 − t3/2)dt)

= (
3π

2
)

[
2

3
a2t3/2 − 2

5
t5/2

]a2
0

= (
3π

2
)(
2

3
a5 − 2

5
a5) =

2πa2

5

Example 4.2

Let r = xi + yj + zk．Show the followings for the region V and the boundary surface S. Here,
denote the vaolume of the region V by V．

(1)

∫
S

ndS = 0 (2)

∫
S

r · ndS = 3V (3)

∫
S

n× rdS = 0

Answer (1) Using the arbitrary constant, we express by the surface integral and apply Gauss’s
divergence theorem. Then ∫

S

C · n dS =

∫
V

∇ ·C dV = 0

Therefore，
∫
S
C · n dS = 0

(2) By Gauss’s divergence theorem,∫
S

r · n dS =

∫
V

∇ · r dV =

∫
V

(
∂x

∂x
+
∂y

∂y
+
∂z

∂z
) dV = 3V
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(3) Using a constant vector，we express by the surface integral and apply the triple scalar
product and Gauss’s divergance theorem,∫

S

C · (n× r) dS =

∫
S

n · (r ×C) dS =

∫
V

∇ · (r ×C) dV

=

∫
V

(C · ∇ × r + r · ∇ ×C) dV = 0

Example 4.3

Prove the following equation for the region V in the scalar field ϕ and its boundary surface S.

(1)

∫
S

∂ϕ

∂n
dS =

∫
V

∇2ϕdV

(2) If ϕ is a harmonic function, then ∫
S

∂ϕ

∂n
dS = 0

Answer (1) The problem of surface integral is always rewrite into
∫
S
A ·n dS．In this case，∂ϕ

∂n isa

directional derivative in the direction of the unit normal vector n. Then ∂ϕ
∂n = ∇ϕ ·n．Therefore,，∫

S

∂ϕ

∂n
dS =

∫
S

∇ϕ · n dS

Now using Gauss’s divergence theorem,

∫
S

∂ϕ

∂n
dS =

∫
S

∇ϕ · n dS =

∫
V

∇ · (∇ϕ) dV =

∫
V

∇2ϕ dV

(2) ϕ is harmonic function. Then ∇2ϕ = 0. Thus，(1) implies∫
S

∂ϕ

∂n
dS =

∫
V

∇2ϕ dV = 0

Theorem 4.2

For any region V and its bounary surface S within the common definition of the scalar field ϕ
and the vector field A, if ∫∫∫

V

ϕdV =

∫∫
A · ndS

，then ϕ = ∇ ·A． Proof By Gauss’s divergence theorem,∫∫
S

A · ndS =

∫∫∫
V

A · ndV

Then ∫∫∫
V

ϕ dV =

∫∫∫
V

∇ ·AdV

Thus， ∫∫∫
V

(ϕ−∇ ·A)dV = 0

Note that ϕ−∇ ·A is a continuous function and for any region V , the followings are true. Thus
by the properties of the continuous function, we have

ϕ−∇ ·A = 0 in other words ϕ = ∇ ·A
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Theorem 4.3

For about the boundary surface S of any region V in A, prove that if∫
S

A · ndS = 0

then ∇ ·A = 0.
Proof If ϕ = 0 in the above theorem，then∫

S

A · n dS =

∫
V

ϕ dV = 0

implies that ∇ ·A = ϕ = 0.
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Exercise4.1

1. Let r = xi + yj + zk, r = |r|．Prove that for any region V and the boundary surface S, the
followings are true.

(1)
∫
V

1
r2 dV =

∫
S

r·n
r2 dS

(2)
∫
S
r × n dS = 0

(3)
∫
S
rnr · n dS = (n+ 3)

∫
V
rn dV

(4)
∫
S
rnn dS = n

∫
V
rrn−2 dV

(5)
∫
S
rnr × n dS = 0

(6)
∫
V
r dV = 1

2

∫
S
r2n dS

(7)
∫
S
F (r)n dS =

∫
V
dF
dr

r
r dV

2. Prove the following is true for the boundary surface S of any region V in the scalar fieldϕ.∫
S

n× (∇ϕ) dS = 0

3. Suppose that A satisfies ∇·A = 0．Take the closed curve C that is the boundary of the curved
surface S in this vector field．At this time, the surface integral Φ =

∫
S
A · n dS is always

the same value for any curved surface S whose boundary is C. And its value is determined
by the closed surface C．Prove the above．

4. The scalar fiel ϕ and the vector field A,B are within the comon domain. Prove the following
equation for any region V and its bounary surface S.

(1)
∫
V
A · ∇ϕ dV =

∫
S
ϕA · n dS −

∫
V
ϕ∇ ·A dV

(2)
∫
V
A · (∇×B) dV =

∫
S
(B ×A) · ndS +

∫
V
B · (∇×A) dV

(3)
∫
V
(∇ϕ) · (∇×A) dV = −

∫
S
((∇ϕ)×A) · n dS

(4) A = ∇ϕ,∇2ϕ = 0ならば，
∫
V
|A|2 dV =

∫
S
ϕA · n dS

5. Prove the following equation for any region V and its boundary surface S within the common
definition of the scalar fields ϕ and ψ.

(1)
∫
S
ψ ∂ϕ∂n dS =

∫
V
{ψ∇2ϕ+ (∇ψ) · (∇ϕ)} dV

(2)
∫
S
ϕ∂ϕ∂n dS =

∫
V
{ϕ∇2ϕ+ |∇ϕ|2} dV

(3)
∫
S

(
ψ ∂ϕ∂n − ϕ∂ψ∂n

)
dS =

∫
V
{ψ∇2ϕ− ϕ∇2ψ} dV Green’s formula

(4) If ϕ is harmonic function, then∫
S

ϕ
∂ϕ

∂n
dS =

∫
V

|∇ϕ|2 dV

(5) If ϕ, ψ are harmonic functions, then∫
S

(
ψ
∂ϕ

∂n
− ϕ

∂ψ

∂n

)
dS = 0

(6) If ϕ = 0 on S，then the harmonic function ϕ is 0 in V．



lviii CHAPTER 4. INTEGRAL FORMULA

6. Suppose that the vector field A is defined in all space. Prove that if
∫
S
A · ndS = 0 for any

boundary surface S，then A has a vector potential.

7. Suppose that A is defined for all space. Prove that if
∫
S
A×ndS = 0 for any boundary surface

S，then A has a scalar potential.
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4.2 Stokes’theorem

Stokes’ theorem
A generalization of Green’s theorem by Irish mathematician and physicist George Gabriel

Stokes (1819-1903) is called Stokes’ theorem．First, To study Stokes’ theorem, we need to orient
the surface.．

Definition 4.1

At each point (x, y, z) on the curved surface S, select the normal vector n(x, y, z)
appropriately, and n(x, y, z) can be made continuous on S. Then the surface S is
said to be orientable Also, the n selected at each point at this time is called the
unit normal vector determined by the orientation of the curved surface.

