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第 1章

Vector Space

1.1 Geometric vector and Vector space

We have seen a vector in the coordinate plane represented by arrow head. In this section, to

distinguish a general vector from a arrow headed vector, we call an arrow headed vector geometric

vector. A geometric vector has a direction and a size. We have not defined a direction and a size.

So, the definition of a geometric vector is not complete.

From now on, a geometric vector is represented by the arrow headed vector. A geometric vector

is different from the number you used to. One thing is that if two geometric vectors have the

same direction and the same magnitude, then these two geometric vectors are treated as the same

vectors. Thus, any two geometric vectors are same if they have the same direction and magnitude.

So, we can move a geometric vector freely without changing the direction and the magnitude.

Now we define two basic operation on the geometric vectors. First one is the vector addition

and the second one is the scalar multiplication.

♠Addition of geometric vectors♠
To add two geometric vectors, we put the tail of one goemetric vector to the tip of another

geomteric vector. Thus, the addition of two geometric vectors is defined as the geometric vector

connecting the tail of one geometric vector and the rip of another geometric vector. In other words,

it is a diagonal of th eparallelogram.

図 1.1 Addition of geometric vectors and scalar multiplication
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The properties of the addition of geometric vectors are as follows:

1． An addition of geometric vectors is a geometric vector．(closure)

2． For any geometric vectors A and B, A+B = B+A ．(commutative)

3． For any geometric vectors A,B,C, (A+B)+C = A+(B+C)．(associative)

4． For any geometric vector A, there exists 0 such that A+0 = A (existence of zero element)

5． For any geometric vector A, there exists B such that A+B = 0．(existence of inverse

element)

♠A scalar multiple of geometric vectors♠
A scalar multiple of a geometric vector α A is defiend by the same direction of A and the

magnitudeh is α times. If α is negative, then the direction of αA is opposite to the original

direction.

6． A scalar multiple of a geometric vector is again a geometric vector．
7． For any real numbers α and β, α(βA) = (αβ)A．(associative law)

8． For any real number α and β , (α+β)A = αA + βA, and for any geometric vectors A and

B , α(A+B) = αA + αB(distributive law)

9． 1A = A; 0A = 0; α0 = 0

♠Geometric vector space♠
For any geometric vectors in coordinate plane or sapce, the properties 1 thru 9 holds．When the

properties 1 thru 9 are satisfied, we call this set of geometric vectors geometric vector space．A

geometric vector space is often called Euclid space and this is a typical example of abstract vector

space. In general, a set under an addition and a scalar multiple satisfies the properties 1 thru 9,

it is called a vector space. We often call an element in a vector space simply a vector. So, in this

sense, you may see a lot of vectors not like geometric vectors.

♠Vectors in Space♠
For any geometric vector x on a coordinate plane, put the tail of a geomeric vector to the origin.

Then the coordinate of the head of the vector is (x1, x2). Then x = (x1, x2) represents the vector.

Thus, the addition of two geometric vectors x = (x1, y1),y = (y1, y2) can be defined by、

(x1, x2) + (y1, y2) = (x1 + y1, x2 + y2)

Example 1.1

For X = (−1, 2),Y = (0,−3), find X+Y.

Answer X+Y = (−1, 2) + (0,−3) = (−1,−1) 終
To generaloze this idea, we provide the geometric vectors in three dimension. The move the

tail of the geometric vector to (0, 0, 0). Then assume the coordinate of the head of the vector is

(a1, a2, a3).
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Space vector is represented by (a1, a2, a3). a1 is called x-component, a2 is y-component, a3 is

z-component．The set of these vectors are represented by {(a1, a2, a3) : ai real} , An addtion and

scalar multiplication are defined in the way so that this set can become a vector space. This vector

space is called three dimensional vector space and denoted by R3 ．In R3 , addition of these

vectors are defined as follows:

(a1, a2, a3) + (b1, b2, b3) = (a1 + b1, a2 + b2, a3 + b3).

An scalar multiplication of these vectors are defined as follows:

α(a1, a2, a3) = (αa1, αa2, αa3).

The zero element of this vector space is called zero vectorand denoted by (0, 0, 0)．3-tuples

(a1, a2, a3) has no direction and magnitude. Once a 3-tuple (a1, a2, a3) is considered as a point

(a1, a2, a3) on the coordinate space. Then we can think of this as a directed line starting from the

origin. With this idea, we can think of a space vector as a geometric vector. Then the magnitude

of a space vector ∥(a1, a2, a3)∥ is the distance between (a1, a2, a3) and the origin. Thus, we can

write (a21 + a22 + a23)
1/2．

Example 1.2

For A = (−1, 2, 3),B = (0,−3, 2), find the followings:

(a) 2A (b) 3B− 2A (c) ∥A∥ (d) ∥A+B∥
Answer (a) 2A = 2(−1, 2, 3) = (−2, 4, 6).

(b) 3B− 2A = 3(0,−3, 2)− 2(−1, 2, 3) = (2,−13, 0).

(c) ∥A∥ = ((−1)2 + 22 + 32)1/2 =
√
14.

(d) ∥A+B∥ = ∥(−1, 2, 3) + (0,−3, 2)∥ = ∥(−1,−1, 5)∥ =
√
27 = 3

√
3. 終

(1,0,0),(0,1,0),(0,0,1) can be expressed by i,j,k．Using this symbol, we can write A = (a1, a2, a3)

as a1i+ a2j+ a3k ．The vectors like i,j,k whose magnitude is 1 is called unit vector．
We can extend the idea about 3-tuple to n-tuples. But for the sake of the space of paper, 5-tuple

is represented by



a1

a2

a3

a4

a5


insted of (a1, a2, a3, a4, a5).

The addition and the scalar multiplication are defined as follows:
a1
a2
a3
a4
a5

+


b1
b2
b3
b4
b5

 =


a1 + b1
a2 + b2
a3 + b3
a4 + b4
a5 + b5

 ,
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α


a1
a2
a3
a4
a5

 =


αa1
αa2
αa3
αa4
αa5

 .

Similarly, we can defined an addtion and a scalar multiplication for n-tuples. Furthermore, these

vectors satisfy the properties 1 thru 9.

Theorem 1.1

Rn = {(a1, a2, . . . , an) : ai ∈ R} is a vector space.

Exercise1－ 2

1. For vectors A = (2,−1, 3) and B = (−1, 1, 4), find the followings:

(a) A+B (b) 3B (c) ∥A∥ (d) 3B− 2A

2. For vectors A = (−2,−1, 3) and B = (3, 0, 1), express the following vectors using i, j,k ．
(a) B−A (b) 3A+B (c) 3B− 2A (d)

A+B

2
3. Show that geometric vectors defined in 1.1 satifies the properties 1 thru 5．
4. Show that geometric vectors defined in 1.1 satifies the properties 6 thru 9．
5. Show that geometric vectors defined in 1.1 satifies the properties 1 thru 9. ．6. Two vectors

A and B have the same initial point. Find the vector C which disect the angle between A and B.

7. Solve the equation x(1, 1, 1) + y(1, 1, 0) + z(1, 0, 0) = (2,−3, 4). Find x, y, z.

1.2 Inner Product Space

♠Piecewise Continuous Function♠
In this section, we introduce a vector space which is very different from spce vector．First

let C(a, b) be the set of continous functions on (a, b). Then let PC(a, b) be the set of piecewise

continuous function). Now for the function f(t) to be piecewise continuous on I, if the followings

are satisfied.

1. f(t) is continuous on I except finitely many points．
2. There exist a left-hand limit and a right-hand limit at the discontinuity t0 of f(t)．

We now define an addition and a scalar multiplication on C(a, b) and PC(a, b) .

For f, g in C(a, b) or PC(a, b), 1．f + g is defined as a function which has the value f(x) + g(x)

at x．
2．αf is defined as a function which has the value αf(x) at x.

Example 1.3
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For f(x) = x, g(x) = x2, find f + g, 1
2f, 2g ．

Answer (f + g)(x) = f(x) + g(x) = x+ x2,

( 12f)(x) =
1
2f(x) =

x
2 ,

(2g)(x) = 2g(x) = 2x2. 終
With this addition and scalar multiplication,the properties 1 thru 9 to be a vector space is

satisfied in C(a, b) and PC(a, b)．

Theorem 1.2

Show that C(a, b) and PC(a, b) are vector space.

From now on we can call f(x) and g(x) vectors．It looks very different form a geomtric vectos.

But it is a vector. You might notice these vectors might not have a magnitude or direction. For

any vector space we can define a magnitude is called normed vector space．In this section, we

consider a normed vector space which admits a dot product. ♠Inner Product♠
For geometric vectors, addition , scalar multiplicaiton ,and inner product are basic.

We have already studied an addition and a scalar multiplication of geometric vectors. So, here

we study an inner product.

Consider nonzero vector A and B and the angle θ(0 ≤ θ ≤ π) between A and B．Then the dot

product of A and B is defined as ∥A∥∥B∥ cos θ. In other words,

A ·B = ∥A∥∥B∥ cos θ

If either A or B is 0, then we define A ·B = 0.

Up to now, we have tried to generalize the addition and the scalar multiplication. Now we try

to generalize an inner product.

Definition 1.1

For two vectors v1andv2, A real number v1 · v2 is defined and satisfies the following properties,

v1 · v2 is called an inner product of vectors v1 and v2

For any vectors v,v1,v2,v3 and real numbers α, β, the followings are hold.

1. (αv⃗1 + βv⃗2) · (v⃗3) = α(v⃗1 · v⃗3) + β(v⃗2 · v⃗3) (linearlity)

2. v⃗1 · v⃗2 = v⃗2 · v⃗1 symmetric

3. v⃗ · v⃗ ≥ 0, v⃗ · v⃗ = 0 and v⃗ = 0⃗ are equivalent ．(positive definite)

Example 1.4

For geometric vectors A and B, The inner product A · B can be thought of

A ·B = |A||B| cos θ.

Here, |A| and |B| are the magnitude of A and B. θ represents a smaller angle between A and B．
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図 1.2 Scalar multiple

Example 1.5

A ·B = |A||B| cos θ satisfies the definition of inner product.

Answer Let θ be the angle between A and B. Let γ be the angle between A and A+B. Let ω

be the angle between A and C

Then

1.
|A+B| cos γ = |A|+ |B| cos θ,

|A+B| sin γ = |B| sin θ.

Thus,

(A+B) ·C = |A+B||C| cos(ω − γ)

= |A+B||C|(cosω cos γ + sinω sin γ)

= |A||C| cosω + |B||C| cos(θ − ω)

= A ·C+B ·C.

Also, for α ̸= 0, we have
α(A ·B) = α|A||B| cos θ = (αA) ·B.

We are able to show linearlity．
2．

A ·B = |A||B| cos θ = |B||A| cos θ = B ·A.

3. A ·A = |A|2, Thus, A ·A = 0 and A = 0 are equivalent．終

Example 1.6

Define an inner product on R3．
Answer Let (a1, a2, a3), (b1, b2, b3) be elements of R3. Then

(a1, a2, a3) · (b1, b2, b3) = a1b1 + a2b2 + a3b3
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is an inner product because if v1 = (a1, a2, a3),v2 = (b1, b2, b3),v3 = (c1, c2, c3) ∈ R3, α, β ∈ R,

then we have 1．
(αv1 + βv2) · v3 = (αa1 + βb1, αa2 + βb2, αa3 + βb3) · (c1, c2, c3)

= (αa1 + βb1)c1 + (αa2 + βb2)c2 + (αa3 + βb3)c3

= α(a1c1 + a2c2 + a3c3) + β(b1c1 + b2c2 + b3c3)

= α(a1, a2, a3) · (c1.c2, c3) + β(b1, b2, b3) · (c1, c2, c3)
= αv1 · v3 + βv2 · v3.

2.

v1 · v2 = (a1, a2, a3) · (b1, b2, b3)
= a1b1 + a2b2 + a3b3

= b1a1 + b2a2 + b3a3

= (b1, b2, b3) · (a1, a2, a3)
= v2 · v1.

3.
v1 · v1 = a21 + a22 + a23 ≥ 0

v1 · v1 = 0 ⇔ a21 + a22 + a23 = 0

⇔ a1 = a2 = a3 = 0.終

Definition 1.2

Suppose that f(x), g(x) are elements of PC[a, b]. Then the inner product (f, g) is given by the

followings:．
(f, g) =

∫ b

a

f(x)g(x)dx.

(notice) This satisfies the properties of the inner product 1, 2, 3.

Example 1.7

For f(x) = x, g(x) = x2 are in PC[0, 2], find (f, g).

Answer

(f, g) =

∫ 2

0

(x)(x2)dx =
x4

4
|20= 4.終

If an inner product is defined on a vector space, then we can define a norm.

Definition 1.3

The norm of a vector v is written as ∥v∥2 and represented by the followings:

∥v∥2 =
√
v · v.

Then by the properties of inner product,l2 norm has the following properties.

For any vectors x,y ∈ Rn and any real number α, we have
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1. ∥x∥2 ≥ 0, ∥x∥2 = 0 and x = 0 are equivalent.

2. ∥αx∥2 = |α|∥x∥2
3. ∥x+ y∥2 ≤ ∥x∥2 + ∥y∥2

For example in the geometric vector space, ∥A∥2 =
√
A ·A = |A|. Thus it is the same as the

length of A. For the space vectors,

∥(a1, a2, a3)∥2 =
√
a21 + a22 + a23

which can be considered as the shortest distance to (a1, a2, a3)．For the function space PC[a, b],

we have

∥f∥2 = {
∫ b

a

[f(x)]2dx}1/2.

Other than l2 norm, it is often used in Rn, we have l∞ norm.

Definition 1.4

For a vector x = (x1, x2, . . . , xn), l∞ norm(norm) is written as ∥x∥∞ and defined as follows:．

∥x∥∞ = max
1≤i≤n

|xi|.

Example 1.8

Find a l2 norm and l∞ norm of x = (−1, 1,−2).

Answer

∥x∥2 =
√
(−1, 1,−2) · (−1, 1,−2) =

√
1 + 1 + 4 =

√
6

∥x∥∞ = max
1≤i≤3

|xi| = max{1, 1, 2} = 2

l∞norm and l2 norm have the following properties.

For any vectors x,y ∈ Rn and any real number α, we have

1. ∥x∥ ≥ 0, ∥x∥ = 0 and x = 0 equivalent.

2. ∥αx∥ = |α|∥x∥
3. ∥x+ y∥ ≤ ∥x∥+ ∥y∥

♠Orthogonal♠
If any two geometric vectors are orthogonal, then、A ·B = |A||B| cos θ で cos θ = 0. Thus, the

inner product is 0、On the other hand, if A,B are not zero vectors and the inner product is 0,

then cos θ = 0 and A and B are orthogonal.

In this way, when the inner product is defined in a vector space, not only norm but the concept

of orthogonal can be introduced.

Definition 1.5
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Two vectors v1 and v2 are said to be orthogonal if v1 · v2 = 0．A set of vectors whose elements

are orthogonal to each other is called orthogonal system.

In the geometric vector space by 1.2 , an inner product of directed lines A · B is given by

A · B = |A||B| cos θ. For if nonzero directed lines A and B, A · B = 0, then θ = 90◦．Thus, A

and B are orthogonal.

In the 3D vector space, the inner product of (a1, a2, a3) and (b1, b2, b3) is given by a1b1+a2b2+a3b3

according to 1.2. If we think of 3D vector as a geometric vector, then

(a1, a2, a3) · (b1, b2, b3) = ∥(a1, a2, a3)∥∥(b1, b2, b3)∥ cos θ.

Then, we have

cos θ =
a1b1 + a2b2 + a3b3

∥(a1, a2, a3)∥∥(b1, b2, b3)∥

Thus, we can find the angle between two 3D vectors

Example 1.9

Find the angle between A = (1, 1, 2) and B = (−1, 2, 1).

Answer

cos θ =
a1b1 + a2b2 + a3b3

∥(a1, a2, a3)∥∥(b1, b2, b3)∥
=

−1 + 2 + 2√
6
√
6

=
1

2
.

To find the θ in the interval 80, π
2 ] satisfying the above, we have θ =

π

3
．終

♠Equation of Plane♠

図 1.3 Equation of Plane

Consider a coordinate axis in the space and imagine a plane. A normal vector is a vector

orthogonal to any tangent vector．If we use a inner product, we can find an equation of this plane.