Stokes’ theorem gives an equation that rewrites the line integral along the bounding curve ∂S
of the oriented surface S to the surface integral on S．

Theorem 4.4

[Stokes’ theorem] Let S : z = f(x, y), (x, y) ∈ Ω be an oriented curved surface
bounded by some piecewise smooth closed curves．Also, the vector field F is of the
C1 class on S. then, ∮

∂S

F · dr =

∫∫
S

(∇× F ) · ndS

However, ∂S represents the boundary of S, and the direction of the line integral
on the curve ∂S shall go around ∂S so that the region S is on the left. In other
words, it follows the right-hand rule for the unit normal vector n.

Figure 4.2: Stokes’ theorem

Proof Firsr consider
∫∫
S
[∇× F1i] · ndS．

∇× F1i =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

F1 0 0

∣∣∣∣∣∣ = ∂F1

∂z
j − ∂F1

∂y
k

implies

[∇× F1i] · ndS =

(
∂F1

∂z
n · j − ∂F1

∂y
n · k

)
dS (4.1)
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Let r = t[x, y, z] be a position vector. Then ry = (0, 1, zy) is a tangent vector of S. Thus it is
orthogonal to the normal vecto n.

n · ry = n · j + zyn · k = 0 or n · j = −zyn · k

Putting this into the equation 4.1，

[∇× F1i] · ndS = −
(
∂F1

∂z

∂z

∂y
+
∂F1

∂y

)
n · kdS

Here we can set F1(x, y, z) = F1(x, y, f(x, y)) = H(x, y) on S. Thus by the differentiation of
composite functions, we have

∂H

∂y
=
∂F1

∂y
+
∂F1

∂z

∂z

∂y

Thus,

[∇× F1i] · ndS = −∂H
∂y

n · kdS = −∂H
∂y

dxdy

Therefore, ∫∫
S

[∇× F1i] · ndS =

∫∫
Ω

−∂H
∂y

dxdy

Here, Ω is a normal projection of S on the xy plane. The integral on the right is the integral on
the plane, which is

∮
∂Ω

Hdx according to Green’s theorem. The value of H(x, y) at the point (x, y)
on the boundary of Ω and at the point (x, y, z) on the boundary of S The values of F1(x, y, z) are
equal, and dx is the same for both curves.∮

∂Ω

Hdx =

∮
∂S

F1dx

or ∫∫
S

[∇× F1i] · ndS =

∮
∂S

F1dx

Similarly, if you take a normal projection onto another plane,∫∫
S

[∇× F2j] · ndS =

∮
∂S

F2dy,

∫∫
S

[∇× F3k] · ndS =

∮
∂S

F3dz

Adding these ∫∫
S

(∇× F ) · ndS =

∮
∂S

F · dr

Example 4.4

For F = −yi+ xj + k, S : z = (4− x2 − y2)1/2，show that Stokes’ theorem holds.
Answer The boundary of S, ∂S is a circle x2 + y2 = 4．Thus the position vector is r =
xi+ yj + zk = 2 cos ti+ 2 sin tj. Then we find the line integral∮

∂S

F · dr =

∮
∂S

(−2 sin ti+ 2 cos tj + k) · (−2 sin ti+ 2 cos tj)dt

=

∫ 2π

0

[4 sin2 t+ 4 cos2 t]dt = 8π
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Next we find the surface integral.．

∇× F =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

−y x 1

∣∣∣∣∣∣ = 2k

We find the unit normal vector. Then

rx × ry =

∣∣∣∣∣∣
i j k
1 0 −x

z
0 1 −y

z

∣∣∣∣∣∣ = x

z
i+

y

z
j + k

Thus,

n =
x
z i+

y
z j + k

∥xz i+
y
z j + k∥

Therefore,， ∫∫
S

(∇× F ) · ndS = 2

∫∫
S

k · rx × ry
∥rx × ry∥

∥rx × ry∥dxdy

= 2

∫∫
Ω

k · rx × rydxdy

=

∫∫
Ω

2dxdy = 2(4π) = 8π

This shows that Stokes’ theorem hols.
So far we have already learned that in a conservative field, the vector field is equal to the

gradient of the scalar field, and the rotation of the vector field is zero. Now let’s investigate what
holds true in relation to line integrals.

Theorem 4.5

In the vector field F (x, y, z), the following 3 conditions are equivalent.
(1) There exists a scalar function ϕ(x, y, z) so that F = ∇ϕ．(F is conservative)
(2) ∇× F = 0 holds everywhwer．(no votex)
(3) For any close curve C,

∮
C
F · dr = 0 holds (inepenent of path)．

Proof Show (1) ⇒ (2) ⇒ (3) ⇒ (1)．

(1) ⇒ (2) ∇× F = ∇×∇ϕ =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

ϕx ϕy ϕz

∣∣∣∣∣∣ = 0

(2) ⇒ (3) Consider the surface S bounded by C and apply Stokes’ theorem.∮
C

F · dr =

∫∫
S

(∇× F ) · ndS =

∫∫
S

0 · ndS = 0

(3) ⇒ (1) Two curves C1, C2 connecting the fixed point P(x0, y0, z0) and the moving point Q
(x, y, z). Starting from P passing C1 to Q and from Q passing C2 to P. Set this whole path C.∫

P(C1)Q

F · dr −
∫
P(C2)Q

F · dr =

∫
P(C1)Q

F · dr +

∫
Q(C2)P

F · dr =

∮
C

F · dr = 0

Thus， ∫
P(C1)Q

F · dr =

∫
P(C2)Q

F · dr
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That is, the line integral from P to Q,
∫
PQ

F ·dr is given by the function of the coordinate (x, y, z)

of the end point Q regardless of the route in the middle. So if you set this to ϕ(x, y, z), then we
have ∫

PQ

F · dr = ϕ(x, y, z)

We let vector equation for any curve from P to Q as r = (x(s), y(s), z(s)). Then∫
PQ

F · dr =

∫ s

s0

F · dr
ds
ds =

∫ s

s0

(
F1
dx

ds
+ F2

dy

ds
+ F3

dz

ds

)
ds

Thus

F1
dx

ds
+ F2

dy

ds
+ F3

dz

ds
=

d

ds

∫
PQ

F · dr =
dϕ

ds
=
∂ϕ

∂x

dx

ds
+
∂ϕ

∂y

dy

ds
+
∂ϕ

∂z

dz

ds

The curve PQ is arbitrary. Thus, x(s), y(s), z(s) is also an arbitrary function.，

F1 =
∂ϕ

∂x
, F2 =

∂ϕ

∂y
, F3 =

∂ϕ

∂z

Therefore,

F = F1i+ F2j + F3k =
∂ϕ

∂x
i+

∂ϕ

∂y
j +

∂ϕ

∂z
k = ∇ϕ

From this theorem, we can see that the answer is 0 even without integration if the vector field
has a scalar potential when performing line integrals

Example 4.5

Find

∫
C

((2x+ yz)i+ zxj + xyk) · dr．where C is a curve connecting from the point (1, 0,−1) to

(2,−1, 3) and back to the starting point.．
Answer

∇× ((2x+ yz)i+ zxj + xyk) =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

2x+ yz zx xy

∣∣∣∣∣∣ = 0

Then，F has a scalar potential．So, we find f so that F = ∇f．fx = 2x + yz, fy = zx, fz = xy
implies

f =i ntfxdx = x2 + xyz + g(y, z)

Here，fy = zx imlies fy = xz + gy(y, z). Thus，gy = 0. in other words，g(y, z) = h(z). Next，
fz = xy implies fz = xy + h′(z). Thus h(z) = 0．Here，let h(z) = 0. Then

f = x2 + xyz

Using this, we have∫
C

((2x+ yz)i+ zxj + xyk) · dr = f(2,−1, 3)− f(1, 0,−1) = −2− 1 = −3

Example 4.6
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For any surface S and its boundary C within the common domain of ϕ, ψ, prove the following
equation holds. ∫∫

S

{(∇ϕ)× (∇ψ)} · ndS =

∫
C

ϕ(∇ψ) · dr

Answer We first calculate ∇× (ϕ∇ψ).

∇× (ϕ∇ψ) = (∇ϕ)× (∇ψ) + ϕ∇× (∇ψ)

Here，∇× (∇ψ) = 0 implies
∇× (ϕ∇ψ) = (∇ϕ)× (∇ψ)

Therefore, by Stokes’ theorem，∫∫
S

{(∇ϕ)× (∇ψ)} · ndS =

∫
C

ϕ(∇ψ) · dr

Question 4.1

Let r = xi+ yj + zk．Prove for any surface S and its boundary C, the following is true.

(1)

∫
C

dr = 0 (2)

∫
C

r · dr = 0
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Exercise4.2

1. Prove the following equation holds for any surface S and its boundary C in the common domain
of the scalar fields ϕ, ψ.． ∫

C

ϕ(∇ψ) · dr = −
∫
C

ψ(∇ϕ) · dr

2. Let r = xi+ yj + zk, r = |r| and ϕ be a scalar field. Then prove the following equation holds
for any surface S and its boundary C．

(1)
∫
C
r × dr = 2

∫
S
ndS

(2)
∫
C
rkr · dr = 0

(3)
∫
C
r(∇ϕ) · dr =

∫
S
(∇ϕ)× ndS

3. Prove the following holds for any surface S and its boundary C in the common domain of the
scalar field ϕ and the vector field A.∫

S

ϕ(∇×A) · ndS =

∫
C

ϕA · dr −
∫
S

{(∇ϕ)×A} · ndS

4. Let r = xi + yj + zk, r = |r| and ϕ be a scalar field. Prove that for any surface S and its
boundary C, the following equation holds.∫

C

r × dr

r3
= −

∫
S

n · ∇
( r

r3

)
dS =

∫
S

(
3|bfr · n

r5
r − n

r3

)
dS

5. It is assumed that the vector field A is defined in the whole space.．About the border C of
any curved surface if ∫

C

A · dr = 0

A has a scalar potential. Prove this.
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Exercise Answer

Exercise Answer3.2
1.
(1) ϕ = x2z + ey/ximplies

∇ϕ =
∂ϕ

∂x
i+

∂ϕ

∂y
j +

∂ϕ

∂z
k = (2xz + ey/x(− y

x2
))i+ (ey/x(

1

x
))j + x2k

ψ = 2z2y − xy2 implies，

∇ψ =
∂ψ

∂x
i+

∂ψ

∂y
j +

∂ψ

∂z
k = −y2i+ (2z2 − 2xy)j + 4zyk

(2) ∇(ϕψ) = (∇ϕ)ψ + ϕ∇ψ. (1) implies

∇(ϕψ) = ((2xz + ey/x(− y

x2
))i+ (ey/x(

1

x
))j + x2k)(2z2y − xy2)

+ (x2z + ey/x)(−y2i+ (2z2 − 2xy)j + 4zyk)

implies the value at the point P(1, 0,−2) is

∇(ϕψ)P = (−4i+ j + k)(0) + (−2 + 1)(8)j = −8j

2. The directional derivative of ϕ at P(2,−1, 2) in the direction of u is，

∂ϕ(2,−1, 2)

∂u
= ∇ϕ(1, 0,−2) · u

HHere，

∇ϕ(2,−1, 2) = (4z3 − 6xyz)i+ (−3x2z)j + (12xz2 − 3x2y)k |(2,−1,2)

= (32 + 24)i+ (−24)j + (96 + 12))k

implies

∂ϕ(2,−1, 2)

∂u
= (56i− 24j + 108k) · 2i− 3j + 6k

7
=

1

7
(112 + 72 + 648) =

832

7

3. Use ∇rn = nrn−1∇r = nrn−1 r
r = nrn−2r

lxv
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(1)

A = ∇
(
2r2 − 4

√
r +

6

3
√
r

)
= 2(2r)− 4(

1

2
r−

3
2 r) +

6

3
(−1

2
r−

5
2 r) = (4− 2

r
√
r
− 1

r2
√
r
)r

(2)

B = ∇(r2e−r) = (∇r2)e−r + r2(∇e−r) = 2e−rr + r2(−e−r)∇r = 2e−rr − r2e−r
r

r
= (2− r)e−rr

Alternate Answer Using ∇f(ϕ) = df
dϕ∇ϕ, we have

B = ∇(r2e−r) =
d(r2e−r)

dr
∇r = (2re−r − r2e−r)

r

r
= (2− r)e−rr

4. Note that ∇ϕ of ϕ(x, y, z) = x2y+2xz is orthogonal to ϕ(x, y, z) = 4．Therefore the unit normal
vector n is

n =
(∇ϕ)P
|∇ϕ|P

Here，(∇ϕ)P = (2xy + 2z)i+ x2j + 2xk) |(2,−2,3)= −2i+ 4j + 4k implies

n =
−2i+ 4j + 4k√

4 + 16 + 16
=

1

3
(−i+ 2j + 2k)

5. ∇ = i ∂∂x + j ∂
∂y + k ∂

∂z implies

i
∂

∂x
(
ϕ

ψ
) = i

ϕxψ − ϕψx
ψ2

=
ψϕxi− ϕψxi

ψ2

j
∂

∂y
(
ϕ

ψ
) = j

ϕyψ − ϕψy
ψ2

=
ψϕyj − ϕψyj

ψ2

k
∂

∂z
(
ϕ

ψ
) = k

ϕzψ − ϕψz
ψ2

=
ψϕzk − ϕψzk

ψ2

Here，ϕxi+ ϕyj + ϕzk = ∇ϕ, ψxi+ ψyj + ψzk = ∇ψ. Thus，

∇
(
ϕ

ψ

)
=
ϕ∇ψ − ψ∇ϕ

ϕ2

6.