Put a point (a1, a2, a3) on the plane. Let N = (A,B,C) be the normal vector to the plane. Let

r0 be the position vector connecting the origin (0, 0, 0) and (a1, a2, a3). Now let r be a vector

connecting the origin (0, 0, 0) and the point different from (a1, a2, a3). Then the vector r − r0 is
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on the plane and the angle between r− r0 and N is 90◦．Thus, we have (r− r0) ·N = 0. This is

the equation of the plane.

Example 1.10

Find the equation of the plane going thru the point (3,−1, 4) and the normal vector is (−1, 1, 2)．
Answer Let the position vector r be (x, y, z). Then the equation of the plane is

(x− 3, y + 1, z − 4) · (−1, 1, 2) = 0.

Thus, we have
−(x− 3) + (y + 1) + 2(z − 4) = 0

or
−x+ y + 2z = 4.終

Example 1.11

Show that a function sin x and a function cos x is orthogonal on [−π, π] . But nor on [0,
π

4
].

Answer [−π, π] で

(sinx, cosx) =

∫ π

−π

sinx cosxdx =
sin2 x

2
|π−π=

sin2 π − sin2 (−π)

2
= 0.

[0,
π

4
] で

(sinx, cosx) =

∫ π
4

0

sinx cosxdx =
sin2 x

2
|
π
4
0 =

1

2
sin2

π

4
=

1

2
(

√
2

2
)2 =

1

4
.終

In function space, an orthogonal doen not mean perpendicular.

A unit vector u is a vector whose magnitude is 1. Given nonzero vector A, we can find a unit

vector with the same direction as A. To do so, simply divide A by its magnitude |A|. For a

general vector, we might try the same thing, that is, divide the vector v by its norm ∥v∥． To find

a unit vector by dividing its norm is called normalization．A set of vectors whose elements are

all normalized is called orthonormal system．As an example of orthonormal system, we have

seen {i,j,k}.

Example 1.12

Show that the function system {cosmx}∞m=0 is an otthogonal system on [0, π]. Then find a corre-

spondin orthonormal system.

Answer For m ̸= n, we have

(cosmx, cosnx) =

∫ π

0

cosmx cosnxdx

=
1

2

∫ π

0

[cos (m+ n)x+ cos (m− n)x]dx

=
1

2
[
sin (m+ n)x

(m+ n)
+

sin (m− n)x

(m− n)
] |π0= 0.
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For m = 0, cosmx = cos 0 = 1 implies that

∥1∥ = [

∫ π

0

(1)2 dx]1/2 =
√
π.

For m ̸= 0, we have

∥ cosmx∥ = [

∫ π

0

cos2 mx dx]1/2 =

√
π

2
.

Thus the required orthonomal system is as follows:

{ 1√
π
,

√
2√
π
cosx, · · · ,

√
2√
π
cosmx, · · · }.終

♠Fourier Series♠
Using the orthnormal system mentioned above, we can represent the piecewise continuous func-

tion f(x) ∈ [0, L] as follows:

f(x) ∼ a0
2

+

∞∑
n=1

an cos
nπx

L

Here,

an =
2

L

∫ ∞

0

f(x) cos
nπx

L
dx, n = 0, 1, 2, . . . ,

The right hand side of the first expression is called Fourier series of f(x). an is called Fourier

coefficient.

Example 1.13

Show the norm on v1 and v2 satisfies the triangle inequality

∥v1 + v2∥ ≤ ∥v1∥+ ∥v2∥

Answer

∥v1 + v2∥2 = (v1 + v2) · (v1 + v2)

∥v1∥2 + 2v1 · v2 + ∥v2∥2

Here we use Cauchy-Schwarz inequality (Exercise1.2). Then

2v1 · v2 ≤ 2∥v1∥∥v2∥

Thus,
∥v1 + v2∥ ≤ ∥v1∥+ ∥v2∥終

From this, distance satifies the followings:．

∥v1 − v2∥ ≤ ∥v1 − v3∥+ ∥v3 − v2∥.

Thus, l2 norm just behaves like the distance we use.
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Example 1.14

Find the distance between x and x2 on PC[0, 2].

Answer

∥x− x2∥ = [

∫ 2

0

(x− x2)2 dx]1/2 =
4√
15

.終

Exercise1-4

1. For vectors A = (−1, 3, 1) and B = (2, 4,−3), find the followings: (a) ∥B∥ (b) A · B (c)

Angle between A and B (d) Unit vector in the dierction of A

2. Determine which system is orthogonal. If it is orthogonal, find the orthonormal system.

(a) {(1, 3), (6,−2)}
(b) {(1, 2, 2), (−2, 2,−1), (2, 1,−2)}
(c) {i− 2j+ 3k, 2i− 1

2 j−
1
3k, 3i+ 3j+ k}

3. Find an equation of plane going thru a point (5,−1, 3) and normal vector is 2i + j - k.

4. Let A,B be space vectors. Then prove the following inequality:

|A ·B| ≤ ∥A∥∥B∥.

This result is called Cauchy-Schwarz inequality．
5. LetA, B, C be space vectors. Then show the following inequality:

∥A−B∥ ≤ ∥A−C∥+ ∥C−B∥.

6. Let f(x), g(x) be a function vector in PC[a, b]．Show the following:

|(f, g)| ≤ ∥f∥∥g∥.

This result is called Schwarz inequality．
7. For PC[0, 2], Find the norm of the followings:．
(a) f(x) = x (b) f(x) = sinπx (c) f(x) = cosπx.

8. Next three polynomials are called Legendre polynomial．

P0(x) = 1, P1(x) = x, P2(x) =
3x2 − 1

2

Show that these polynomials are orthogonal system in PC[−1, 1].

1.3 Linearly independent, Linearly dependent

♠Cross Product♠
To conside the cross product of two vectors, we are back to the geometric vectors. The definition

of the cross product is not as easy as the inner product. But it is very important in applied
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mathematics. Here we restrict ourselves in 3D applications．The reason is that there is no simple

generalization in other vector space.

図 1.4 Cross Product

Definition 1.6

Given any geometric vecots A,B, the magnitude is the same as the area of the parallelogram with

vector A and B for sides. The direction is right angle to A and B and follows the right hand

rule. Then this vector is called the cross product of A and B, and denoted by A × B．For

if A = 0,B = 0, θ = 0, there is no vector orthogonal to A and B. But in this case we define

A×B = 0 ．
In 3D space, the cross product of vectors (a1, a2, a3) and (b1, b2, b3) is defined as follows:

(a1, a2, a3)× (b1, b2, b3) = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1).

If we use the determinant(study later), we can express the above by the following:

(a1, a2, a3)× (b1, b2, b3) =

∣∣∣∣∣∣
i j k
a1 a2 a3
b1 b2 b3

∣∣∣∣∣∣ .
Example 1.15

Expree |A×B| using the inner product.

Answer

|A×B|2 = |A|2|B|2 sin2 θ
= |A|2|B|2(1− cos2 θ)

= |A|2|B|2 − |A|2|B|2 cos2 θ
= (A ·A)(B ·B)− (A ·B)2.

よって, |A×B| =
√
(A ·A)(B ·B)− (A ·B)2. 終

In mechanics, the moment m of the force F about O is given by m = |F|d, where d is the

distance from O to the line of action. Suppose that r is a vector connecting P and O. Then

d = |r| sin θ．Thus we can write m as
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図 1.5 Moment of F about O

m = |F∥r| sin θ = |F× r| = |r× F|

In this case, we say m = r× F is called moment vector of F about O

For any geometric vectors A,B,C, (A×B) ·C is a real number. So, it is called a scalar triple

product. A× (B×C) is a vector. So, it is called a vector triple product．
The vector triple product A× (B×C) is a vector on the plane formed by B and C．Then if B

and C are not parallel, A× (B×C) can be written as follows:．
A× (B×C) = (A ·C)B− (A ·B)C.

♠Linear Combination♠
In vector sapace, the addition and scalar multiplication are essential. An addition is the operation

of two vectors. in the vector space, associative law holds, so, we can add three, four vectors and

so on. This operation is called linear combination.

Definition 1.7

For any vector space V and any vectors v1,v2,v3, . . . ,vn and any real numbers c1, c2, c3, . . . , cn,

c1v1 + c2v2 + c3v3 + · · ·+ cnvn

is called a linear combination．
Here we want you to notice that in the vector space V any linear combination of vectors in V is

again a vector in V .

Next we consider a linear combination of continuous functions {1, cos2 x, sin2 x}

(a) 1 + cos2 x+ sin2 x (b) 1− 2 cos2 x+ 3 sin2 x
(c) −1 + cos2 x+ sin2 x (d) 4 sin2 x

For all ci are 0, a linear combination becomes 0. Now we ask a question. If some of ci are not 0,

is it possible to have the linear combination be 0．Look at the example (c)．−1 + cos2 x+ sin2 x

is 0．In this way, if some of ci are not 0, yet the linear combination is 0. We say the set of vectors

{1, cos2 x, sin2 x} is linearly dependent. If no such ci exits, we say the set of vectors is linearly

independent．
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Definition 1.8

c1v1 + c2v2 + c3v3 + · · ·+ cnvn = 0

implies c1 = c2 = c3 = · · · = cn = 0. Then v1,v2,v3, · · · ,vn is linearly independent. Other-

wise, v1,v2,v3, · · · ,vn is linearly dependent．

Example 1.16

Show the set of vectors {i, j,k} is linearly independent.

Answer Let c1(1, 0, 0) + c2(0, 1, 0) + c3(0, 0, 1) = (0, 0, 0). Then c1 = c2 = c3 = 0. Thus {i, j,k}
is linearly independent.．終

Example 1.17

Show the set of vectors {3i+ 2j, i+ 5k, 6i+ j} is linearly independent.．
Answer A linear combination of 3i+ 2j, i+ 5k, 6i+ j is c1(3i+ 2j) + c2(i+ 5k) + c3(6i+ j)．Set

this to 0, we have
(3c1 + c2 + 6c3)i+ (2c1 + c3)j+ 5c2k = 0.

Note that the set of {i, j,k} is linearly independent, the coefficeint of {i, j,k} are 0．Thus, we have

the following system of equations.  3c1 +c2 +6c3 = 0
2c1 +c3 = 0

5c2 = 0.

Solving this system of equations, we have c1 = c2 = c3 = 0．Thus, the set of vectors is linearly

independent. 終

Example 1.18

Determine whether {i+ j+ 3k, i+ 2k, i− 2j} is linearly independent or dependent.．
Answer A linear combintion of {i+ j+ 3k, i+ 2k, i− 2j} is set to 0. Then we have

c1(i+ j+ 3k) + c2(i+ 2k) + c3(i− 2j) = 0.

Solving this equation, we have

c1 + c2 + c3 = 0, c1 − 2c3 = 0, 3c1 + 2c2 = 0

This equation has for example solutions like c1 = 2, c2 = −3, c3 = 1, which is not 0. Therefore,

{i+ j+ 3k, i+ 2k, i− 2j} is linearly dependent.．終
If you look at the above example more carefully, we can express i−2j = −2(i+j+3k)+3(i+2k).

In other words, one of the vector is a linear combination of others.

Theorem 1.3
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If a vector w is a linear combination of vectors v1,v2, . . . ,vn, then w and v1,v2, . . . ,vn are linearly

dependent.．
Conversely, if some vectors are linearly dependent each other, then one of them can be expressed

by a linear combination of other vectors.

Proof Suppose that
w = c1v1 + c2v2 + · · ·+ cnvn

Then
c1v1 + c2v2 + · · ·+ cnvn − 1w = 0

and v1,v2, . . . ,vn,w is linearly dependent.

Conversely, if the set of v1,v2, . . . ,vn is linearly dependent, then

c1v1 + c2v2 + . . .+ cnvn = 0

and at least one of coefficents c1, c2, . . . , cn is not 0. Then we can let one of them be cn ̸= 0. Then

vn can be written as

vn = − 1

cn
(c1v1 + c2v2 + . . .+ cn−1vn−1)

Therefore, vn is a linear combination of vectors v1,v2, . . . ,vn−1．終
To check to see whether the set of given geometric vectors is independent or not, the scalar triple

product is usefull.

Theorem 1.4

Show that the set of geometric vectors A,B,C is linearly independent if and only if the scalar triple

product A · (B×C) ̸= 0 ．
Proof By the exercise 1.3, the scalar triple product represents the volume of parallelpiped. Then

A ·(B×C) = 0 implies that A,B,C are on the same plane．Also, by Theorem1.1, the set of vectors

A,B,C is linearly dependent．終

Example 1.19

Show that the set of vectors A = i+2j−k,B = 2i− j−k,C = −i+3j+4k is linearly independet.

Answer A · (B×C) = (i+ 2j− k) · (−i− 7j+ 5k) = −20．Thus, it is linearly independent. 終

Exercise1-6

1. For vectors A = (1, 2,−3),B = (2,−1, 1),C = (4, 2, 2), find the followings:

(a) A×B (b) C× (A×B) (c) C · (A×B)

2. Find the equation of the plane going thru a point (1, 0, 1) and parallel to the plane with the

vector i+ j− k and 2i+ 3j+ 2k for sides.

3. Find the equation of the plane going thru (2, 0,−1), (3, 2, 1) and perpendicular to the plane

x− 2y + 3z − 4 = 0．
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4. Find the area of the triangle whose sides are given by A = i+ 3j− k,B = 2i+ j+ k.．
5. Find the moment vector of F = i+ 3j+ k around the point (2,−1, 1)

6. The volume of the parallelogram composed by the vectors A,B,C is the same as the absolute

value of
A · (B×C)

7. Given A = 2e1+5e2−e3,B = e1−2e2−4e3 and e1×e2 = i−j, e1×e3 = j+k, e2×e3 = i+k.

Find A×B．
8. Determine whether {4i− 3j+ k, 10i− 3j, 2i− 6j+ 3k} is linearly independent or not.

9. Show the following functions are linearly independent on any interval (a, b)

(a) {1, x, x2} (b) {sinx, cosx}
10. Show that geometric vectors A, B is linearly independent if and only if A×B ̸= 0

1.4 Subspace and Dimension

When an addition and a scalar multiplication are used in a subset of vector space, it becomes a

vector space．The vector space is called a subspace.

Definition 1.9

Let V be a vector space and W be a subset of V . Then W is a subspace of V if and only if 1.

w1,w2 in W implies that the sum w1 +w2 is also in W．
2. w is in W implies that the scalar multiple αw is in W .

A subspace is itself a vector space. In other words, it satisfies the properties 1 thru 9 of the

vector space. In the definition of subspace, we checked only closure property. Other properties are

inherited from the vector space V . There is a way to create a vector space quickly.

A set of the linear combination of vectors v1,v2,v3, . . . ,vn can be written as ⟨v1,v2,v3, . . . ,vn⟩.
It is called a linear span by vectors v1,v2,v3, . . . ,vn． This is a vector space.

Example 1.20

⟨v1,v2,v3, . . . ,vn⟩ is a vector space

Answer Let v,w be elements of ⟨v1,v2,v3, . . . ,vn⟩. Then

v = c1v1 + c2v2 + c3v3 + · · ·+ cnvn,

w = d1v1 + d2v2 + d3v3 + · · ·+ dnvn.

Then
v +w = (c1 + d1)v1 + (c2 + d2)v2 + · · ·+ (cn + dn)vn,

αv = (αc1)v1 + (αc2)v2 + · · ·+ (αcn)vn.

Thus, v + w and α v are in ⟨v1,v2,v3, . . . ,vn⟩．終
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Example 1.21

Show that C[a, b] is a subspace of PC[a, b].

Answer Suppose that f(x), g(x) ∈ C[a, b]. Then, since the sum of continuous functions is

continuous and the scalar multiple of continuous function is continuous, we have f(x) + g(x) ∈
C[a, b], αf(x) ∈ C[a, b]．終

Example 1.22

Let U,W be subspaces of vector space V . Then show the intersection U ∩ W and U + W are

subspace of V . Note that
U ∩W = {v : v ∈ Uand v ∈ W},

U +W = {u+w : u ∈ U,w ∈ W}.

Answer Let u,w ∈ U ∩W . Then u,w ∈ U and u,w ∈ W．Thus by closure property

u+w ∈ U ∩W.

Also, αu ∈ U and αu ∈ W . Thus, we have

αu ∈ U ∩W.

Therefore, U ∩W is a subspace of V．
Suppose that u,w ∈ U +W . Then u = u1 +w1,w = u2 +w2. Thus,

u+w = (u1 +w1) + (u2 +w2)(u1 + u2) + (w1 +w2) ∈ U +W,

αu = α(u1 +w1) = αu1 + αw1 ∈ U +W.

Therefore, U +W is a subspace of V . 終
For U+W , if an elementw of U+W is expressed uniquely in the form w = u+w (u ∈ U,w ∈ W ).

Then we say U +W is a direct sum of U and W and denoted by U
⊕

W．
♠Basis♠

Definition 1.10

A sert of vectors {v1,v2, . . . ,vn} has the following properties. Then it is said to be basis of the

vector space V .

1. {vi}ni=1 are linearly independent each other．
2. a vector v of V can be expressed in a linear combination of {vi}ni=1．That is V = ⟨v1,v2, . . . ,vn⟩.
In this case, we say the set of {vi}ni=1 span the vector space.

It is obvious that every set of linearly independent vectors can not be a basis. For example,

consider the set of vectors {i, j}. the set of {i, j} is linearly independent. But for any real values

c1, c2, k = c1i+ c2j is impossible.
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Let the largest number of linearly independent vectors in {v1,v2, . . . ,vn} be r. Then consider

{v1,v2, . . . ,vr}. Then the rest of vectors vr+1, . . . ,vn are linearly dependent of

{v1,v2, . . . ,vr}

Then by the theorem 1.3, every vector is a linear combination of {v1,v2, . . . ,vr}. Thus, we have

the next theorem.

♠Dimension♠

Theorem 1.5

Suppose that V = ⟨v1,v2, . . . ,vn⟩. Choose a linearly independent vectors {v1,v2, . . . ,vr} from

{v1,v2, . . . ,vn}. Then we have

⟨v1,v2, . . . ,vn⟩ = ⟨v1,v2, . . . ,vr⟩

In this case, {v1,v2, . . . ,vr} is a basis of V and r is said to be dimension and denoted by

dimV = r．

Example 1.23

Let S be a set of vectors on the plane x+ y + z = 0. Then

S = {(x, y,−x− y) : x, y ∈ R}．

Find the basis of S and dimension of S．
Answer We first show that S = {(x, y,−x − y) : x, y ∈ R} is a subspace of R3. Let s1, s2 be

elements of S. Then we can write s1 = (x1, y1,−x1 − y1), s2 = (x2, y2,−x2 − y2). Thus,

s1 + s2 = (x1 + x2, y1 + y2,−(x1 + x2)− (y1 + y2)),

αs1 = α(x1, y1, (−x1 − y1)) = (αx1, αy1,−αx1 − αy1).

Therefore, S is a subspace of R3.

Next let s be an element of S. Then we express s using i, j,k. Since s = (x, y,−x− y). we can

write
s = xi+ yj− (x+ y)k = x(i− k) + y(j− k).

Thus, every vector in S can be expressed by a linear combination of i− k and j− k ．Also, i− k

and j − k are linearly independent. This shows that the set of i − k and j − k is the basis of S.

Therefore, dimS = 2. 終
Before moving to the next section, we study the dimension about sum space and intersection

space. Proof can be seen in Exercise1.4．

Theorem 1.6
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Let U,W be subspaces of a vector space V . Then

dim(U +W ) = dimU + dimW − dim(U ∩W ).

♠Diagonalization of Gram-Schmidt♠
We have learned in 1.2 how to create an orthonormal system from an orthogonal system. In

this section, we learn how to create an orthonormal system from the independent vectors. Give m

vectors v1,v2, . . . ,vm. Suppose the following holds

(vi,vj) =

{
0, i ̸= j
1, i = j

= δij

, then m vectors form an orthonormal system. The δij here is called a Kronecker delta. We

have seen a few examples of an orthonormal system in 1.2. Now if you look very carefully, these

examples are all independent.

Theorem 1.7

If a set of vectors {v1,v2, . . . ,vm} forms an orthonormal system, then they are independent.

Proof Let c1v1 + c2v2 + · · ·+ cmvm = 0 and make an inner product with v1. Then

0 = (v1,0) = (v1, c1v1 + c2v2 + · · ·+ cmvm)

= (v1, c1v1) + (v1, c2v2) + · · ·+ (v1, cmvm)

= c1(v1,v1)

= c1.

Similarly, the rest of ci are 0. Thus, {v1,v2, . . . ,vm} is linearly independent．終
Conversely, given a set of linearly independent vectors, is it possible to create an orthonormal

system?

Suppose that a set of vectors x1,x2, . . . ,xm is linearly independent．Then all vectors xi ̸= 0

(why?)．Now let
x1

∥x1∥
= v1 . Then v1 is a unit vector. Next we choose a vector which is orthogonal

to the plane formed by vectors x2 and v1 for sides. Then we let w2 = c1v1 + c2x2 be a vector

orthogonal to v1. Then

(w2,v1) = (c1v1 + c2x2,v1)

= c1 + c2(x2,v1)

= 0.

Thus, c1 = −c2(x2,v1). Therefore,

w2 = c2(x2 − (x2,v1)v1).

Note that x1,x2 are linearly independent. we have x2 − (x2,v1)v1 ̸= 0. Then for

v2 =
w2

∥w2∥
=

x2 − (x2,v1)v1

∥x2 − (x2,v1)v1∥
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we have v1 ⊥ v2, ∥v1∥ = ∥v2∥ = 1.

Next we find the unit vector v3 which is orthogonal to vectors v1 and v2. Consider a linear

combination of v1,v2 and x3. i.e. w3 = d1v1 + d2v2 + d3x3．Then

(w3,v1) = (w3,v2) = 0

implies that
d1 + d3(x3,v1) = 0, d2 + d3(x3,v2) = 0.

Thus,
w3 = d3(x3 − (x3,v1)v1 − (x3,v2)v2).

Since x1,x2,x3 are linearly independent, we have

x3 − (x3,v1)v1 − (x3,v2)v2 ̸= 0.

Thus by letting

v3 =
w3

∥w3∥
=

x3 − (x3,v1)v1 − (x3,v2)v2

∥x3 − (x3,v1)v1 − (x3,v2)v2∥
,

we have a unit vector orthogonal to v1 and v2 Similarly, continue this process by letting

vj =
wj

∥wj∥
=

xj −
∑j−1

i=1 (xj ,vi)vi

∥xj −
∑j−1

i=1 (xj ,vi)vi∥
, 2 ≤ j ≤ m,

we have {v1,v2, . . . ,vm} which forms an orthonormal system. We call this process Gram-

Schmidt orthonormalization．

Example 1.24

For

x1 =

 0
1
1

 ,x2 =

 1
0
1

 ,x3 =

 1
1
0

 ,

find an orthonormal system.

Answer

v1 =
x1

∥x1∥
=

1

2

 0
1
1

 =
x1

∥x1∥
=

1

2

 0
1
2
1
2

 .

次に,

x2 − (x2,v1)v1 =

 1
0
1

− 1√
2

 0
1√
2
1√
2

 =

 1
− 1

2
1
2

 ,

∥x2 − (x2,v1)v1∥ =

√
1 + (−1

2
)2 + (

1

2
)2 =

√
3

2
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より

v2 =

√
2

3

 1
− 1

2
1
2

 =


2√
6

− 1√
6
1√
6

 .

Lastly,

x3 − (x3,v1)v1 − (x3,v2)v2 =

 1
1
0

− 1√
2

 0
1√
2
1√
2

− 1√
6


2√
6

− 1√
6
1√
6

 ,

∥x3 − (x3,v1)v1 − (x3,v2)v2∥ =

√
(
2

3
)2 + (

2

3
)2 + (−2

3
)2 =

2√
3

より

v3 =

√
3

2

 2
3
2
3

− 2
3

 =


1√
3
1√
3

1
−
√
3

 .

The set of vectors v1,v2,v3 forms an orthonormal system．終

Exercise1-8

1. Determine whether W = {(x, y, 1) : x, yreal} is a subspace of the vector space R3．
2. Show that W = {(x, y,−3x+ 2y) : x, yreal} is a subspace of the vector space R3.

3. Find the basis of a vector space W = {(x, y,−3x+ 2y) : x, yreal} ．Find the dimension of W．
4. Show the following set of vectors is a basis of the vector space R3．

{i+ j,k, i+ k}

5. Find the dimension of the following subspace．

{3, x− 2, x+ 3, x2 + 1}

6. From the vectors x1 = (1, 1, 1),x2 = (0, 1, 1),x3 = (0, 0, 1) , create an orthonormal system.

7. Let U,W be subspace of a vector space V . Show the following dimensional equation holds.

dim(U +W ) = dimU + dimW − dim(U ∩W ).

8. Show that any set of vectors with more than 4 vectors in 3D vector spaceis linearly dependent.



23

第 2章

Matrix and Determinant

2.1 Matrices

♠m× nmatrix♠
As an example of vector space, we considered a set of geometric vectors in 1, a set of space

vectors, a set of continuous functions, and a set of piecewise continuous functions.

In chapter 2, we treat a rectangular array of real numbers．A horizontal n-tuple is called row

and a vertical m-tuples is called column. For example, 3×4 matrix is given in the following form． a11 a12 a13 a14
a21 a22 a23 a24
a31 a32 a33 a34


Here ijth entry aij is called a component, i is a row number and jis a column number. Especially,

aii are called diagonal components．A matrix with mrows and n columns is called an m × n

matrix; the pair of numbers (m,n) is called its size or shape. Also, a mtrix withaij components

is denoted by A or (aij).

Matrices are often used in a natural science or a social science. Matrices are need to be considered

as a mathematical objects. To do so, we define an addition and a scalar multiplication.

Definition 2.1

For matrices with the same size A = (aij) and B = (bij), if corresponding components are the

same; for every i, j, aij = bij . Then A = B．
♠Matrix Additon♠
A matrix addition is defined by additing corresponding entries.

Definition 2.2

Let A = (aij) and B = (bij) be two matrices with the same size. Then the sum of A and B,

written A+B is defined A+B = (aij + bij).
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Example 2.1

For matrices A =


7 3 4

−1 2 0

2 −4 4

3 0 −7

 , B =


4 2 −1

3 −1 7

2 0 8

6 3 −4

, find A+B.

Answer A+B =


7 + 4 3 + 2 4− 1

−1 + 3 2− 1 0 + 7

2 + 2 −4 + 0 4 + 8

3 + 6 0 + 3 −7− 4

 =


11 5 3

2 1 7

4 −4 12

9 3 −11

 . 終

Note that for matrices with m×n satisfy the properties 1 thru 5 of a vector space. We recommend

everyone to check it.

♠Scalar Multiplication♠
A scalar multiplication is defined by multiplying each entry by the scalar.

Definition 2.3

A scalar multiplication A = (aij) by a scalar α, written Aα = αA is defined

αA = (αaij)

Example 2.2

Let A =

(
2 5 3

−1 4 2

)
. Find 3A．

Answer 3A =

(
3 · 2 3 · 5 3 · 3

3 · (−1) 3 · 4 3 · 2

)
=

(
6 15 9

−3 12 6

)
. 終

A scalar multiplication of matrices satisfies the properies 6 thru 9 of the vector space. From

this fact, we can think of a set of m × n matrices as a vector space. When the entries are all

real numbers, it is called real vector space．But we never say an m× n matrix a vector．As an

exception, m× 1 matrix or 1×n matrix are called m-component row vector or n-component

column vector．
♠Matrix Multiplication♠
Beside an addition and a scalar multiplication, it is possible to define a multiplicaiton of matrices.

In the chapter 3 3, we study that a multiplication of two matrices represents a composition of

transformations.

Definition 2.4

Let A = (aik), B = (bkj) be m × n matrix and n × r matrix． Then an matrix multiplication

AB is m× r is C such that

C = (cij) = (

n∑
k=1

aikbkj).
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In other words, an ij components of C is given by taking inner product of ith row of the matrix

A and a jth column of the matrix B. From this, when you take a matrix multiplication of A and

B, the size of row of A and the size of column of B must be same.

Example 2.3

Find the product of A =

(
1 2 −3

2 7 1

)
and B =


5 2

6 3

−2 0

．
Answer The product of two matrices A and B is 2× 2 matrix with the components,

c11 = (1)(5) + (2)(6) + (−3)(−2) = 23,

c12 = (1)(2) + (2)(3) + (−3)(0) = 8,

c21 = (2)(5) + (7)(6) + (1)(−2) = 50,

c22 = (2)(2) + (7)(3) + (1)(0) = 25.

Thus, we have

AB =

(
23 8
50 25

)
.

Furthermore, if we calculate BA, then

BA =

 9 24 −13
12 33 −15
−2 −4 6

 .終

As you can see, the operation of product of matrices is not commutative. In other words,

AB ̸= BA.

Example 2.4

For A ̸= 0, B ̸= 0, find matrices A and B so that AB = 0.

Answer A =

(
1 2

2 4

)
B =

(
−2 −6

1 3

)
とおくと

AB =

(
1 2
2 4

)(
−2 −6
1 3

)
=

(
0 0
0 0

)
終

♠Block Matrices♠
Using a system of horizontal and vertical lines, we can partition a matrix A into smaller matrices

called blocks of A, The matrix A is then called a block matirx．
Consider matrices A and B.

A =


1 1 5 −3
4 −3 8 1
−1 3 2 0
2 1 −3 4

 , B =


1 0 −2 −3
3 −3 8 2
−1 4 2 0
2 −1 −3 2


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Each block divided by the horizontal and vertical lines is called sub-matrix, Here we let

A11 =

 1 1 5
4 −3 8
−1 3 2

 , A12 =

 −3
1
0

 , A21 =
(
2 1 −3

)
, A22 =

(
4
)

Then the matrix A can be written

A =

(
A11 A12

A21 A22

)
Next we divide B same as A. The the product of matrices A and B is given by the followings:

AB =

(
A11 A12

A21 A22

)(
B11 B12

B21 B22

)
=

(
A11B11 +A12B21 A11B12 +A12B22

A21B11 +A22B21 A21B12 +A22B22

)
♠Square Matrices♠
A matrix with the same number of rows as columns is called a square matrix. the number

of rows and columns of the square matrix is called order. In other words, An n × n is a square

matrix with the order n．
Now we introduce four different kind of square matrices. 1. A square matrix with the diagonal

entries are all 0. i.e., For aij = 0, i ̸= j, A is called diagonal matrix.

2. A square matrix with aii = 1 for all i and aij = 0 for all i ̸= j is called identity matrix and

denoted by I.

A =

 1 0 0
0 −2 0
0 0 3

 , B =

(
1 0
0 1

)

As you can see A is an diagonal matrix with 3 × 3 and B is a identity matrix of 2 × 2

Theorem 2.1

Let A,B be diagonal matrices of order n. Then show the followings:

1. A+B is a diagonal matrix．
2. AB,BA are diagonal matrices and AB = BA.

Proof 1. Let A = (aii), B = (bii). Then A + B = (aii) + (bjj) = (aii + bii). Thus A + B is a

diagonal matrix。
2. Let AB = C. Then

C = (cij) = (

n∑
k=1

aikbkj) =

{
aiibii i = j
0 i ̸= j

Thus AB,BA are diagonal matrices and AB = BA.

♠Transposed Matrix♠
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The sum of a diagonal entries is called trace and denoted by

trA =

n∑
i=1

aii

The transpose of a matrix A, written At, is the matrix obtained by writing the rows of A , in

order, as columns.

Example 2.5

Let A =

(
2 1 3

3 0 1

)
. Find At．

Answer At =


2 3

1 0

3 1

 . 終

The transpose operation on matrices satifies the following properties:

Theorem 2.2

For matrices A,B, the followings hold.

1. (A+B)t = At +Bt

2. (At)t = A

3. (AB)t = BtAt

Proof 1. Let A = (aij)n×k, B = (bij)n×k. Then A + B = (aij + bij)n×k. Thus the transposed

matrix is given by (aji + bji)k×n. On the other hand, At = (aji)k×n, B
t = (bji)k×n. Thus we

have(A+B)t = At +Bt.

2. Let A = (aij)n×k. Then At = (aji)k×n. Thus, (A
t)t = (aij)n×k = A.

3. Let A,B be n × k, k ×m matrices. Then the matrix AB is the size of n ×m．Also, (AB)t

is the size of m × n．By the definition of transposed matrix, (i, j) element of (AB)t is the (j, i)

element of AB. So, AB can be expressed as aj1b1i + aj2b2i + · · ·+ ajkbki. Now Bt is the order fo

m × kand At is the order of k × n. Thus, BtAt is the order of m × n. (i, j) element of BtAt is

the inner product of ith row of Bt and jth column of At . Thus, ith row and jth column of the

matrix BtAt is aj1b1i + aj2b2i + · · ·+ ajkbki. Therefore, (AB)t = BtAt. 終
♠Symmetric Matrices♠
When the square matrix A and its transpose matrix At are the same, we say A is symmetric

matrix. When the matrix A satisfies At = −A, we say A is skew symmetric matrix.