(1) r =
√
(ξ − x)2 + (η − y)2 + (ζ − z)2，∇Q = i ∂∂ξ + j ∂

∂η + k ∂
∂ζ , ∇P = i ∂∂x + j ∂

∂y + k ∂
∂z，Then

∇Qr = i
∂r

∂ξ
+ j

∂r

∂η
+ k

∂r

∂ζ

= i
2(ξ − x)

2r
+ j

2(η − y)

2r
+ k

2(ζ − z)

2r

∇P r = i
∂r

∂x
+ j

∂r

∂y
+ k

∂r

∂z

= i
−2(ξ − x)

2r
+ j

−2(η − y)

2r
+ k

−2(ζ − z)

2r
= −∇Qr
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(2)

∇Q(
1

r
) = i

∂r−1

∂ξ
+ j

∂r−1

∂η
+ k

∂r−1

∂ζ

= i(−r−2 (ξ − x)

r
) + j(−r−2 (η − y)

r
) + k(−r−2 (ζ − z)

r
)

∇P (
1

r
) = i

∂r−1

∂x
+ j

∂r−1

∂y
+ k

∂r−1

∂z

= i(r−2 (ξ − x)

r
) + j(r−2 (η − y)

r
) + k(r−2 (ζ − z)

r
) = −∇Q(

1

r
)

Exercise詳Answer3.3 1. r = xi+ j + k = (t2 + 1)i+ 2t2j + t3kimplies

dr = (2ti+ 4tj + 3t2k)dt

Also，F = 3xyi− 5zj + 10xk = 3(t2 + 1)(2t2)i− 5(t3)j + 10(t2 + 1)k．Therefore，

W =

∫
C

F · dr =

∫ 2

1

(
12t3(t2 + 1)− 20t4 + 30(t2 + 1)t2

)
dt

=

∫ 2

1

(12t5 + 10t4 + 12t3 + 30t2)dt =
[
2t6 + 2t5 + 3t4 + 10t3

]2
1

= 2(64− 1) + 2(32− 1) + 3(16− 1) + 10(8− 1) = 303

2.
(1) r = xi+ j + k = t2i+ 2tj + t3k (0 ≤ t ≤ 1) implies

dr = 2ti+ 2j + 3t2k

Also，ϕ = 2xyz2 = 2t2(2t)(t3)2 = 4t9．Therefore，∫
C

ϕdr =

∫ 1

0

4t9(2ti+ 2j + 3t2k)dt

=

∫ 1

0

(8t10i+ 8t9j + 12t11k)dt =

[
8

11
t11i+

8

10
t10j + t12k

]1
0

=
8

11
i+

4

5
j + k

(2) r = xi+ j + k = t2i+ 2tj + t3k (0 ≤ t ≤ 1) implies

dr = 2ti+ 2j + 3t2k

Also，F = xyi− zj + x2k = 2t3i− t3j + t4k．Therefore,

∫
C

F× dr =

∫ 1

0

∣∣∣∣∣∣
i j k
2t3 −t3 t4

2t 2 3t2

∣∣∣∣∣∣ =
∫ 1

0

(
(−3t5 − 2t4)i− (6t5 − 2t5)j + (4t3 + 2t4)k

)
dt

=

[
(− t

6

2
− 2t5

5
)i− 4t6

6
j + (t4 +

2t5

5
)k

]1
0

= (−1

2
− 2

5
)i− 2

3
j + (1 +

2

5
)k = − 9

10
i− 2

3
j +

7

5
k
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3. Note that if A satisfies A = −∇ϕ，then A has a scalar potential and
∫
C
A · dr = 0. Thus we

find ϕ so that，r = ∇ϕ．
∇(r · r) = ∇r2 = 2r

implies r = 1
2∇(r · r)．Therefore，∫

C

r · dr =
1

2

∫
C

∇(r · r)dr = 0

4. The force field F has a potential U . Then F = −∇U．This suggest that the equation of motion
of this mass point is

m
dv

dt
= F = −∇U

Also，v = dr
dt．Then

m
d2v

dt2
· v = −∇U · dr

dt

Thus，

mv · dv
dt

+
dr

dt
· ∇U = 0

Here calculate dr
dt · ∇U .

dr

dt
· ∇U = (

dx

dt
i+

dy

dt
j +

dz

dt
k) · (∂U

∂x
i+

∂U

∂y
j +

∂U

∂z
k) =

∂U

∂x

dx

dt
+
∂U

∂y

dy

dt
+
∂U

∂z

dz

dt
=
dU

dt

Therefore，

mv · dv
dt

+
dU

dt
=

d

dt
(
1

2
mv · v + U) = 0

This implies that，
1

2
mv2 + U = C (Cconstant)

Therefore,，
1

2
mv2A + U(A) =

1

2
mv2B + U(B)

5. If the origin O is centered on this xy plane and the circle with radius a is C, the equation of
motion of the mass point is parametrized by C : x = a cos t, y = a sin t, 0 ≤ t ≤ 2π．Thus，

∇ϕ =
− y
x2

1 + ( yx )
2
i+

1
x

1 + ( yx )
2
j =

−y
x2 + y2

i+
x

x2 + y2
j =

− sin t

a
i+

cos t

a
j

Also，
dr = (−a sin ti+ a cos tj)dt

Therefore， ∫
C

(∇ϕ) · dr =

∫ 2π

0

(− sin ti+ cos tj) · (− sin t+ cos t)dt =

∫ 2π

0

dt = 2π

Exercise Answer3.4
1.
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(1) When the curved surface S is projected onto the xy plane，S maps toΩ = {(x, y) : 2x+ 2y ≤
2, x ≥ 0, y ≥ 0}. Also，from the surface S : 2x+ 2y + z = 2, if the corresponding r is the position
vector,

r = xi+ yj + (2− 2x− 2y)k

Thus we find the normal vector of S which is rx × ry，

rx × ry =

∣∣∣∣∣∣
i j k
1 0 −2
0 1 −2

∣∣∣∣∣∣ = 2i+ 2j + k

Note that dS = |rx × ry|dxdy =
√
4 + 4 + 1dxdy = 3dxdy. Then

∫
S

fdS = 3

∫
Ω

(x2 + 2y + z − 1)dxdy = 3

∫ 1

0

∫ 1−x

y=0

(x2 + 2y + (2− 2x− 2y)− 1)dydx

= 3

∫ 1

0

∫ 1−x

0

(x2 − 2x+ 1)dydx = 3

∫ 1

0

∫ 1−x

0

(x− 1)2 dydx

= 3

∫ 1

0

[
(x− 1)2y

]1−x
0

dx = 3

∫ 1

0

(1− x)3 dx = −3

[
1

4
(1− x)4

]1
0

=
3

4

(2) Let r = xi+ yj + (2− 2x− 2y)k. Then n =
rx×ry

|rx×ry| =
2i+2j+k

3 . Thus，

A · n = (x2i+ zk) · 2i+ 2j + k

3
=

2x2 + z

3

Therefore，∫
S

A · ndS =

∫
Ω

2x2 + z

3
3dxdy =

∫
Ω

(2x2 + (2− 2x− 2y))dxdy

=

∫ 1

0

∫ 1−x

0

(2x2 − 2x− 2y + 2)dydx =

∫ 1

0

[
2x2y − 2xy − y2 + 2y

]1−x
0

dx

=

∫ 1

0

(2x2(1− x)− 2x(1− x)− (1− x)2 + 2(1− x))dx

=

∫ 1

0

(1− x)(2x2 − 2x− (1− x) + 2)dx =

∫ 1

0

(1− x)(2x2 − x+ 1)dx

=

∫ 1

0

(−2x3 + 3x2 − 2x+ 1)dx =

[
−x

4

2
+ x3 − x2 + x

]1
0

= −1

2
+ 1− 1 + 1 =

1

2

2. Since the surface S is region on the xy plane，the unit normal vector is n = k．

A× n = (xi+ (x− y)j + (log xy)k)× k =

∣∣∣∣∣∣
i j k
x x− y log xy
0 0 1

∣∣∣∣∣∣ = (x− y)i− xj

Also，S is on the xy plane. Then S = Ω，dS = dxdy．Here，Ω is a disk, so we use the polar
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coordinates, then x = r cos θ, y = r sin θ, 0 ≤ θ ≤ π
2 , 0 ≤ r ≤ a and∫