Example 2.6

Determine whether A is a symmetric matrix.
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A =


1 −1 1

−1 2 0

1 0 3


Answer At =


1 −1 1

−1 2 0

1 0 3

 = A. Thus A is a symmetric matrix．終

For the square matrix A with the order of n× n. We define the power as follows:

A2 = AA,A3 = A2A, . . . , An = An−1A

．
When the matrix A satifies Ak = 0 for some natural number k, we say the matrix A is nilpotent．

Exercise2-2

1. For matrices A =

(
2 −3

4 2

)
, B =

(
−1 2

3 0

)
, evaluate the followings:

(a) A+B (b) 2A− 3B (c) AB,BA

2. For matrices A =

(
3 1 7

5 2 −4

)
, B =


2 −3

3 6

4 1

, find AB,BA．

3. For the matrix A =


2 3 0

1 4 1

2 0 1

, calculate A2 − 5A+ 6I．

4. Let A and B be symmetric matrices of the order n. Show that A+B is a symmetric matrix．
5. Let A and B be symmetric matrices of the order n. Find the necessary and sufficient conditions

so that AB is a symmetric matrix．
6. Suppose that A is a skew symmetric matrix. Then show that A2 is a symmetric marix.

7. Find matrices so that the product of


a1 0 0

0 a2 0

0 0 a3

 is interchangeable．Here, a1, a2, a3 are

different real numbers．
8. Show that any square matrix A can be expressed by the sum of a symmetric matrix and a

skew symmetric matrix.

9. Find the product of A and B, where A =


1 1 1

2 −1 0

−1 0 2

 , B =


1 2 3 −1

3 −1 1 0

0 0 −3 1

．
2.2 Elementary Row Operation

Solving a system of linear equations is one of the cumbersome operations in mathematics．But

it is very essential in mathematics. Here we consider the elimination method using matrices.
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Give a system of the linear equations.

(I)

 2x −3y +z = 1 (1)
x +2y −3z = 4 (2)
3x +2y −z = 5 (3)

We interchange the equation (1) and (2). Then we have

(II)

 x +2y −3z = 4 (2)
2x −3y +z = 1 (1)
3x +2y −z = 5 (3)

Note that above systems are equivalent in the sense that they give the same answer．
Next we multiply the equation (2) by −2 and add it to (1). Also multiply the equation (2) by

−3 and add to (3). Then we have

(III)

 x +2y −3z = 4 (1′)
−7y +7z = −7 (2′)
−4y +8z = −7 (3′)

We have tried to eliminate the leading number of the 2nd and 3rd equations. This time we multiply

the equation (2′) by − 1
7 to make the leading element 1.

(IV )

 x +2y −3z = 4 (1′)
y −z = 1 (2′′)

−4y +8z = −7 (3′)

Lastly, multiply the equation (2′′) by 4 and add it to the equation (3′). Then we have

(V )

 x +2y −3z = 4 (1′)
y −z = 1 (2′′)

4z = −3 (3′′)

. Now we start to look backward. Then we have

z =
−3

4
, y = 1 + z = 1 +

−3

4
=

1

4
, x = −2y + 3z + 4 =

5

4
.

This method is called Gaussian elimination,

• Interchange the ithequation and jth equation:

• Multiply the ith equation by a nonzero scalar k

• Replace the ith equation by k times the jth equation plus the ith equation.

Now we apply elementary operations to the system of linear equations.

First of all, The matrix composed of coefficients of the system of linear equations (I) is called a

coefficient matrix. The matrix composed of coefficient matrix and constant terms is called an
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augmented matrix and denoted by 2 −3 1
1 2 −3
3 2 −1

 ,

 2 −3 1 1
1 2 −3 4
3 2 −1 5


We apply elementary operations on this augmented matrix.

(I)

 2 −3 1 1
1 2 −3 4
3 2 −1 5

 R1↔R2→ (II)

 1 2 −3 4
2 −3 1 1
3 2 −1 5


−2R1+R2

−3R1+R3

→ (III)

 1 2 −3 4
0 −7 7 −7
0 −4 8 −7

 − 1
7R2→ (IV )

 1 2 −3 4
0 1 −1 1
0 −4 8 7


4R2+R3→ (V )

 1 2 −3 4
0 1 −1 1
0 0 4 −3


We have used the following elementray operations.

• L 1 : Interchange the ith row and jth row: RiLeftrightarrowRj

• L 2 : Multiply the ith row by a nonzero scalar k: Ri =⇒ kR1, k ̸= 0

• L 3 : Replace the ith row by k times the jth row plus the ith row: Ri =⇒ kRj +Ri

Generally, those 3 operations on a metrix A is called fundamental row operation．

Example 2.7

Solve the following system of linear equations using Gaussian elimination。

R1 : x1 −x2 +2x3 −x4 = −8
R2 : 2x1 −2x2 +3x3 −3x4 = −20
R3 : x1 +x2 +x3 = −2
R4 : x1 −x2 +4x3 +3x4 = 4

Answer The augmented matrix is given by

Ã = Ã(1) =


1 −1 2 −1

... −8

2 −2 3 −3
... −20

1 1 1 0
... −2

1 −1 4 3
... 4


Here we apply the following elementary operations : −2R2 + R1,−R1 + R3,−R1 + R4. Then we
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have

Ã(2) =


1 −1 2 −1

... −8

0 0 −1 −1
... −4

0 2 −1 1
... 6

0 0 2 4
... 12


Now the Pivot element a

(2)
22 = 0. So, use the elementary operation R2 ↔ R3. Then

Ã(2)′ =


1 −1 2 −1

... −8

0 2 −1 1
... 6

0 0 −1 −1
... −4

0 0 2 4
... 12


Note that x2 is already eliminated from R3. Thus, Ã(2)′ = Ã(3). Continue elementary operation

such as 2R3 +R4. Then

Ã(4) =


1 −1 2 −1

... −8

0 2 −1 1
... 6

0 0 −1 −1
... −4

0 0 0 2
... 4


Now we have echlon matrix which is a matrix whose nonzero entries are preceding the first

nonzero entries and the first nonzero entry of a row increases row by row.

Thus, we have

x4 = 2

x3 =
−4− (−1)x4

−1
= 2

x2 =
6− x4 − (−1)x3

2
= 3

x1 =
−8− (−1)x4 − 2x3 − (−1)x2

1
= −7

If a matrix B is created by appling finitely many elementary operation on A , a matrix B is said

to be row equivalent and denoted by A ∼ B．If elmentary operation L1, L2 or L3 is applied once

to the identity matrix of the order n, then the matrix obtained is called a fundamental matrix．
You might already have noticed that an elementary operation can be written using an elementary

matrix. For example, the elementary operation from (I) to (II) is R1 ↔ R2 and the corresponding

elementary matrix can be obtained by applying the elementary operation R1 ↔ R2 on I3. 1 0 0
0 1 0
0 0 1


︸ ︷︷ ︸

I3

R1↔R2→

 0 1 0
1 0 0
0 0 1


︸ ︷︷ ︸

E1
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Now multiply E1 to (I) from the left. Then we have 0 1 0
1 0 0
0 0 1


︸ ︷︷ ︸

E1

 2 −3 1 1
1 2 −3 4
3 2 −1 5


︸ ︷︷ ︸

(I)

=

 1 2 −3 4
2 −3 1 1
3 2 −1 5


︸ ︷︷ ︸

(II)

Now take a close look at this elementary matrix. Interchange of 2nd row and 3rd row of the identity

matrix. An elmentary matrix corresponds to the elementary operation −2R1 +R2 is given by the

following:  1 0 0
−2 1 0
0 0 1


︸ ︷︷ ︸

E2

Another elementary matrix corresponds to the elementary operation −3R1 + R3 is given by the

following:  1 0 0
0 1 0

−3 0 1


︸ ︷︷ ︸

E3

Similary, we can find elementary matriced corresponds to elementary operations E4, E5. Thus,

E4 =

 1 0 0
0 1

7 0
0 0 1

 , E5 =

 1 0 0
0 1 0
0 4 1


Now we multiply E’s to the matrix A from the left. Then

E6E5E4E3E2E1A = B

Thus, the matrix B and A are row equivalent.．
When you apply elementary operations on a matrix A. we are able to obatin a matrix so that

all entries below the diagonal are zero. We say this matrix as upper triangular matrix.

A =


0 1 2 3 0
0 0 2 4 −1
0 0 0 0 4
0 0 0 0 0


is an echlon matrix. Furthermore, the first nonzero element is 1, it is called arow reduced echelon

matrix and denoted by AR．We show next that every matrix is row equivalent to a row reduced

echlon matrix.

Theorem 2.3

Any matrix can be reduced to a row reduced echlon matrix by taking suitable elementary row

operation.

Proof It is up to you.．
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Example 2.8

Find the row equivalent row reduced matrix.
0 0 0 0 0
0 0 2 0 0
0 1 0 1 1
0 4 3 4 0


Answer 

0 0 0 0 0
0 0 2 0 0
0 1 0 1 1
0 4 3 4 0

 −4R3+R4→


0 0 0 0 0
0 0 2 0 0
0 1 0 1 1
0 0 3 0 −4



R1↔R2→


0 1 0 1 1
0 0 2 0 0
0 0 0 0 0
0 0 3 0 −4


R2
2

−3R2
2 +R4

→


0 1 0 1 1
0 0 1 0 0
0 0 0 0 0
0 0 0 0 −4


−R4

4

R3↔R4

→


0 1 0 1 1
0 0 1 0 0
0 0 0 0 1
0 0 0 0 0

 −R3+R1→


0 1 0 1 0
0 0 1 0 0
0 0 0 0 1
0 0 0 0 0

 .

終
In this example, the order of the row operation is not important.

Theorem 2.4

If the matrix B and C are row reduced echlon matrix and row equivalent to A, then B = C．
Proof It is up to you.

It is important to know that the matrix row equivalent to A is unique.

♠Rank of matrix♠
The number of steps of the row reduced echlon form is important for application. This number

is called the rank of a matrix and denoted by rank(A)．For example, the rank of 2.2 is 3．

Theorem 2.5

Let A be a square matrix of the order n. Then the followings are equivalent.

(1) rank(A) = n

(2) AR = In

Proof If AR = In , then the rank of AR is n．Thus, rank(A) = n.

Conversely, if rank(A) = n, then the number of steps of the row reduced matrix of A is n．By

the definition of the row reduced echlon matrix, the first nonzero entry is 1．Then every diagonal

element is 1. Thus, AR = In. 終
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The rank of a matrix can be defined by the concept of a vector space.

A =

 1 −1 4 2
0 1 3 2
3 −2 15 8


Then the row vectors (1,−1, 4, 2), (0, 1, 3, 2), (3,−2, 15, 8) are elements of R4. Then a linear com-

bination of these vectors is defined as follows:

V = ⟨(1,−1, 4, 2), (0, 1, 3, 2), (3,−2, 15, 8)⟩

V is then a subspace of R4 (Example1.4)．This vector space is called a row space or row spanned

subspace of V . Now let v ∈ V . Then

v = c1(1,−1, 4, 2) + c2(0, 1, 3, 2) + c3(3,−2, 15, 8)

= c1(1,−1, 4, 2) + c2(0, 1, 3, 2) + 3c3(1,−1, 4, 2) + c3(0, 1, 3, 2)

= (c1 + c3)(1,−1, 4, 2) + (c2 + c3)(0, 1, 3, 2).

Then every vector in this row space is representable using (1,−1, 4, 2), (0, 1, 3, 2)． Furthermore,

(1,−1, 4, 2) and (0, 1, 3, 2) are linearly independent. Thus, these two vectors a basis of this row

space. This shows that the dimension of the row space of A is 2．We now find the row reduced

echlon matrix of A. Then

AR =

 1 0 7 4
0 1 3 2
0 0 0 0

 .

Therefore, rank(A) = 2. Thus in this example,

rank(A) = thedimensionoftherowspace

We can do the same thing for the column space.

Theorem 2.6

The rank of a matrix is the same sa the dimension of the rwo space the matrix.

Proof Let A be a matrix of m × n. Let the row vectors of A = (aij) be a1,a2, . . . , am. A row

space is alinear combination of
a1,a2, . . . , am

Then elementary row operations L1, L3 has no effect on the linear combination. Thus, it will not

have any effect on the dimension of the row space.

Next, we use L2 to find the row reduced echlon matrix．Suppose that an is a linear combination

of a1,a2, . . . , an−1, then ⟨a1,a2, . . . , an⟩ and ⟨a1,a2, . . . , c1a1 + · · · + cn−1an−1⟩ are the same.

This corresponds to zeor row vector in the row echlon matrix and removing the row vector an．
Repeating this process, we can find the row vector ai corresponding to the row reducing. The row
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vectors are linealy independent. Thus the dimension of the row vectors is the same as the rank of

row reduced matrix. 終
The rank of a matrix plays an important role on solving the system of linear equations. Befor

moving to the next section, try to solve the system of linear equations.

Example 2.9

Find the rank of the matrix A．

A =

 1 −2 5 3
2 3 1 −1
3 8 −3 −5


Answer

A =

 1 −2 5 3
2 3 1 −1
3 8 −3 −5


−2R1+R2

−3R1+R3

−→

 1 −2 5 3
0 7 −9 −7
0 14 −18 4


1
7×R2

−2R2+R3

−→

 1 −2 5 3
0 1 −9

7 −1
0 0 0 0

 2R2+R1−→

 1 0 17
7 1

0 1 −9
7 −1

0 0 0 0

 .

Then the number of steps of the matrix AR is 2. Thus rank(A) = 2. We note that the row vectors

(1, 0,
17

7
, 1) and (0, 1,

−9

7
,−1) of the matrix AR forms a basis of the row space of A. Thus the

dimension of the row space is 2.．終

Exercise2-4

1. Find the row reduced matrix which is row equivalent to A =


1 −2 3 −1

2 −1 2 2

3 0 2 3

．
2. Find the rank of the following matrices．

(a)

(
2 4 1 −2

−3 −6 2 −4

)

(b)


2 −1 3

1 2 −3

3 −4 9


(c)


1 −2 3 −1

2 −1 2 2

3 0 2 3


3. Given A =

(
2 3

3 4

)
. Apply elmentary operations (I), (II), (III), (IV )．

A =

(
2 3
3 4

)
I→
(
−1 −1
3 4

)
II→
(
1 1
3 4

)
III→
(
1 1
0 1

)
IV→
(

1 0
0 1

)
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Find the elementary matrices of (I), (II), (III), (IV ). Show the matrix I2 as a product of the

matrix A and elementary matrices．

4. A =


2 −3 1

1 2 −3

3 2 −1

 can be reduced to the identiry matrix by using the elementary row

operation．Find the product of matrices P so that PA = I.

5. Find the dimension of the subspace spanned by the following vectors.

v1 = (2,−1, 1, 3),v2 = (−1, 1, 0, 1),v3 = (4,−1, 3, 11),v4 = (−2, 3, 1, 1)

2.3 System of linear equations and Inverse matrix

We have introduced Guassian elimination in 2.2. Here we study whether the given system of

linear equation has a solution. To start with, we consider the system of linear equation with the

unkowns and the number of equations are different.
a11x1 + a12x2 + · · ·+ a1nxn = b1
a21x1 + a22x2 + · · ·+ a2nxn = b2

...
...

...
...

...
...

am1x1 + am2x2 + · · ·+ amnxn = bm

Let A = (aij) be a matrix, [A : b] be the augmented matrix, n be the number of unknowns,

x = (xj) be the row vectors, and b = (bi) be the column vetors of the order m. Then the system

of linear equations is written as
Ax = b または [A : b]

When the solution to this system of equations exists, each solutions are considered as vectors x

and this vector is called solution vector. In general, the following holds.

rank(A) ≤ rank([A : b]) ≤ rank(A) + 1

Theorem 2.7

The system of linear equation Ax = b has a solution if and only if

rank(A) = rank([A : b])

Proof Let A be a matrix of the form m × n. Suppose that rank(A) = rank([A : b]) = r . Then

the dimension of the column space of [A : b] is r and r ≤ n．Thus, n+ 1st column vectorb of the

column space [A : b] is a linear combination of

a1,a2, . . . , an

Thus,
a1c1 + a2c2 + · · ·+ ancn = b.
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In other words,

A


c1
c2
...
cn

 = b.

Conversely, think of columns of A as column vectors. Thne the equation Ax = b can be expressed

as
a1x1 + a2x2 + · · ·+ anxn = b

If there exist solutions such as x1, x2, . . . , xn, then this equation implies that b is a linear combi-

nation of
a1,a2, . . . , an

Thus, the column space of A and the column space of [A : b] are the same．This shows that

rank(A) = rank([A : b]). 終

Example 2.10

Select the value of k so that the following equation has a solution． x+ 2y = 3
2x− z = 2
4y + z = k

Answer

[A : b] =

 1 2 0 3
2 0 −1 2
0 4 1 k

 −2R1+R2→

 1 2 0 3
0 −4 −1 −4
0 4 1 k


R2↔R3

R2+R3

−→

 1 2 0 3
0 4 1 4
0 0 0 k − 4

 .

A necessary and sufficient conditions for which this system of equations has a solution is rank([A :

b]) = rankA = 2．Thus k − 4 must be 0. Therefore k = 4．終
♠General solution of system of linear equation♠

Theorem 2.8

Let p be a pair of solution to the system of linear equations Ax = b. Then every solution of

Ax = b is given by p+ c. Here, c is a solution of Ax = 0 ．
Proof Let w be a solution of Ax = b. Then, w − p is a solution of Ax = 0 since

A(w − p) = Aw −Ap = b− b = 0.

Next let c = w − p. Then c is a solution of Ax = 0．Thus, we have w = p+ c. 終
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With this theorem, to solve the system of linear equations Ax = b, we first need to solve the

homogeneous system Ax = 0. So, we consider the homogeneous system of linear equations Ax = 0．
Note that rank(A) = rank([A : 0]). Then by the theorem 2.3, a solution exists．In fact, x1 =

x2 = · · · = xn = 0 is a solution．This solution is called trivial solution．Next Let s numbers of

nontrivial solutions of the system of linear equations be the followings:

v1 =


v11
v21
...

vm1

 ,v2 =


v12
v22
...

vm2

 , · · · ,vs =


v1s
v2s
...

vms


Then

Av1 = 0, Av2 = 0, . . . , Avs = 0

Furthermore, a linear combination of these nontrivial solutions x = c1v1+c2v2+ · · ·+csvs satisfies

Ax = c1(Av1) + c2(Av2) + · · ·+ cs(Avs) = 0 Thus, ⟨0,v1,v2, . . . ,vs⟩is a subspace. This subspace

is called solution space．The basis of this solution space is called an (elementary solution of

the system of linear equation Ax = 0．
It is interesting to know the relationship between the dimension of the solution space and the

rank of the matrix.

Theorem 2.9

Given a system of linear equations with n unknowns x1, x2, . . . , xn. Suppose the rank of the

coefficient matrix A is r, then the fundamental solution is composed of the n− r solution vectors.

Proof For rank(A) = rank([A : 0]) = r, apply the elementry row operation on [A : 0] to obtain

the followings:

[A : 0]R =



1 · · · 0 d1r+1 · · · d1n
... 0

...
. . .

...
...

. . .
...

...
...

0 · · · 1 drr+1 · · · drn
... 0

0 · · · 0 0 · · · 0
... 0

...
...

...
...

...
...

0 · · · 0 0 · · · 0
... 0


Here, let

x1 =



−d1r+1

...
−drr+1

1
0
...
0


,x2 =



−d1r+2

...
−drr+2

0
1
...
0


, . . . ,xn−r =



−d1n
...

−drn
0
0
...
1


.
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Then, x1,x2, . . . ,xn−r are solution vectors. Also, let

c1x1 + c2x2 + · · ·+ cn−rxn−r = 0

Then

c1x1 + c2x2 + · · ·+ cn−rxn−r =



∗ + · · ·+ ∗
...

...
...

∗ + · · ·+ ∗
c1
c2
...

cn−r


=



0
...
0
0
0
...
0


.

From this, we have c1 = c2 = · · · = cn−r = 0. Thus, x1,x2, . . . ,xn−r is linearly independent．
Therefore the dimension of the solution space is n− r. 終
♠Degree of freedom♠
The number of elementary solutions n− r is called a degree of freedom．

Example 2.11

Solve the following system of linear equations: x1 + x2 + 2x3 + 4x4 = 3
3x1 + x2 + 6x3 + 2x4 = 3
−x1 + 2x2 − 2x3 + x4 = 1

Answer Apply Gaussian elimination.．

[A : b] =

 1 1 2 4 3
3 1 6 2 3

−1 2 −2 1 1

→

 1 1 2 4 3
0 −2 0 −10 −6
0 3 0 5 4


→

 1 0 2 −1 0
0 1 0 5 3
0 0 0 1 1

2

→

 1 0 2 0 1
2

0 1 0 0 1
2

0 0 0 1 1
2

 = [A : b]R.

This shows that rank(A) = rank([A : b]) = 3 which implies that this system of linear equation has

a solution. If we write [A : b]R as a system of linear equatios: x1 + 2x3 = 1
2

x2 = 1
2

x4 = 1
2

Then n = 4, r = 3. Thus the defree of freedom is 1．Then we let x3 = α and we have the followings:
x1

x2

x3

x4

 =


1
2 − 2x3

1
2
x3
1
2

 =


1
2
1
2
0
1
2

+ α


−2
0
1
0


終
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♠Inverse Matrix♠

Consider the matrix A =

(
1 0

1 0

)
．A is not zeor matrix. Now we ask you a question. Do

we have a matrix X so that AX = XA = I．Unfortunately, the answer is no. In the world of

matrices, some nonzero matrix does not have inverse.

♠Regular Matrix♠
For the square matrix A of the ordern, if there exists a matrix X so that XA = AX = I,

then the matrix A is called a regular matrix．The matrix X is called an inverse matrix of A.

Now how many inverse matrices of A exist? For example, AX = XA = I, AZ = ZA = I. Then

X = XI = X(AZ) = (XA)Z = IZ = Z. Thus, the inverse matrix of A is one．Then we write the

inverse matrix of A as A−1．
Using this idea, we solve the system of linear equations Ax = b. Let A be a regular matrix.

Then we have A−1(Ax) = A−1b. From this, we have x = A−1b．Therefore, to solve the system

of linear equations, we can use the inverse matrix A−1. In short, it is enough to find a matrix X

so that AX = I We know a quick way to find X．Before introducing the technique, we cover the

relation between the regular matrix and the rank of the matrix.

Theorem 2.10

Suppose that the matrix A is a squre matrix with the order of n．Then the followings are equivalent.

(1) rank(A) = n

(2) A is regular matrix．
Proof By theorem 2.2, rank(A) = n and AR = I are equivalent．In other words, for rank(A) = n,

we can choose the product of elementary matrices P so that PA = I．Thus, A is regular.

Conversely, for A is a regular matrix, we can choose a product of elementary matrices P so that

PA = AR．Note that P is the product of elementary matrices. Then P is regular. Thus, P−1

exists．Suppose that AR ̸= I. Then the entries of the lowest row of AR have to be 0．But then

this matrix is not regular. Thus, rank(A) = n. 終
Now we are ready to introduce how to find a matrix I satisfying AX = I. We note that since A

is regular, for some product P of elementary matrices, PA = I．So, we multiply this P to AX = I

from the left. Then P (AX) = (PA)X = IX = X,PI = P . Thus to find X is the same as to find

P . This shows that if you can get the identiry matrix by applying elementary row operation to A,

the the same operation on I gives rise to A−1．

Example 2.12

Determine whether the matrix A is regular. If so, find the inverse matrix of A where A =
1 2 3

2 −1 1

4 3 2

.
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Answer

[A : I] =

 1 2 3 1 0 0
2 −1 1 0 1 0
4 3 2 0 0 1

 −→

 1 2 3 1 0 0
0 −5 −5 −2 1 0
0 −5 −10 −4 0 1


−→

 1 2 3 1 0 0
0 1 1 2

5 − 1
5 0

0 1 2 4
5 0 − 1

5

 −→

 1 0 1 1
5

2
5 0

0 1 1 2
5 − 1

5 0
0 1 2 4

5 0 − 1
5


−→

 1 0 0 − 1
5

1
5

1
5

0 1 0 0 − 2
5

1
5

0 0 1 2
5

1
5 − 1

5

 = [I : A−1].

This shows that A is regular and A−1 =


− 1

5
1
5

1
5

0 − 2
5

1
5

2
5

1
5 − 1

5

. 終

Summarize what we have studied so far, we have

Theorem 2.11

Suppose that the matrix A is the square matrix of the order n．Then the followings are equivalent.

(1) A is regular

(2) rank(A) = n

(3) AR = I

Proof By theorem 2.2, we have (2) ⇔ (3). By theorem 2.3, we have (1) ⇔ (2).

Exercise2-6

1. Solve the following system of linear equations using Gaussian elimination．

(a)

{
x− 3y = 5

3x− 5y = 7

(b)


x+ y + z = 3

x+ 2y + 2z = 5

x+ 2y + 3z = 6

(c)


x1 + x2 + x3 + x4 = 1

x1 + 2x2 + 3x3 + 4x4 = 2

x1 + 4x2 + 9x3 + 16x4 = 6

2. Determine the value of k so that the following system of linear equations has a solution.
x+ 2y + 3z = 7

3x+ 2y + 5z = 9

5x+ 2y + 7z = k

3. Determine whether the following matrix is regular. If so, find the inverse matrix, (a)
2 3 4

1 2 3

−1 1 4


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(b)


0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0


4. Determine the value a so that the following matrix is regular.

2 0 −3

1 −1 a

5 3 4


5. Show that the following matrix is regular, and show the following matrix as a product of

elementary matrices. A =


2 −1 0

4 3 2

3 0 1

．
6. Suppose that all entries of one row of the square matrix are 0. The show that A is not regular.

7. Suppose that A,B are regular matrices of the order n. Then show thatthe product of AB is

also regular and satisfies
(AB)−1 = B−1A−1

2.4 Determinant

♠Cramer’s Rule♠
Before defining the determinant, we consider the system of linear equations with 2 unknowns.{

a11x1 + a12x2 = b1
a21x1 + a22x2 = b2

Solve for x1, x2．Multiply a22 to the first equation and multiply −a12 to the second equation.

Then we add these two equations. We have

(a11a22 − a12a21)x1 = b1a22 − a12b2

For a11a22 − a12a21 ̸= 0, we have

x1 =
b1a22 − a12b2
a11a22 − a12a21

Similarly, we have

x2 =
a11b2 − b1a21
a11a22 − a12a21

Now denote

a11a22 − a12a21 =

∣∣∣∣ a11 a12
a21 a22

∣∣∣∣
This expression os called a determinant of the coefficient matrix (aij) and denoted by det(aij)

or |(aij)|. Using this notation, we can write
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x1 =

∣∣∣∣ b1 a12
b2 a22

∣∣∣∣∣∣∣∣ a11 a12
a21 a22

∣∣∣∣ , x2 =

∣∣∣∣ a11 b1
a21 b2

∣∣∣∣∣∣∣∣ a11 a12
a21 a22

∣∣∣∣
This method is called a Cramer’s rule.

♠Cofactor Expansions♠

Definition 2.5

Let A = (aij) be a matrix with the order of n．
(a) For n = 1, det(A) = a11

(b) For n = 2, det(A) = a11a22 − a12a21

(c) For n ≥ 2, the determinat of a matrix deleting ith row and jth column is called a minor and

denoted by Mij . The cofactor of aij is define as follows:

Aij = (−1)i+jMij .

The determinant of A denoted by det(A) is defined as follows:

detA =

n∑
j=1

aijAij .

This way of finding the determinant is called a cofactor expansion using the ith row．Similarly,

the following way of finding the deteminant is called a cofactor expansion using the jth column:

detA =

n∑
i=1

aijAij .

For a square matrix with the order of n, there are n ways of cofactor expansions using rows.

Similarly, there are n ways of cofactor expansions using columns. Surprisingly, the result using

which row or column is not important. They are all the same.

Theorem 2.12

For the squre matrix A, the result of the cofactor expansions is the same.

Example 2.13

Find the determinant of the following:．det


0 −2 0

−1 3 1

4 2 1


Answer Using the 1st row, apply the cofactor expansion.∣∣∣∣∣∣

0 −2 0
−1 3 1
4 2 1

∣∣∣∣∣∣ = 0 + (−1)1+2(−2)

∣∣∣∣ −1 1
4 1

∣∣∣∣+ 0 = −10.終
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Permutation

A one-to-one mapping σ of the set {1, 2, . . . , n} onto itself is called a permutation. We denote

the permutation σ by

σ =

(
1 2 . . . n
j1 j2 . . . jn

)
mboxorσ = j1j2 . . . jn,mboxwhereji = σ(i)

Note that since σ is one-to-one and onto, the sequence j1j2 . . . jn is simply a rearrangement of

the numbers 1, 2, . . . , n. Note also that the number of such permutations is n!, and that the set of

them is usually denoted by Sn. We also note that if σ ∈ Sn, then the inverse mapping σ−1 ∈ Sn;

and if σ, τ ∈ Sn, then the composition mapping σ ◦ τ ∈ Sn. In particular, the identity mapping

ε = σ ◦ σ−1 = σ−1 ◦ σ

Determinant

Let A = (aij) be a square matrix of the order n. Then consider a product of n elements of A

such that one and only one element comes from each row and one and only one element comes

from each column. Such a product can be written in the form

a1j1a2j2 . . . anjn

Now since the factors come from different columns, the sequence of second subscripts form a

permuatation σ = j1j2 . . . jn in Sn. Conversely, each permutation in Sn, determines a product of

the above form. Thus the matrix A contains n! such products.

Definition 2.6

The determinant of the matrix A of the order n, denoted by det(A) or |A|, is the following sum

which is summed over all permutations σ = j1j2 . . . jn in Sn:

|A| =
∑
σ∈Sn

(rmsgnσa1j1a2j2 . . . anjn

We next explain how to determine sgnσ．We say σ is even or odd according as to whether there

is an even or odd number of pairs (i, k) for which

i > kbutiprecedeskinσ

We then define the sign of σ, written sgnσ by

sgnσ =

{
1 rmifσiseven
−1 ifσisodd

For example, (1432) can be written as

(1432) −→ (1423) −→ (1243) −→ (1234)
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or
(1432) −→ (1234)

In this case, the number of transpositions is diffetent. But both of them required the odd number

of transposition. So, we have sgn(1432) = −

Example 2.14

Find sgn(154632)．
Answer

(154632) −→ (124635) −→ (123645) −→ (123465) −→ (123456)

Thus, sgn(154632) = +. 終
♠Properties of Determinants♠
We now list the basic properties of the determinant.．

Theorem 2.13

Suppose that B = At. Then detB = detA.

Proof Suppose A = (aij . Then At = (bij where bij = aji. Hence

|At| =
∑
σ∈Sn

(sgnσ)b1σ(1)b2σ(2) . . . bnσ(n)

−
∑
σ∈Sn

(sgnσ)aσ(1),1aσ(2),2 . . . aσ(n),n

Let τ = σ−1. Then sgnτ = sgnσ, and

aσ(1),1aσ(2),2 . . . aσ(n),n = a1τ(1)a2τ(2) . . . anτ(n)

Therefore,

|At| =
∑
σ∈Sn

(sgnτ)a1τ(1)a2τ(2) . . . anτ(n)

However, as σ runs through all the elements of Sn, τ = σ−1 runs through all the elementsof Sn.

Thus |At| = |A|.
Proof by cofactor expansion The cofactor expansion of At using the jth column is the same

as the cofactor expansion of A using the jth row. Thus, detA = detB. 終
With this theorem, all properties true for the rows are true for columns.

Theorem 2.14

Suppose that the matrix B is a constant multiple α of A. Then detB = α detA.