S

A× ndS =

∫ π/2

0

∫ a

0

((r cos θ − r sin θ)i− r cos θj)rdrdθ

=

∫ π/2

0

[
r3

3

]a
0

((cos θ − sin θ)i− cos θj) dθ

=
a3

3
[(sin θ + cos θi− sin θj]

π/2
0 =

a3

3
((1− 1)i− j) = −a

3

3
jF3− 4

3. By projecting S onto xy plane, then S aps to Ω = {(x, y) : y2 = 4, 0 ≤ x ≤ 3, y ≥ 0}. Next by

letting r be a position vector r = xi + yj +
√

4− y2k. Thus，the normal vector of the surface S
is rx × ry = y√

4−y2
j+ k．Therefore,，∫∫

S

(3xi+ 4zj+ 2yk) · ndS =

∫∫
S

(3xi+ 4zj+ 2yk) · (rx × ry)dxdy =

∫∫
S

(6y)dxdy

Here，express Ω using vertical simple, we have，∫∫
S

(6y)dxdy =

∫ 3

0

∫ 2

0

6ydydx =

∫ 3

0

3y2 |20=
∫ 3

0

12dx = 36

4. By projecting the surface S onto yz plane, S maps to Ω = {(y, z) : y2 = a2, 0 ≤ z ≤ 1}. Next，let
r be a postion vector r = xi+

√
a2 − x2j+zk. Thus，the normal vector of S is rz×rx = y√

4−y2
i+k.

n =
rz × rx
|rz × rx|

=

y√
4−y2

i+ k√
y2

4−y2 + 1

=

y√
4−y2

i+ k√
4

4−y2

Therefore,， ∫∫
S

(3xi+ 4zj+ 2yk) · ndS =

∫∫
S

rx × rydxdy =

∫∫
S

(6y)dxdy

Now express，Ω using the vertical simple,∫∫
S

(6y)dxdy =

∫ 3

0

∫ 2

0

6ydydx =

∫ 3

0

3y2 |20=
∫ 3

0

12dx = 36

Exercise Answer3.5 Basic formula Let r = xi + yj + zk, r =
√
x2 + y2 + z2. Then (1) ∇r =

r
r (2) ∇rn = nrn−1∇r = nrn−2r (3) ∇ · (ϕA = (∇ϕ) ·A+ ϕ∇ ·A
1.
(1)

∇ · (2x2zi− xy2zj + 3yz2k) =
∂(2x2z)

∂x
+
∂(−xy2)
∂y

+
∂(3yz2)

∂z
= 4xz − 2xy + 6yz

(2)

∇2(3x2z − y2z3 + 4x2y) =
∂2(3x2z − y2z3 + 4x2y)

∂x2
+
∂2(3x2z − y2z3 + 4x2y)

∂y2
+
∂(3x2z − y2z3 + 4x2y)

∂z2

= 6z + 8y − 2z3 − 6y2z
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(3)
∇(∇ · F ) = ∇(6xy + 4y3 − 4x2z) = (6y − 8xz)i+ (6x+ 12y2)j − 4x2k

2.
(1) ∇r−3 = dr−3

dr ∇r = −3r−4 r
r = −3r−5rimpliesr∇r−3 = −3r−4r. Therefore，

∇·(r∇r−3) = ∇·(−3r−4r) = ∇(−3r−4)·r+(−3r−4∇·r = 12r−5 r

r
·r−3r−4(3) = 12r−4−9r−4 = 3r−4

(2) ∇ ·
(

r
r2

)
= ∇ · r−2r = (∇r−2) · r + r−2∇ · r = −2r−3 r

r · r + r−2(3) = −2r−2 + 3r−2 = r−2.
Therefore,

∇2
{
∇ ·
( r

r2

)}
= ∇ · (∇(r−2)) = ∇ · (−2r−3 r

r
= ∇ · (−2r−4r

= ∇(−2r−4) · r +−2r−4∇ · r = 8r−5 r

r
· r − 2r−4(3) = 8r−4 − 6r−4 = 2r−4

3. Let w = w1i+ w2j + w3k. Then

w × r =

∣∣∣∣∣∣
i j k
w1 w2 w3

x y z

∣∣∣∣∣∣ = (w2z − w3y)i+ (w3x− w1z)j + (w1y − w2x)k

Therefore，
∇ · (w × r) = 0

4.
(1) By the basic formula，

∇2(ϕψ) = ∇ · ∇(ϕψ) = ∇ · ((∇ϕ)ψ + ϕ(∇ψ)) = ∇ · (∇ϕ)ψ + (∇ϕ) · (∇ψ) + (∇ϕ) · (∇ψ) + ϕ∇ · (∇ψ)
= ψ + (∇2ϕ) + 2(∇ϕ) · (∇ψ) + ϕ∇2ψ

(1) By the basic formula,

∇ · (ϕ∇ψ) = (∇ϕ) · (∇ψ) + ϕ∇ · (∇ψ) = (∇ϕ) · (∇ψ) + ϕ∇2ψ

(3) (2) implies，∇· (ϕ∇ψ) = (∇ϕ) · (∇ψ)+ϕ∇2ψ. By symmetry ∇· (ψ∇ϕ) = (∇ψ) · (∇ϕ)+ψ∇2ϕ.
Therefore，

∇ · (ϕ∇ψ − ψ∇ϕ) = ϕ∇2ψ − ψ∇2ϕ

5. ∇ϕ = ∂ϕ
∂x i+

∂ϕ
∂y + ∂ϕ

∂z = 2xyz3i+ x2z3j + 3x2yz2k implies

∂ϕ

∂x
= 2xyz3,

∂ϕ

∂y
= x2z3,

∂ϕ

∂z
= 3x2yz2

Thus，ϕ(x, y, z) = x2yz3 + c(y, z)．Here using ∂ϕ
∂y = x2z3，∂c(y,z)

∂y = 0. Then c(y, z) = c(z)．

Finally，∂ϕ
∂z = 3x2yz2 implies ∂c(z)

∂z = 0. Then c(z) = c．Thus，ϕ(x, y, z) = x2yz3 + c. Now by
the initial value ϕ(1,−2, 2) = 4， we have −16 + c = 4 and c = 20.
6.

(∇U)× (∇V ) =

∣∣∣∣∣∣
i j k
Ux Uy Uz
Vx Vy Vz

∣∣∣∣∣∣ = (UyVz − UzVy)i+ (UzVx − UxVz)j + (UzVy − UyVz)k
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Therefore，

∇ · ((∇U)× (∇V )) =
∂(UyVz − UzVy)

∂x
+
∂(UzVx − UxVz)

∂y
+
∂(UxVy − UyVx)

∂z

= UyxVz + UyVzx − UzxVy − UzVyx + UzyVx + UzVxy − UxyVz − UxVzy

+ UxzVy + UxVyz − UyzVx − UyVxz = 0

7.

dr

dt
· ∇ϕ = (

dx

dt
i+

dy

dt
j +

dz

dt
k) · (i∂ϕ

∂x
+ j

∂ϕ

∂y
+ k

∂ϕ

∂z
) =

∂ϕ

∂x

∂x

∂t
+
∂ϕ

∂y

∂y

∂t
+
∂ϕ

∂z

∂z

∂t
=

d

dt
ϕ(x, y, z)

8.

合成関数の微分法 implies

dϕ

dt
=
∂ϕ

∂x

dx

dt
+
∂ϕ

∂y

dy

dt
+
∂ϕ

∂z

dz

dt
+
∂ϕ

∂t
= ∇ϕ · dr

dt
+
∂ϕ

∂t

Exercise詳Answer3.6
1.
(1)

∇×A =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

2xz2 −yz 3xz3

∣∣∣∣∣∣ = i(y) + j(4xz − 3z3) + k(0) = yi+ (4xz − 3z3)j

(2)

∇× (ϕA) = (∇ϕ)×A+ ϕ∇×A

=

∣∣∣∣∣∣
i j k

2xyz x2z x2y
2xz2 −yz 3xz3

∣∣∣∣∣∣+ x2yz

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

2xz2 −yz 3xz3

∣∣∣∣∣∣
= (3x3z4 + x2y2z)i+ (2x3yz2 − 6x2yz4)j + (−2xy2z2 − 2x3z3)k + x2yz(yi+ (4xz − 3z3)j)

= (3x3z4 + 2x2y2)i+ (6x3yz2 − 9x2yz4)i− (2xy2z2 + 2x3z3)k

(3) (1)implies∇×A = yi+ (4xz − 3z3)j.

∇× (∇×A) =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

y 4xz − 3z3 0

∣∣∣∣∣∣ = (−4x+ 9z2)i+ (4z − 1)k

2.

∇× v =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

x+ 2y + az bx− 3y − z 4x+ cy + 2z

∣∣∣∣∣∣ = (c+ 1)i+ (a− 4)j + (b− 2)k = 0
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impliesa = 4, b = 2, c = −1
3.

∇ · (A×B) = (
∂

∂x
i+

∂

∂y
i+

∂

∂z
k) · (A×B)

= i · ∂
∂x

(A×B) + j · ∂
∂y

(A×B) + k · ∂
∂z

(A×B)

= i · (∂A
∂x

×B +A× ∂B

∂x
) + j · (∂A

∂y
×B +A× ∂B

∂y
) + k · (∂A

∂z
×B +A× ∂B

∂z
)

= B · (i× ∂A

∂x
) +B · (j × ∂A

∂y
) +B · (k × ∂A

∂z
) ([A B C] = [C A B])

− A · (i× ∂B

∂x
)−A · (j × ∂B

∂y
)−B · (k × ∂B

∂z
)

= B · (∇×A)−A · (∇×B) = 0

(1)

∇(A ·B) = (B · ∇)A+ (A · ∇)B +B × (∇×A) +A× (∇×B)

を用いると，

∇(C ·A) = (A · ∇)C + (C · ∇)A+A× (∇×C) +C × (∇×A)

ここで，(A · ∇)C = 0,A× (∇×C) = 0implies

∇(C ·A) = (C · ∇)A+C × (∇×A)

(2)

∇ · (C ×A) = (
∂

∂x
i+

∂

∂y
j +

∂

∂z
k) · (C ×A)

= i · ∂
∂x

(C ×A) + j · ∂
∂y

(C ×A) + k · ∂
∂z

C ×A)

= i · (∂C
∂x

×A+C × ∂A

∂x
) + j(·∂C

∂y
×A+C × ∂A

∂y
) + k(·∂C

∂z
×A+C × ∂A

∂z
)

= −C · (i× ∂A

∂x
)−C · (j × ∂C

∂y
)−C · (k × ∂A

∂z
)

= −C · (∇×A)

(3)

∇× (C ×A) = (i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
)× (C ×A)

= i× ∂(C ×A)

∂x
+ j × ∂(C ×A)

∂y
+ k × ∂(C ×A)

∂z
(Cconstant vector)

= i× (C × ∂A

∂x
) + j × (C × ∂A

∂y
) + k × (C × ∂A

∂z
) (A×B ×C = (A ·C)B − (A ·B)C)

= (i · ∂A
∂x

)C − (i ·C)
∂A

∂x
+ (j · ∂A

∂y
)C − (j ·C)

∂A

∂y
+ (k · ∂A

∂z
)C − (k ·C)

∂A

∂z

= C(∇ ·A)− (C · ∇)A
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5. Using the formula

∇(A ·B) = (B · ∇)A+ (A · ∇)B +B × (∇×A) +A× (∇×B)

∇(A ·A) = (A · ∇)A+ (A · ∇)A+A× (∇×A) +A× (∇×A)

= 2(A · ∇)A+ 2A× (∇×A)

Thus，

(A · ∇)A =
1

2
∇|A|2 −A× (∇×A)

6. ∇× (ρF ) = (∇ρ)×F + ρ(∇×F ) また，∇× (ρF ) = ∇× (∇p) = 0implies ∇×F = −∇ρ
ρ ×F．

Therefore，

F · (∇× F ) = F · (−∇ρ
ρ

× F ) =
∇ρ
ρ

· (F × F ) = 0

7.

∇×A =

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

6xy + z3 3x2 − z 3xz2 − y

∣∣∣∣∣∣ = (−1 + 1)i− (3z2 − 3z2)j + (6x− 6x)k = 0

Note that there exits ϕ so that ∇×A = 0impliesA = −∇ϕ.

A = (6xy + z3)i+ (3x2 − z)j + (3xz2 − y)k = −∇ϕ = −(
∂ϕ

∂x
i+

∂ϕ

∂y
j +

∂ϕ

∂z
k)

implies

−∂ϕ
∂x

= 6xy + z3, −∂ϕ
∂y

= 3x2 − z, −∂ϕ
∂z

= 3xz2 − y

First，-∂ϕ∂x = 6xy + z3implies−ϕ(x, y, z) = 3x2y + xz3 + f(y, z)．Now partially differentiate ϕ by
y，

−∂ϕ
∂y

= 3x2 + fy(y, z)

On the one hand，

−∂ϕ
∂y

= 3x2 − z

implies
fy(y, z) = −z

which also impliesf(y, z) = −yz+g(z)．Thus，−ϕ(x, y, z) = 3x2y+xz3−yz+g(z). Here partially
differentiate ϕ(x, y, z) by z，

−∂ϕ
∂z

= 3xz2 − y + g′(z)

On the other hand，

−∂ϕ
∂z

= 3x2 − y

implies
g′(z) = 0

Thus，g(z) = c and ϕ(x, y, z) = −(3x2y + xz3 − yz + c)
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8.

Exercise Answer4.1

1.