Proof Let B = (bij . Then

|B| =
∑
σ∈Sn

(sgnσ)b1j1b2j2 . . . bnjn
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Since bij = αaij , we have

|B| =
∑
σ∈Sn

(sgnσ)αa1j1αa2j2 . . . αanjn = α|A|

Alternate proof Let B be the matrix so that the kth row of A is multiplied by α. Now using

the cofactor expansion on the kth row, we have,

detB =

n∑
i=1

(−1)k+ibkiMki

Here, bki = αaki．Since Mki is the same for B and A, we have

detB =

n∑
i=1

(−1)k+iαakiMki = α

n∑
i=1

(−1)k+iakiMki = α detA.終

Theorem 2.15

Suppose that B is the matrix obtained by interchangin two rows(columns) of A. Then we have

detB = − detA.

Proof We prove the theorem for the case that two columns are interchanged. Let τ be the

transposition which interchanges the two numbers corresponding to the two columns of A that are

interchanged. If A = (aij) and B = (bij), then biJ = aiτ(j). Hence, for any permutation σ,

b1σ(1)b2σ(2) . . . bnσ(n) = a1τσ(1)a2τσ(2) . . . anτσ(n)

Thus

|B| =
∑
σ∈Sn

(sgnσ)b1σ(1)b2σ(2) . . . bnτ(n)

=
∑
σ∈Sn

(sgnσ)a1τσ(1)a2 tanσ(2) . . . anτσ(n)

Since the transpositoin τ is an odd permutation, sgnτσ = sgnτ ∗ sgnσ = −sgnσ. Thus sgnσ =

−sgnτσ, and so

|B| = −
∑
σ∈Sn

(sgnτσ)a1τσ(1)a2τσ(2) . . . anτσ(n)

But as σ runs through all the elements of Sn, τσ also runs through all the elements of Sn. Therefore,

|B| = −|A|.

Theorem 2.16

Suppose that B is obtained by adding a multiple of a row of A. Then detB = detA.

Proof Suppose α times the kth row is added to the jth row of A. Then

|B| =
∑
σ

(sgnσ)a1i1a2i2 . . . (cakik + ajij . . . anin

= c
∑
σ

(sgnσ)a1i1a2i2 . . . akik . . . anin +
∑
σ

(sgnσ)a1i1a2i2 . . . ajij . . . anin
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The first sum is the determinant of a matrix whose kth and jth rows are identical, hence the sum

is zero. The second sum is the determinant to A. Thus, |B| = c · 0 + |A| = |A|.
From those 3 theorems above, the matrix B obtained by elementary row operation on A is the

product of the elementary matrix and A.

Theorem 2.17

det(EA) = det(E) det(A), where E is an elementary matrix．
Proof For 3 elementary row operation L1, L2, L3,

L1 interchanging of two rows of A, L2 multiplying a row of A by a scalar α; L3 adding a multiple

of a row of A to another) Elementary matrices corresponds to the above, let E1, E2, E3. Then by

the theorems 2.4,2.4,2.4,
|E1| = −1, |E2| = 1, E3A = α.

Since EiA is obtained by applying an elementary operation Li to A ,

|E1A| = −|A| = |E1∥A|, |E2A| = |A| = |E2∥A|, |E3A| = α|A| = |E3∥A|.

Thus, det(EA) = det(E) det(A). 終

Theorem 2.18

If B has any of the following properties, then detB = 0．
(1) If A has a row of zeros．
(2) If A has two identical rows.

(3) If A has a row which is a constant multiple of other row.

Proof

(1) In 2.4, take α = 0．
(2) Let B be the matrix obtained by interchanging two rows of A. Then by th theorem 2.4,

detB = − detA. But the matrix A and B are the same. Thus, detB = detA which implies that

detA = 0.

(3) Let the ith row of A be equal to α times kth row. Then α = 0 implies that detA = 0. Thus

assume that α ̸= 0．Let B be the matrix obtained by multiplying the jth row of a matrix A.

Then by the theorem 2.4, we have detB =
1

α
detA. Also by the theorem 2.4(2), detB = 0. Thus,

detA = 0.

Example 2.15

Calculate the following determinants:

(a) det


2 −1 2

−4 3 −3

0 1 1

 (b) det


1 −2 0

−1 3 1

2 −3 1


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Answer (a)

∣∣∣∣∣∣∣∣
2 −1 2

−4 3 −3

0 1 1

∣∣∣∣∣∣∣∣
2R1+R2=

∣∣∣∣∣∣∣∣
2 −1 2

0 1 1

0 1 1

∣∣∣∣∣∣∣∣
theorem2.4(2)

= 0.

(b)

∣∣∣∣∣∣∣∣
1 −2 0

−1 3 1

2 −3 1

∣∣∣∣∣∣∣∣
2C1+C2=

∣∣∣∣∣∣∣∣
1 0 0

−1 1 1

2 1 1

∣∣∣∣∣∣∣∣
theorem2.4(2)

= 0.

Here 2C1 + C2 means that adding the double of 1st column to the 2nd column. 終 t

Example 2.16

Find the determinant of the following matrices．

(a) A =


−4 −1 6

1 2 3

2 −3 4

 (b) B =


2 −3 4

1 2 3

−4 −1 6

 .

Answer (a)

∣∣∣∣∣∣
−4 −1 6
1 2 3
2 −3 4

∣∣∣∣∣∣ R1↔R2= −

∣∣∣∣∣∣
1 2 3

−4 −1 6
2 −3 4

∣∣∣∣∣∣
4R1+R2

−2R1+R3

= −

∣∣∣∣∣∣
1 2 3
0 7 18
0 −7 −2

∣∣∣∣∣∣
R2
7

R2+R3

= −7

∣∣∣∣∣∣
1 2 3
0 1 18

7
0 0 16

∣∣∣∣∣∣ = −7 · 16 = −112.

(b) The matrix B is obtained by interchanginf the 1st row and the 3rd row of a matrix A. Thus

by the theorem 2.4, we have detB = 112. 終

Example 2.17

Using the theorem above, factor the following matrix．∣∣∣∣∣∣
1 a a3

1 b b3

1 c c3

∣∣∣∣∣∣
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Answer

∣∣∣∣∣∣
1 a a3

1 b b3

1 c c3

∣∣∣∣∣∣
−R1+R2

−R1+R3

=

∣∣∣∣∣∣
1 a a3

0 b− a b3 − a3

0 c− a c3 − a3

∣∣∣∣∣∣
R2
b−a

R2
c−a

= (b− a)(c− a)

∣∣∣∣∣∣
1 a a3

0 1 b2 + ba+ a2

0 1 c2 + ca+ a2

∣∣∣∣∣∣
−R2+R3= (b− a)(c− a)

∣∣∣∣∣∣
1 a a3

0 1 b2 + ba+ a2

0 0 c2 + ca− b2 − ba

∣∣∣∣∣∣
= (b− a)(c− a)(c− b)(a+ b+ c).終

We introduce two of the most important theorem about the determinant.

♠Product of determinants♠

Theorem 2.19

detAB = detA detB.

Proof A matrix A can be written by taking a suitable elementary matrix Ei such that A =

EkEk−1 · · ·E1AR．Thus by the theorem 2.4, we have

|A| = |Ek∥Ek−1| · · · |E1∥AR|.

Suppose that |A| = 0. Then |AR| = 0 and some row vector of AR must be zero vector. In other

words, some row vector of AB is zero vector. Then |AB| = 0. Suppose that |A| ̸= 0. Then

|AR| ̸= 0. Thus by the theorem 2.3, we have AR = I. Hence,

|A| = |Ek∥Ek−1| · · · |E1|,

AB = EkEk−1 · · ·E1B.

which implies that

|AB| = |EkEk−1 · · ·E1B| = |Ek∥Ek−1| · · · |E1∥B| = |A∥B|.終

Theorem 2.20

Suppose that a square matrix A is the order n. Then the followings are equivalent

1) A is regular

2) |A| ̸= 0

3) A−1 exists and A−1 = 1
|A|


A11 · · · A1n

...
...

...

An1 · · · Ann


t

．Here, Aij is a cofactor of A．
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4) Ax = b has a unique solution and the solution is given by the following equation．

xj =
1

|A|

∣∣∣∣∣∣∣
a11 · · · b1 · · · a1n

...
...

...
an1 · · · bn · · · ann

∣∣∣∣∣∣∣ =
|[Aj : b]|

|A|
.

これをクラメールの公式という．
5) rank(A) = n

6) AR = I

Before prooving this theorem, the matrix


A11 · · · A1n

...
...

...

An1 · · · Ann


t

in this theorem is called an

ajoint of A and denoted by adjA.

Also, the matrix  a11 · · · b1 · · · a1n
...

...
...

an1 · · · bn · · · ann



is obtained by replacing the jth column of A by the b =


b1

b2
...

bn

 and denoted by [Aj : b]．

Proof 1)⇒ 2)

Suppose that A is regular. Then AA−1 = I and by the theorem 2.4, |A∥A−1| = |AA−1| = |I| = 1.

Thus |A| ̸= 0．
2)⇒ 3)

Since |A| ̸= 0, let X = 1
|A|


A11 · · · A1n

...
...

...

An1 · · · Ann


t

. Then

XA =
1

|A|

 A11 · · · A1n

...
...

...
An1 · · · Ann


t a11 · · · a1n

...
...

an1 · · · ann


=

1

|A|

 |A| · · · 0
...

...
0 · · · |A|

 = I.

hence, XA = I and X = A−1.

3) ⇒ 4)
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Multiply A−1 = 1
|A|


A11 · · · A1n

...
...

...

An1 · · · Ann


t

to the equation Ax = b from the left. Then we have

x = A−1b =
1

|A|

 A11 · · · A1n

...
...

...
An1 · · · Ann


t b1

...
bn


=

1

|A|

 b1A11 + · · ·+ bnAn1

...
...

...
b1A1n + · · ·+ bnAnn


．
The component b1A1j + b2A2j + · · ·+ bnAnj is the cofactor expansion of [Aj : b], where

[Aj : b] =

 a11 · · · b1 · · · a1n
...

...
...

an1 · · · bn · · · ann


Then,

xj =
1

|A|

∣∣∣∣∣∣∣
a11 · · · b1 · · · a1n

...
...

...
an1 · · · bn · · · ann

∣∣∣∣∣∣∣ =
|[Aj : b]|

|A|
.

4) ⇒ 5)

Suppose that the equation Ax = b has the unique solutionp．Then let the fundamental solution

of Ax = 0 be C . By the theorem 2.3, we ahve p+C is also a solution of Ax = b. Since p = p+C,

we have C = 0．Thus by the theorem 2.3, we have 0 = n− rank(A) . Hence, rank(A) = n．
5) ⇒ 6), 6) ⇒ 1) is the theorem 2.3．終
We introduce some of the useful idea about finding the determinant．First one is called a Van-

dermonde determinant．
Suppose some solution of differential euqations is given by

y = c1e
ax + c2e

bx + c3e
cx

Suppose also that the solution satisfies the initial condition such as y(0) = 1, y′(0) = 1, y′′(0) = 1．
　 Then we have the following system of linear equations:．

1 = c1 + c2 + c3

1 = c1a+ c2b+ c3c

1 = c1a
2 + c2b

2 + c3c
2

Rewrite this equation using the matrix. Then we have 1 1 1
a b c
a2 b2 c2

c1
c2
c3

 =

1
1
1


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To find the solution of this equation by Cremer’s rule, we have the determinant in the denomi-

nator. Now we need to find the determinant.

det

 1 1 1
a b c
a2 b2 c2

 = det

1 1 1
0 b− a c− a
0 b2 − a2 c2 − a2

 = (c− a)(c− b)(b− a)

Now the matrix of this form, the determinant can be found by subtracting the first element from

the seconf and third elements of the second row. This technique can be applied to a square matrix

of the order n次 and called Vandermonde.

Another useful technique is block matrices. Consider a matrix A such that

A =


a11 a12 a13 a14 a15
a21 a22 a23 a24 a25
a31 a32 a33 a34 a35
a41 a42 a43 a44 a45
a51 a52 a53 a54 a55


Using a vertical line to cut the matrix at the 3rd and 4th columns. Next using a horizaontal line

to cut the matrix at the 4th and 5th row. Then we have

A11 =


a11 a12 a13
a21 a22 a23
a31 a32 a33
a41 a42 a43

 , A12 =


a14 a15
a24 a25
a34 a35
a44 a45

 , A21 =
(
a51 a52 a53

)
, A22 =

(
a54 a55

)
Then we can write the matrix A as the following block matrices:

A =

(
A11 A12

A21 A22

)
Now consider the matrix X which has block matrices A, B, and O, where A is n×n, B is m×m

and O is zero matrix. The we have the followings:

1. det

(
A O
O B

)
= det(A) det(B)

2. det

(
A C
O B

)
= det(A) det(B)

Proof Note that det

(
A O

O I

)
= det(A). Note also that、det

(
I O

O B

)
= det(B)．Now note that

det

(
A 0
O B

)
= det

(
A O
O I

)
det

(
I O
O B

)
.

This showw 1. Next we study the determinant of the upper triangular matrix det

(
A C

O B

)
．

(
A C
O B

)
=

(
I O
O B

)(
A C
O I

)



2.4 Determinant 53

Here, we show

det

(
A C
O I

)
= det(A)

Proof. Let A be the square matrix of the ordern and I be an identiry matrix of the ordr m.

Then let X =

(
A C

O I

)
. Then

det(X) =
∑

σ∈Sn+m

sgn(σ)x1σ(1)x2σ(2) · · ·xnσ(n) · · ·xn+mσ(n+m)

Note that for 1 ≤ i ≤ n and n + 1 ≤ j ≤ n +m, we have xiσ(j) = 0．Also for n + 1 ≤ i ≤ n +m

and n+ 1 ≤ j ≤ n+m, we have

xiσ(j) =

{
1 , i = σ(j)
0 , i ̸= σ(j)

Now let 、
τ =

(
1 2 3 . . . n
σ(1) σ(2) σ(3) . . . σ(n)

)

ρ =

(
n+ 1 n+ 2 n+ 3 . . . n+m
σ(n+ 1) σ(n+ 2) σ(n+ 3) . . . σ(n+m)

)
.

Then、σ = τρ, where、τ ∈ Sn, ρ ∈ Sm and 、

sgn(σ) = sgn(τρ) = sgn(ρ)sgn(ρ)

Thus, we have

det(X) =
∑
τρ

sgn(τρ)x1τ(1)x2τ(2) . . . xnτ(n)xn+1ρ(n+1)xn+2ρ(n+2) . . . xn+mρ(n+m)(∑
τ

sgn(τ)x1τ(1)x2τ(2) . . . xnτ(n)

)(∑
ρ

sgn(ρ)xn+1ρ(n+1)xn+2ρ(n+ 2) . . . xn+mρ(n+m)

)
= det(A) · 1 = det(A)

Exercise2-8

1. Find the determinant of the following matricex:

(a)

∣∣∣∣∣∣∣∣
2 −3 1

1 0 2

1 −1 1

∣∣∣∣∣∣∣∣ (b)
∣∣∣∣∣∣∣∣∣∣
2 4 0 5

1 −2 −1 3

1 2 3 0

3 3 −4 −4

∣∣∣∣∣∣∣∣∣∣
(c)

∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 1 0

0 1 0 0 0

0 0 0 0 1

1 0 0 0 0

0 0 1 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣
(d)

∣∣∣∣∣∣∣∣∣∣∣∣∣

3 5 1 2 −1

2 6 0 9 1

0 0 7 1 2

0 0 3 2 5

0 0 0 0 −6

∣∣∣∣∣∣∣∣∣∣∣∣∣
2. Factor the following matrices:
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(a)

∣∣∣∣∣∣∣∣
1 a2 (b+ c)2

1 b2 (c+ a)2

1 c2 (a+ b)2

∣∣∣∣∣∣∣∣ (b)

∣∣∣∣∣∣∣∣
b+ c b c

a c+ a c

a b a+ b

∣∣∣∣∣∣∣∣ (c)

∣∣∣∣∣∣∣∣∣∣
1 1 1 1

a b c d

a2 b2 c2 d2

a3 b3 c3 d3

∣∣∣∣∣∣∣∣∣∣
3. Solve the

following equations:．

∣∣∣∣∣∣∣∣
1− x 2 2

2 2− x 1

2 1 2− x

∣∣∣∣∣∣∣∣ = 0

4. Show the equation of the straight line going through two points (a1, a2) and (b1, b2)is given by∣∣∣∣∣∣
x y 1
a1 a2 1
b1 b2 1

∣∣∣∣∣∣ = 0

5. Show the equation of the plane going through 3 points (a1, a2, a3), (b1, b2, b3), (c1, c2, c3) is given

by ∣∣∣∣∣∣∣∣
x y z 1
a1 a2 a3 1
b1 b2 b3 1
c1 c2 c3 1

∣∣∣∣∣∣∣∣ = 0

．
6. Suppose that a system of linear equation Ax = 0 has a fundamental solution x ̸= 0. Then

show that |A| = 0．
7. Solve the following system of linear equations using Cramer’s rule．

(a)

{
x− 3y = 5

3x− 5y = 7

(b)


x+ y + z = 3

x+ 2y + 2z = 5

x+ 2y + 3z = 6
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Linear Mapping

3.1 Linear Mapping

♠Mapping♠
In chapter 1 and chapter 2, we have studied about vector space. In this chapter, we study the

relationship between two vector spaces. Befor going to detail, we review about the mapping.

Consider two vector spaces V and W . For any element v of V , ther is assigned a unique element

w of W ; the collection, T , of such assignments is called a mapping from V to W , and iw written

T : V −→ W

Using this idea, m × n matrix represents a mapping which maps a nth column vector to mth

column vector. In other words, it is a mapping from Rn to Rm.

♠Linear Mapping♠
In vector space, an addition and a scalar product are defined. So, a mapping between two vector

spaces had better to satisfy an addition and scalar product.

Definition 3.1

Let V,W be vector spaces. Then the mapping T : V −→ W is called a linear mapping if it

satisfies the following two conditions．
1. T (v +w) = T (v) + T (w) (v,w ∈ V )

2. T (αv) = αT (v) (v ∈ V, α ∈ R)

For V = W , We say the mapping T is a linear transformation of V .

A linear mapping from V to W is a mapping which preserves the properties of vector space. The

image of T , written ImT , is the set of image point in W :

Im(T ) = T (V ) = {w ∈ W : T (v) = wforsome v ∈ V }

The kernel of T , written kernelT , is the set of elements in V which map into 0 ∈ W :

ker(T ) = {v ∈ V : T (v) = 0}
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The following theorems is easily proven.

Theorem 3.1

Let T : V → W be a linear mapping. Then the image of T is a subspace of W and the kernel of

T is a subspace of V .

Example 3.1

Let A be the matrix with m× n．Let

T : Rn −→ Rm.

with T (x) = Ax. Then show that T is a linear mapping.

Answer For any vectors x1,x2 and any real number α, we have

T (x1 + x2) = A(x1 + x2) = A(x1) +A(x2) = T (x1) + T (x2),

T (αx1) = A(αx1) = αA(x1) = αT (x1)

Thus, T is a linear mapping. 終
Suppose that the linear mapping T : V −→ W satisfies the following condition:

v1 ̸= v2 implies T (v1) ̸= T (v2) (v1,v2 ∈ V )

Then T is called a one-to-one or injective．
If a linear mapping T : V −→ W satisfies Im(T ) = W , then T is called onto mapping from V

to W or surjective．

Example 3.2

Suppose that S : U −→ V, T : V −→ W are linear mappings. Then show that the compostion

mapping T ◦ S is a linear mapping.

Answer

(T ◦ S)(αu1 + βu2) = T (S(αu1 + βu2))

= T (αS(u1) + βS(u2))

= α(T ◦ S)(u1) + β(T ◦ S)(u2)

Thus the composition mapping T ◦ S : U −→ W is a linear mapping.．終
♠Isomorphic Mapping♠
One-to-one and onto mapping is called an isomorphism．If there is an isomorphism from vector

space V to W , Then we say V and W are isomorphic and denoted by V ∼ W . If T : V −→ W

is isomorphic and T (v) = w, then set S(w) = v. Then we can find a mapping from W to V . This

mapping is called an inverse mapping and denoted by S = T−1.
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Theorem 3.2

Let T : V −→ Rn be a linear mapping. Then the following conditions are equivalent.

(1) dimV = n

(2) T is isomorphic．In other wordsm V ∼ Rn

(3) ker(T ) = {0}, Im(T ) = Rn

(4) T−1 : Rn −→ V is isomorphic．
(5) If {w1,w2, . . . ,wn} is the basis of Rn then the set of images of T−1:

{T−1(w1), T
−1(w2), . . . , T

−1(wn)} は V is the basis of V .

Proof (1) ⇒ (2)

Let the basis of V be {v1,v2 . . . ,vn} and {w1,w2, . . . ,wn} be the basis of Rn．Now define T :

V −→ Rn as T (α1v1 + α2v2 + · · · + αnvn) = α1w1 + α2w2 + · · · + αnwn. Then T is a linear

mapping (Excercise3.1)．Also let a,b ∈ V . Then for some c1, c2, . . . , cn, d1, d2, . . . , dn ∈ R, we

have
a = c1v1 + · · ·+ cnvn,

b = d1v1 + · · ·+ dnvn．

Thus

T (a) = T (b) =⇒ T (c1v1 + · · ·+ cnvn) = T (d1v1 + · · ·+ dnvn)

=⇒ c1T (v1) + · · ·+ cnT (vn) = d1T (v1) + · · ·+ dnT (vn)

=⇒ c1w1 + · · ·+ cnwn = d1w1 + · · ·+ dnwn

=⇒ c1 = d1, . . . , cn = dn

=⇒ a = b

and T is injective．Next suppose that y ∈ Rn. Then y = c1w1 + · · · + cnwn. This shows that

c1v1+ . . .+cnvn is the image of T . Thus, T is injective．Therefore a linear mapping T is bijective.

This shows tha t T is isomorphism．
(2) ⇒ (3)

Suppose that T (a) = 0. Then T (0) = 0 = T (a). By the assumption. a = 0．Thus, ker(T ) = {0}.
Since T is bijection, we have Im(T ) = Rn．
(3) ⇒ (4)

Since T is isomorphi, for any wi,wj ∈ Rn, we have T (vi) = wi, T (vj) = wj . and vi,vj ∈ V exist．
By the linearlity of T , we have

T (αvi + βvj) = αT (vi) + βT (vj) = αwi + βwj .

Thus,
T−1(αwi + βwj) = αvi + βvj .

Next we show T−1 is bijection. First of all, we show T−1(wi) = T−1(wj) implies that wi = wj .

wi −wj = T (vi)− T (vj) = T (vi − vj) = T (0) = 0.
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Finally, Im(T ) = Rn implies that
vi = T−1(wi).

Thus, T−1 is isomorphic．
(4) ⇒ (5)

To show {T−1(w1), T
−1(w2), . . . , T

−1(wn)} is the basis of V , it is enough to show this set is

linearly indepenent and the vector space spanned by this set is V．

c1T
−1(w1) + c2T

−1(w2) + · · ·+ cnT
−1(wn) = 0

implies that
T−1(c1w1 + c2w2 + · · ·+ cnwn) = 0.

Note that T−1 is isomorphic. Then

c1v1 + c2v2 + · · ·+ cnvn = 0.

Here, {v1, . . . ,vn} is linearly independent. Thus, we have c1 = c2 = · · · = cn = 0．Hence,

{T−1(w1), T
−1(w2), . . . , T

−1(wn)}

is linearly independent．Next let v ∈ V . Then

v = c1v1 + · · ·+ cnvn = c1T
−1(w1) + · · ·+ cnT

−1(wn).

Thus, ⟨w1,w2, . . . ,wn⟩ = V .

(5) ⇒ (1)

Since {T−1(w1), T
−1(w2), . . . , T

−1(wn)} is basis of V . Thus, dimV = n. 終
♠Matrix Representation♠
To check a linear mapping of the finite dimensional vector space, we apply a matrix for the

linear mapping. Then the properties of the linear mapping can be seen directly as the properties

of matrices. For example, consider the linear mapping T which describes the rotation of the point

on xy plane with θ rotation to a point (X,Y ). Consider the basis of R2, {

(
1

0

)
,

(
0

1

)
}．Then

x =

(
x
y

)
= x

(
1
0

)
+ y

(
0
1

)
,

y =

(
X
Y

)
= T (x) = T (x

(
1
0

)
+ y

(
0
1

)
)

= xT (

(
1
0

)
) + yT (

(
0
1

)
) = x

(
cos θ
sin θ

)
+ y

(
− sin θ
cos θ

)
.

Thus, we can show the linear mapping by using matrix(
X
Y

)
=

(
cos θ − sin θ
sin θ cos θ

)(
x
y

)
.
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In general, consider T : Rn −→ Rm. Let

{v1, . . . ,vn}, {w1, . . . ,wm}

be the basis of Rn,Rm. Let x ∈ Rn and the image of T be y = T (x) ∈ Rm

x = v1x1 + v2x2 + · · ·+ vnxn,

y = w1y1 +w2y2 + · · ·+wmym

Then by the linearlity of T , we have

y = T (x) = T (v1x1 + v2x2 + · · ·+ vnxn)

= T (v1)x1 + T (v2)x2 + · · ·+ T (vn)xn

Here, {T (v1), . . . , T (vn)} is in Rm, we can express as

T (vi) = a1iw1 + a2iw2 + · · ·+ amiwm (i = 1, 2, . . . , n)

Thus,

y = (a11w1 + a21w2 + · · ·+ am1wm)x1

= (a12w1 + a22w2 + · · ·+ am2wm)x2

=
...

= (a1nw1 + a2nw2 + · · ·+ amnwm)xn

Here, {w1,w2, . . . ,wm} is the basis of Rm. Then the corresponding coefficients must be equal.

So, we have the following relations:
y1 = a11x1 + a12x2 + · · ·+ a1nxn

y2 = a21x1 + a22x2 + · · ·+ a2nxn

...
...

ym = am1x1 + am2x2 + · · ·+ amnxn.

Then the coefficient matrix A = (aij)．This matrix A is called a matrix representation of T on

the basis
{v1, . . . ,vn}, {w1, . . . ,wm}

and denoted by [T ]wv．FOr V = W , we take the basis of {v1, . . . ,vn} of V and the basis

{w1, . . . ,wn} of W to be the same and write [T ]v．Also for T : Rn −→ Rn, the following usual

basis

{e1 =


1
0
...
0

 , e2 =


0
1
...
0

 , . . . , en =


0
0
...
1

}
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is used and the matrix representation of T is given by [T ]e or [T ] To summarize, A linear mapping

T from Rn to Rm is represented by the m × n matrix which shows the image of the basis of Rn

by the basis of Rm. Then it satisfies

[T (x)]w = [T ]wv [x]v

Example 3.3

Let T : R2 −→ R2 be given by T

(
x

y

)
=

(
3x− 4y

x+ 5y

)
. Find the matrix representation [T ]

of T relative to the basis {e1, e2} and the matrix representation of [T ]w relative to the basis

{w1 =

(
1

3

)
,w2 =

(
2

5

)
}. Furthermore, find the matrix representation [T ]we of T relative to

{e1, e2}, {w1,w2}.
Answer

T (e1) = T (

(
1
0

)
) =

(
3
1

)
= 3e1 + e2,

T (e2) = T (

(
0
1

)
) =

(
−4
5

)
= −4e1 + 5e2

implies that [T ] =

(
3 −4

1 5

)
.

T (w1) = T (

(
1
3

)
) =

(
−9
16

)
= aw1 + bw2,

T (w2) = T (

(
2
5

)
) =

(
−14
27

)
= cw1 + dw2

Then aw1 + bw2 =

(
−9

16

)
, cw1 + dw2 =

(
−14

27

)
implies that a = 77, b = −43, c = 124, d =

−69．Thus, [T ]w =

(
77 124

−43 −69

)
.

Also,

T (e1) = T (

(
1
0

)
) =

(
3
1

)
= −13w1 + 8w2,

T (e2) = T (

(
0
1

)
) =

(
−4
5

)
= 30w1 − 17w2

implies that [T ]we =

(
−13 30

8 −17

)
. 終

Let T be a linear mapping T : Rn −→ Rm．Then ker(T ) is a set of all elements of Rn so that

the image of T is 0．In other words, it is the same as the solution space of the system of linear
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equations. 
a11x1 + a12x2 + · · ·+ a1nxn = 0
a21x1 + a22x2 + · · ·+ a2nxn = 0

...
...

am1x1 + am2x2 + · · ·+ amnxn = 0

Also by the theorem 2.3, the dimension of the solution space is

dimker(T ) = n− rank(A)

How about the Im(T ). Im(T ) is the set all images of elements in Rn. Then dim Im(T ) = rank(A)．
From this, we have the following theorem．

Theorem 3.3

Let T : Rn −→ Rm be a linear mapping. Then the following is true.

dimRn = dimker(T ) + dim Im(T )

Example 3.4

Let the matrix representation of T : R3 −→ R3 by A =


1 1 1

2 2 2

3 3 3

. Find the dimker(T )．

Answer Since dimker(T ) is the same as dimR3−dim Im(T ). Also, dim Im(T ) = rank(A). Thus

if we find the rank(A), then we can find dimker(T )．

A =

 1 1 1
2 2 2
3 3 3

→

 1 1 1
0 0 0
0 0 0


implies that rank(A) = 1. Thus dimker(T ) = 3− 1 = 2. 終
Given vector spaces ,Rl,Rn,Rm, there is a linear mapping S such that

S : Rl −→ Rn, T : Rn −→ Rm

Then the composition mapping T ◦S : Rl −→ Rm is also linear mapping. (see Example3.1)．Then

take basis for each vector space and let the matrix representation for linear mappings S, T be A,B.

Then for x = (xi),y = (yj), z = (zk), we have

(yi) = A(xj), (zk) = B(yi) = BA(xj)

Thus the matrix representation for T ◦ S is BA．

Theorem 3.4
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Let the matrix representation of T : Rn −→ Rn relative to the basis {vi} be A. Then the followings

areequivalent.

(1) T is isomorphic．
(2) The matrix A is regular．
Proof (1) ⇒ (2)

Let the matrix representation of T : Rn −→ Rn be A．Since T is isomorphic, T−1 exists．Now

let the matrix representation of T−1 be B. Then BA = I and A is regular．
(2) ⇒ (1)

Suppose that A is regular. Then there is a matrix B such that BA = I. Now let S be the linear

mapping on B. Then T ◦ S = 1．Thus, by Exercise 3.1, T is isomorphic．終

Exercise3-2

1. Determine whether the following mapping is linear mapping.

T1 : R3 −→ R2, T1

 x1

x2

x3

 =

(
x3

x1 + x2

)
.

T2 : R3 −→ R2, T2

 x1

x2

x3

 =

(
x1 + 1
x2 + x3

)
.

2. Let V be the n dimensional vector space. Let {v1, . . . ,vn} be the basis of V．Define T : V −→
Rn by T (α1v1 + α2v2 + · · · + αnvn) = α1e1 + α2e2 + · · · + αnen. Then show that T is a linear

mapping.

3. Let T : Rn −→ Rn be a linear mapping. Then the followings are equivalent.

(a) T is isomorphic．
(b) There exists S such that T ◦ S = 1 and S : Rn −→ Rn．

4. Suppose that T : V −→ W is a linear mapping. Show that ker(T ), Im(T ) are the subspace of

V,W．

5. Let T : R3 −→ R3 be a linear transformation such that T


x1

x2

x3

 =


x1 + 2x2 + 2x3

2x1 + x2 + 3x3

2x1 + 2x2 + x3

.

Find the matrix representation [T ] of T relative to the usual basis {e1, e2, e3}. Find also [T ]w

relative to the basis {w1 =


1

2

1

 ,w2 =


−1

0

1

 ,w3 =


0

−1

1

}．

また dimker(T ) を求めよ．
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3.2 Matrix Transformation and Eigen value

♠Transition Matrxi♠
Given a linear mappling T , then how to choose the basis ofRn andRm, the matrix representation

of T changes. In this section, we study the relationship between the matrix called a transition

matrix which maps from the basis of Rn to the basis of Rm and the matrix representation.

Example 3.5

Let T : R2 −→ R2 be given by T

(
x

y

)
=

(
3x− 4y

x+ 5y

)
. Find the transition matrix P which

maps from the usual basis of {e1, e2} of R2 to the basis {w1 =

(
1

3

)
,w2 =

(
2

5

)
}．For

A = [T ]e, find P−1AP．
Answer First of all, we find the matrix so that Pe1 = w1, Pe2 = w2．

w1 =

(
1
3

)
= e1 + 3e2,

w2 =

(
2
5

)
= 2e1 + 5e2

Thus the transition matrix P is given by

P =

(
1 2
3 5

)
.

Next we find P−1AP．By Example 3.1, A = [T ]e =

(
3 −4

1 5

)
．Thus,

P−1AP =

(
−5 2
3 −1

)(
3 −4
1 5

)(
1 2
3 5

)
=

(
77 124

−43 −69

)
.終

Look this example carefully. Then P−1[T ]eP = [T ]w. Is this always true?