(1) Gauss’s divergence theorem implies∫
S

r

r2
· n dS =

∫
V

∇ · r

r2
dV

Here，

∇· r
r2

= ∇·(r−2r) = ∇r−2·r+r−2∇·r = −2r−3∇r·r+r−2(3) = −2r−3 r

r
·r+3r−2 = −2r−2+3r−2 = r−2

Therefore， ∫
S

r

r2
· n dS =

∫
V

1

r2
dV

(2) Tranform
∫
S
r × n dS into the surface integral．Usiing any constant vetor C and the triple

scalar product,∫
S

C · (r × n) dS =

∫
S

n · (C × r)

=

∫
V

∇ · (C × r) dV = −
∫
V

C · (∇× r) = −C ·

∣∣∣∣∣∣
i j k
∂
∂x

∂
∂y

∂
∂z

x y z

∣∣∣∣∣∣ = 0

Here，C is a constant vector implies ∫
S

r × n dS = 0

(3) Gauss’s dievergence theorem implies∫
S

rnr · n dS =

∫
V

∇ · rnr dV =

∫
V

((∇rn) · r + rn∇ · r) dV

=

∫
V

(nrn−1∇r · r + 3rn) dV =

∫
V

(nrn + 3rn) dV

= (3 + n)

∫
V

rn dV

(4) Transfrom
∫
S
rnn dS into surface integral．Using a constant vector C,∫

S

C · (rnn) dS =

∫
S

rnC · n dS =

∫
V

∇ · (rnC) dV =

∫
V

(∇rn ·C + rn∇ ·C) dV

=

∫
V

nrn−1 r

r
·C dV =

∫
V

C · nrn−2r dV

これ implies ∫
S

rnn =

∫
V

nrn−2r dV
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(5) Transform
∫
S
rnr×n dS into surface integral．Using a constant vector C and the triple scalar

product,∫
S

C · (rnr × n) dS =

∫
S

n ·C × (rnr) dS =

∫
S

n · (C × rnr) dS =

∫
V

∇ · (C × rnr) dV

=

∫
V

(−C · (∇× rnr) dV = −
∫
V

C · (∇rn × r + rn∇× r) dV

= −
∫
V

C · (nrn−1 r

r
× r + 0) dV = 0

(6) Transform
∫
S
r2n dS into surface integral．Using a constant vector C, we have∫

S

C · (r2n) dS =

∫
S

r2C · n dS =

∫
V

∇ · (r2C) dV

=

∫
V

(∇r2 ·C + r2∇ ·C) dV =

∫
V

(2r
r

r
·C) dV

= C ·
∫
V

2r dV

Therefore， ∫
S

r2n dS = 2

∫
V

r dV

(7)
∫
S
F (r)n dS を面積分の形に直す．任意の定ベクトルC を用いると，∫

S

C · (F (r)n) dS =

∫
S

F (r)C · n dS =

∫
V

∇ · (F (r)C) dV =

∫
V

(∇F (r) ·C + F (r)∇ ·C) dV

=

∫
V

dF

dr

r

r
·C) dV = C ·

∫
V

dF

dr

r

r
dV

Therefore， ∫
S

F (r)n dS =

∫
V

dF

dr

r

r
dV

2. Using C，we write into surfacee integral.∫
S

C · (n× (∇ϕ)) dS =

∫
S

n · (∇ϕ×C) dS =

∫
V

∇ · (∇ϕ×C) dV

=

∫
V

(C · (∇×∇ϕ) +∇ϕ · (∇×C)) dV

Note that (∇×∇ϕ = 0,∇×C = 0).∫
S

C · (n× (∇ϕ)) dS = 0

3. Let C be the boundary of the curved surface S, and let S1 and S2 be the curved surfaces
separated by the boundary. Also，let the unit normal vector of S1 be n1，the unt normal vector
of S2 be n2．Then let the unit normal vector of the surface S be n. We have n1 = n,n2 = −n
or n1 = −n,n2 = n．Here, ，∫

S1

A · n1 dS +

∫
S2

A · n2 dS =

∫
V

∇ ·A dV = 0



lxxvii

implies ∫
S1

A · n1 dS = −
∫
S2

A · n2 dS

4.
(1) Gauss’s divergence theorem implies∫

S

ϕA · ndS =

∫
V

∇ · (ϕA dV

Note that，∇ · (ϕA) = (∇ϕ) ·A+ ϕ∇ ·A.∫
S

ϕA · ndS =

∫
V

(∇ϕ) ·A dV +

∫
V

ϕ∇ ·A dV

(2) Gauss’s divergence theorem implies∫
S

(B ×A) · ndS =

∫
V

∇ · (B ×A) dV

ここで，Exercise3.mplies ∇ · (B ×A) = A · (∇×B)−B · (∇×A)．Thus，∫
S

(B ×A) · ndS =

∫
V

A · (∇×B) dV −
∫
V

B · (∇×A) dV

(3) Gauss’s divergence theorem implies∫
S

((∇ϕ)×A) · ndS =

∫
V

∇ · ((∇ϕ)×A) dV

Here，
∇ · ((∇ϕ)×A) = A · (∇× (∇ϕ))− (∇ϕ) · (∇×A) = −(∇ϕ) · (∇×A)

Therefore， ∫
S

((∇ϕ)×A) · ndS = −
∫
V

(∇ϕ) · (∇×A dV

(4) Gauss’s divergence theorem implies∫
S

ϕA · ndS =

∫
V

∇ · (ϕA) dV

Here，A = ∇ϕ,∇2ϕ = 0implies

∇ · (ϕA) = (∇ϕ) ·A+ ϕ∇ ·A = A ·A+ ϕ∇ · (∇ϕ) = |A|2 + ϕ∇2ϕ = |A|2

Therefore， ∫
S

ϕA · ndS =

∫
V

|A|2 dV

5.
(1)
labelenshu:4-1-5-1 ∂ϕ

∂n is the directional derivative of the direction of unit normal vector n implies
∂ϕ
∂n = ∇ϕ · n．Thus， ∫

S

ψ
∂ϕ

∂n
dS =

∫
S

ψ∇ϕ · ndS
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Here using Gauss’s divergence theorem,∫
S

ψ∇ϕ · ndS =

∫
V

∇ · (ψ∇ϕ) dV

Moreover，∇ · (ψ∇ϕ) = (∇ψ) · (∇ϕ) + ψ∇ · (∇ϕ) = (∇ψ) · (∇ϕ) + ψ∇2ϕimplies∫
S

ψ∇ϕ · ndS =

∫
V

{ψ∇2ϕ+ (∇ψ) · (∇ϕ)} dV

(2) ∂ϕ
∂n is the directional derivative of the direction of unit normal vector implies ∂ϕ

∂n = ∇ϕ · n．
Thus， ∫

S

ϕ
∂ϕ

∂n
dS =

∫
S

ϕ∇ϕ · ndS

Here using Gauss’s divergence theorem,∫
S

ϕ∇ϕ · ndS =

∫
V

∇ · (ϕ∇ϕ) dV

なお，∇ · (ϕ∇ϕ) = (∇ϕ) · (∇ϕ) + ϕ∇ · (∇ϕ) = |∇ϕ|2 + ϕ∇2ϕimplies∫
S

ϕ∇ϕ · ndS =

∫
V

{ϕ∇2ϕ+ |∇ψ|2} dV

(3) The result of (1) subtracts the result of (2). Then，∫
S

(ψ
∂ϕ

∂n
− ϕ

∂ϕ

∂n
)dS =

∫
V

{ψ∇2ϕ− ϕ∇2ϕ} dV

(4) ϕ is harmonic function means that ∇2ϕ = 0．Therefore，using (2),∫
S

ϕ
∂ϕ

∂n
dS =

∫
V

|∇ϕ|2 dV

(5) ϕ, ψ are harmonic functions means that ∇2ϕ = ∇2ψ = 0．Therefore，using (3),∫
S

(ψ
∂ϕ

∂n
− ϕ

∂ϕ

∂n
)dS =

∫
V

{ψ∇2ϕ− ϕ∇2ϕ} dV = 0

(6) ϕ is harmonic function. Then (4)implies∫
S

ϕ
∂ϕ

∂n
dS =

∫
V

|∇ϕ|2 dV

Let ϕ = 0 on S. Then
∫
V
|∇ϕ|2 dV = 0 and |∇ϕ|2 = 0．Thus，|∇ϕ| = 0. Hence, ∇ϕ = 0．

Therefore，ϕは定数．
6. If

∫
S
A · ndS = 0，then Gauss’s divergence theorem implies∫

S

A · ndS =

∫
V

∇ ·A dV = 0

Therefore，∇ ·A = 0. The theorem 3.4 implies A has a vector potential.
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7.
∫
S
A× ndS = 0．Here, using a constant vector C, rewrite into surface integral.∫

S

C · (A× n) dS =

∫
S

n · (C×A) dS

Gauss’s divergence theorem implies∫
S

n · (C×A) dS =

∫
V

∇ · (C×A)dV = 0

Here，
0 = ∇ · (C×A) = A · ∇ ×C−C · ∇ ×A = −C · (∇×A)

Therefore，∇×A = 0 and A has a scalar potential.
Exercise Answer4.2
1.
1. Stokes’ theorem implies ∫

C

(∇ϕψ) · dr =

∫
S

(∇× (∇ϕψ)) · ndS = 0

Here，
∇ϕψ = ψ(∇ϕ) + ϕ(∇ψ)

implies ∫
C

ϕ(∇ψ) · dr = −
∫
C

ψ(∇ϕ) · dr

2.
(1) Rewrite a line integral into

∫
C
A ·dr．To do so, using a constant vector C and the triple scalar

product，we have ∫
C

C · r × dr =

∫
C

dr ·C× r

Here, using Stokes’theorem,∫
C

dr ·C× r =

∫
S

(∇× (C× r)) · ndS

Now

∇× (C× r) = (i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
)× (C× r)

= i× ∂(C× r)

∂x
+ j × ∂(C× r)

∂y
+ k × ∂(C× r)

∂z

= i× (C× rx) + j × (C× ry) + k × (C× rz)

= (i · rx)C− (i ·C)rx + (j · ry)C− (j ·C)ry + (k · rz)C− (k ·C)rz

= (i · rx + j · ry + k · rz)C− ((i ·C)rx + (j ·C)ry + (k ·C)rz)

= (∇ · r)C− (C · ∇)r+

Here，
{(C · ∇)r} · n = C · ∇(r · n)
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holds，

∇× (C× r) · n = (∇ · r)C · n− (C · ∇)A · n
= C · {(∇ · r)n−∇(r · n)}

This implies ∫
C

C · r × dr =

∫
S

C · {(∇ · r)n−∇(r · n)}dS

Nete that C is a constant vector. Then，∫
C

r × dr =

∫
S

{(∇ · r)n−∇(r · n)}dS

Finally,
∇(r · n) = (n · ∇)r + (r · ∇)n+ n× (∇× r) + r × (∇× n) = n

Therefore， ∫
C

r × dr =

∫
S

(3n− n)dS = 2

∫
S

ndS

(2) Using Stokes’ theorem, ∫
C

rkr · dr =

∫
S

(∇× (rkr)) · ndS

Note that，
(∇rk)× r + rk∇× r) = krk−2r × r + rk(0) = krk−2 r

r
× r = 0

Then ∫
C

rkr · dr = 0

(3) Let C be a constant vector. Then using Stokes’ theorem，∫
C

C · r(∇ϕ) · dr =

∫
S

(∇× (C · r(∇ϕ))) · ndS

Here，

∇× (C · r(∇ϕ)) = ∇(C · r)× (∇ϕ) + (C · r)∇×∇ϕ = ∇(C · r)× (∇ϕ)

∇(C · r) = (i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
)(C · r) = i

∂(C · r)
∂x

+ j
∂(C · r)
∂y

+ k
∂(C · r)
∂z

= i(C · ∂r
∂x

) + j(C · ∂r
∂y

) + k(C · ∂r
∂z

)

= i(C · i) + j(C · j) + k(C · k) = C

implies ∫
C

C · (∇(∇ϕ)) · dr =

∫
S

C× (C · r(∇ϕ)) · ndS =

∫
S

(|bfC ×∇ϕ) · ndS

=

∫
S

C · (∇ϕ× n)dS
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Therefore， ∫
C

r(∇ϕ) · dr =

∫
S

(∇ϕ× n)dS

3. Stokes’ theorem implies ∫
C

ϕA · dr =

∫
S

(∇× ϕA) · ndS

Note that
∇× (ϕA) = (∇ϕ)×A+ ϕ∇×A

Then ∫
C

ϕA · dr =

∫
S

(∇× ϕA) · ndS =

∫
S

{(∇ϕ)×A} · ndS +

∫
S

{ϕ∇×A} · ndS

4. Rewrite the line integral into
∫
C
A · dr．Then using a constant vector C and the triple scalar

product，and Stokes’ theorem，we have∫
C

C · r × dr

r3
=

∫
C

dr · C× r

r3
=

∫
S

(∇× C× r

r3
) · ndS

．
Here using the triple scalar product, we have

∇× C× r

r3
= (i

∂

∂x
+ j

∂

∂y
+ k

∂

∂z
)×C× r

r3

= i×C× ∂

∂x
(
r

r3
) + j ×C× ∂

∂y
(
r

r3
) + k ×C× ∂

∂z
(
r

r3
)

=

(
i · ∂
∂x

(
r

r3
)

)
C− (i ·C)

∂

∂x
(
r

r3
) +

(
j · ∂

∂y
(
r

r3
)

)
C− (j ·C)

∂

∂y
(
r

r3
)

+

(
k · ∂

∂z
(
r

r3
)

)
C− (k ·C)

∂

∂z
(
r

r3
)

= C(∇ · ( r
r3

))−C · ∇(
r

r3
)

Furthermore,，

∇ · ( r
r3

) = ∇ · (r−3r) = −3r−4∇r · r + r−3∇ · r = −3r−4 r

r
· r + 3r−3 = −3r−3 + 3r−3 = 0

implies ∫
C

C · r × dr

r3
= −

∫
S

{C · ∇(
r

r3
)} · ndS

Here，C is a constant vector. ∫
C

r × dr

r3
= −

∫
S

∇(
r

r3
) · ndS

Finally，

n · ∇(
r

r3
) = (n1

∂

∂x
+ n2

∂

∂y
+ n3

∂

∂z
)(r−3r)

= n1(
∂

∂x
(
r

r3
) +

1

r3
∂r

∂x
) + n2(

∂

∂y
(
r

r3
) +

1

r3
∂r

∂y
) + n3(

∂

∂z
(
r

r3
) +

1

r3
∂r

∂z
)

= n · ∇(
1

r3
)r +

n

r3
= −3r−4 r

r
· nr +

n

r3

= −3
n · r
t5

r +
n

r3
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5. Stokes’ theorem implies

0 =

∫
C

A · dr =

∫
S

(∇×A) · ndS

Thus，∇×A = 0．Therefore，A has a scalar potential.
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