Theorem 3.5

Let A be a matrix representation of the linear transformation T : Rn −→ Rn relative to the basis

{vi} and B be a matrix representation relative to the basis {wi}. Then the transition matrix P

from the basis {vi} to the basis {wi} satisfies B = P−1AP．
Proof By Exercise3.2, the transposition matrix P from the basis {vi}ni=1 to the basis {wi}ni=1 is

regular matrix of the order n and P = (pij) is given by the following:

wj = p1jv1 + · · ·+ pnjvn, (j = 1, 2, . . . , n)
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．Suppose that A = (aij), B = (bij). Then

T (vi) = a1iv1 + · · ·+ amivm, (i = 1, 2, . . . , n),

T (wj) = b1jw1 + · · ·+ bmjwm, (j = 1, 2, . . . , n)

implies that
(T (v1), . . . , T (vn)) = (v1, . . . ,vn)A,

(T (w1), . . . , T (wn)) = (w1, . . . ,wn)B

Then

(T (w1), . . . , T (wn)) = (T (v1), . . . , T (vn))P

= ((v1, . . . ,vn)A)P

= (v1, . . . ,vn)AP

= ((w1, . . . ,wn)P
−1)(AP )

= (w1, . . . ,wn)(P
−1AP )

Thus we have
P−1AP = B

．終
Suppose that A and B are square matrices for which there exists an invertible matrix P such

that P−1AP = B. Then B is said to be similar and denoted by A ∼ B．
In the rest of the chapter, we study how to find a manageable form of matrix by choosing the

regular matrix P so that P−1AP is canonical form．
♠Eigenvalues and Eigenvectors♠
In this chapter we investigate the theory of a single linear operator T on a vector space V of

finite dimension. In particular, we find conditions under which T is diagonalizable.

A set complex numbers is denoted by C and the set of n complex numbers is denoted by

Cn = {(c1, c2, . . . , cn), ci ∈ C}.
Let A be a square matrix of the order n. Then for λ ∈ C,

Ax = λx (x ∈ Cn,x ̸= 0).

Then we say λ is a eigenvalue of A and x is a eigenvector of A corresponds to λ.

For example, consider the linear transformation T which maps the line y = x + 2to the line

Y = X. This is a translation in the y direction. Thus the vector

(
0

y

)
is translated to λ

(
0

y

)
．

The scalar λ is the eigenvalue．Now we study how to obtain an eigenvalue and eigenvector.

Rewrite the equation Ax = λx. Then we have

(A− λI)x = 0
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This is homogeneous system．The necessary and sufficient conditions for which the eigen vector x

exists is the system of linear equation has nonzero solution. By the theorem 2.4,

|A− λI| = 0

Thus, the eigenvalue λ can be found by the solution of the following equation with t unknown:

|A− tI| = 0

Conversely, The solution λ is the eigenvalue of A. Now the polynomial in t

ΦA(t) = det(A− tI) = tn + c1t
n−1 + · · ·+ cn

is called an characteristic polynomial of A and the equation in t

ΦA(t) = det(A− tI) = 0

is called an characteristic equation of A. From this, to find an eigenvalue, it is enough to solve

the characteristic equation.

Example 3.6

Find all eigenvalues of A =


3 0 0

0 2 −5

0 1 −2

．

Answer ΦA(t) =

∣∣∣∣∣∣∣∣
3− t 0 0

0 2− t −5

0 1 −2− t

∣∣∣∣∣∣∣∣ = (3 − t)(t2 + 1) = 0．Thus the eigen values of A are

λ = 3,±i. 終
As you can see even though the entries of the matrix are all real number, the eigenvalues might

be complex numbers.

Example 3.7

Find all eigenvalues and corresponding eigenvectors of A =


0 1 1

1 0 1

1 1 0

.

Answer ΦA(t) =

∣∣∣∣∣∣∣∣
−t 1 1

1 −t 1

1 1 −t

∣∣∣∣∣∣∣∣ = −(t + 1)2(t − 2). Thus, the eigenvalues of A are λ = 2,−1．

Now we find the eigenvector corresponding λ of A.
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For λ = 2, the eigenvector satisfies (A− 2I)x = 0 and nonzero. Solve this equation. We have

A− 2I =

 −2 1 1
1 −2 1
1 1 −2

 R1↔R3−→

 1 1 −2
1 −2 1

−2 1 1


−R1+R2

2R1+R3

−→

 1 1 −2
0 −3 3
0 3 −3


−R2

3

R2+R3

−→

 1 1 −2
0 1 −1
0 0 0

 .

Then the degree of freedom is 1. So let x3 = α. Then

x =

 x1

x2

x3

 =

 −x2 + 2x3

x3

x3

 =

 α
α
α

 = α

 1
1
1

 (α ̸= 0).

now for λ = −1, the eigenvector satisfies (A−3I)x = 0 and nonzero. Solve this equation. We have

A+ I =

 1 1 1
1 1 1
1 1 1


−R1+R2

−R1+R3

−→

 1 1 1
0 0 0
0 0 0


Thus the degree of freedom is 2. So we let x2 = β ̸= 0, x3 = γ ̸= 0. Then

x =

 −x2 − x3

x2

x3

 =

 −β − γ
β
γ

 = β

 −1
1
0

+ γ

 −1
0
1

 .終

♠Cayley-Hamilton Theorem♠
For ΦA(t) = tn + c1t

n−1 + · · ·+ cn, define

ΦA(A) = An + c1A
n−1 + · · ·+ cnI

Then we have the following theorem. This theorem is called (Cayley-Hamilton theorem).

Theorem 3.6

[Cayley-Hamilton Theorem] Every matrix is a zero its characteristic polynomial. In other words,

ΦA(A) = 0．
Proof Let A be an arbitrary n-square matrix and let ΦA(t) be its characteristic polynonmial; say,

ΦA(t) = det(A− tI) = tn + c1t
n−1 + · · ·+ cn

Now let B(t) denote the ajoint of the matrix A − tI. The elements of B(t) are cofactors of the

matrix A− tI and hence are polynomials in t of degree not exceeding n− 1. Thus,

B(t) = B1t
n−1 +B2t

n−2 + · · ·+Bn

Here Bi (i = 1, 2, . . . , n) is n-square matrix. By the fundamental property of the classical ajoint

(A− tI)B(t) = ΦA(t)I
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or
(A− tI)(B1t

n−1 +B2t
n−2 + · · ·+Bn) = (tn + c1t

n−1 + · · ·+ cn)I.

Removing parentheses and equating the coefficients of corresponding powers ot t,

−B1 = I,
−B2 +AB1 = c1I,

...
...

ABn = cnI

Multiplying the above matrix equations by An, An−1, . . . , I respectively,

0 = An + c1A
n−1 + · · ·+ cnI = ΦA(A).終

♠Eigenspace♠
Our purpose here is to find the regular matrix P so that the matrix A can be tranposed to a

simpler matrix. In other words, to find the regular matrix P such that B = P−1AP .

The set of vectors such that
V (λ) = {x : (A− λI)x = 0}

is called an eigenspace corresponds to λ. This vector space is the same as the solution space

formed by solution vectors x so that
(A− λI)x = 0

Thus by the theorem 2.3, we have

dimV (λ) = n− rank(A− λI)

Exercise3-4

1. Find the transposed matrix P which maps the basis {v1 =

(
1

−1

)
,v2 =

(
1

1

)
} of R2 to

the basis {w1 =

(
3

1

)
,w2 =

(
−1

2

)
}.

2. Show that the transposed matrix P which maps the basis {vi} to the basis {wi} of Rn is

regular.

3. Find all eigenvalues and all eigenvetors of the following matrices．

(a)

(
3 −1

1 1

)
(b)


2 1 0

0 1 −1

0 2 4

 (c)


1 4 −4

−1 −3 2

0 2 −1


4. Find the eigenvalue of the square matrix A which satisfies A2 = A

5. Let the eigenvalues of A be λ1, λ2, . . . , λn. Then show that the eigenvalues of Am are

λm
1 , λm

2 , .., λm
n .

6. Given A =

(
3 1

−1 1

)
. Find A4, A−1 using Cayley-Hamilton theorem.

7. Suppose X is the matrix of order 2. Find all X satisfying X2 − 3X + 2I = 0．
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Diagonalization of Matrix

4.1 Diagonalization of Matrxi

Theorem 4.1

Suppose that the matrices A and B are similar. Then their characteristic polynomials are the same

and so are the eigenvalues.

Proof

ΦP−1AP (t) = |P−1AP − tI| = |P−1(A− tI)P |
= |P−1| · |A− tI| · |P | = |A− tI| = ΦA(t).終

A matrix A is called diagonalizable if there exists P so that P−1AP is diagnal matrix.

Theorem 4.2

For n-square matrix A, the following conditions are equivalent.

(1) A is diagonalizable．
(2) A has n independent eigenvalues．
(3) Let the eigenvalues of A be λ1, λ2, . . . , λp and corresponding eigenspaces be V (λ1),

V (λ2), . . . , V (λp). Then,

n = dimV (λ1) + dimV (λ1) + · · ·+ dimV (λp)

Proof (1) ⇒ (2)

Let P be a regular matrix so that P−1AP is diagonal. Then

P−1AP =


λ1 0 0 0
0 λ2 0 0
...

...
. . .

...
0 0 0 λn


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Now multiply P = (p1,p2, . . . ,pn) from the left. Then

P (P−1AP ) = A(p1,p2, . . . ,pn) = (p1,p2, . . . ,pn)


λ1 0 0 0
0 λ2 0 0
...

...
. . .

...
0 0 0 λn


and

(Ap1, Ap2, . . . , Apn) = (λ1p1, λ2p2, . . . , λnpn)

Compare the column vectors on both sides, we see λ1, λ2, . . . , λn are eigenvalues of A

and p1,p2, . . . ,pn are corresponding eigenvectors．Also, P is regular. By the theorem2.4,

p1,p2, . . . ,pn are linearly independent．
(2) ⇒ (3)

First we show V (λ1) + V (λ2) + · · · + V (λp) is direct sum. To do so, we need to show by

(Exercise4.1)

V (λi) ∩ {V (λ1) + V (λ2) + · · ·+ V (λi−1)} = {0} (i = 2, 3, . . . , p)

Let the eigenvector corresponds to λj be

xj (j = 1, 2, . . . , i)

Then
xi ∈ V (λi) ∩ {V (λ1) + V (λ2) + · · ·+ V (λi−1)}

implies that
xi = x1 + x2 + · · ·+ xi−1, xj ∈ V (λj) (j = 1, 2, . . . , i)

For any scalar λ, µ, (A−λI)·(A−µI) = (A−µI)·(A−λI) and (A−λI)xj = Axj−λxj = (λj−λ)xj ,

Thus,

(A− λ1I)(A− λ2I) · · · (A− λi−1I)xi

= (λi − λ1)(λi − λ2) · · · (λi − λi−1)xi = 0+ 0+ · · ·+ 0 = 0

となり, xi = 0. Hence,
V (λi) ∩ {V (λ1) + · · ·+ V (λi−1)} = {0}

(3) ⇒ (1)

let {p1,p2, . . . ,pq}, {pq+1,pq+2, . . . ,pr}, . . . , {ps+1,ps+2, . . . ,pn} be a linearly independent vec-

tors in
V (λ1), V (λ2), . . . , V (λp)

Then since
n = dimV (λ1) + dimV (λ2) + · · ·+ dimV (λp),
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V (λi) ∩ V (λj) = {0} (i ̸= j).

Since,
{p1,p2, . . . ,pq,pq+1,pq+2, . . . ,pr, . . . ,ps+1,ps+2, . . . ,pn}

are linearly independent, let P = (p1,p2, . . . ,pn). Then

AP = (Ap1, Ap2, . . . , Apn) = (λp1, λp2, . . . , λpn)

= (p1,p2, . . . ,pn)



λ1

...

λ2

... 0
. . .

...
. . . . . . . .

0
... λn


= P

 λ1 0
. . .

0 λn

 .

Thus, P−1AP is diagonal. 終
From this theoerm, if A is diagonalizable, then the diagonal elements of A are eigenvalues and

the number is the same as the dimension of the eigenspace.,

Example 4.1

Diagonalize the folowing matrix.

A =

 0 1 1
1 0 1
1 1 0


Answer By the example3.2, the eigenvalue of A are λ = 2,−1 and the eigenspace is

V (2) = {α

 1
1
1

}, V (−1) = {β

 −1
1
0

+ γ

 −1
0
1

}.

Then with the matrix P with its columns are eigenvectors,

P =

 1 −1 −1
1 1 0
1 0 1

 , P−1AP =

 2 0 0
0 −1 0
0 0 −1


終
A necessary and sufficient condition for which the square matrix is diagonalizable is the dimension

of eigenapsce and the multiplicity of eigenvalues are the same.

♠Triangular Matrix♠
Given a square matrix A, if we can find a regular matrix P so that P−1AP is an upper triangular

matrix, then A is called a triangular by P . For n-square matrix A = (aij), A
∗ = (āij)

t = (āji)

is called a conjugate transpose of A. Also, the matrix satisfies A = A∗ is caleed a Hermitian

matrix. For A is real matrix, A∗ is the same as At and Hermitian matrix is the same as the

symmetric matrix.
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Example 4.2

For A =

(
2 1 + 2i

1− 2i 1

)
, find A∗．

Answer A∗ =

(
2 1 + 2i

1− 2i 1

)
. Then A is a Hermitian matrix．終

If U∗U = UU∗ = I for some n-square complex matrix U , then U is calle a unitary matrix. If

AtA = AAt = I for some n-square real matrix A, then A is called a orthogonal matrix．From

this for if U is a unitary matrix, then U∗ = U−1 and if A is a orthogonal matrix, then At = A−1．

Theorem 4.3

Let the eigenvalues of n-square matrix A be λ1, λ2, . . . , λn. Then A can be transformed to the

upper traiangular matrix by siutable unitary matrix U .

U−1AU = U∗AU =


λ1

λ2 ∗
. . .

0
λn


Proof We use mathematical induction on the degree n of A. For n = 1, A = (a11) it self is an

upper triangular．Assume that true for n − 1-square matrix. Then show the theorem is true for

n-square matrix.

Let λ1 be an eigenvalue of A and u1 be th corresponding eigenvector. Now choose unit vectors

u1, u2, . . ., un を Cn to be the basis of the orthonormal system．Then by Exercise4.1,

U1 = (u1,u2, . . . ,un)

is a unitary matrix,

U−1
1 AU1 = U−1

1 (λ1u1, Au2, . . . , Aun)

= (λ1e1, U
−1Au2, . . . , U

−1Aun)

=

 λ1

... ∗
· · · · · · · · ·

0
... B


Here B is n − 1-square matrix．By the theorem 4.1, A and U−1AU have the same eigenvalues,

Eigenvalues of B are eigenvalues λ2, λ3, . . . , λn of A except λ1. By assumption, for n − 1-square

matrix B, there exists n − 1-square unitary matrix U2such that U−1
2 BU2 is upper traiangluar

matrix.

U−1
2 BU2 =


λ2

λ3 ∗
. . .

0
λn


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Now let U = U1

(
1 0

0 U2

)
. Then U is unitary and

U−1AU =

(
1 0
0 U2

)−1

U−1
1 AU1

(
1 0
0 U2

)
=

(
1 0
0 U−1

2

)(
λ1 ∗
0 B

)(
1 0
0 U2

)
=

(
λ1 ∗
0 U−1

2 BU2

)

=


λ1

λ2 ∗
. . .

0
λn

 .

Thus U−1AU is an upper traiangular matrix．終

Example 4.3

Determine whether A =

(
3 1

−1 1

)
is diagonalizable．If not, traiangulate.

Answer ΦA(t) =

∣∣∣∣∣ 3− λ 1

−1 1− λ

∣∣∣∣∣ = (λ− 2)2 implies that the eigenvalue is 2. Also,

A− 2I =

(
1 1

−1 −1

)
−→

(
1 1
0 0

)
implies that the corresponding eigenvector is

x = α

(
1

−1

)
.

Thus, the eigenspace is {α

(
1

−1

)
} and dimV (2) = 1 < 2．Thus,by the theorem4.1, it is impos-

sible to diagonalize. So, we will try to get an upper traiangular matrix.

From the eigenvector

(
1

−1

)
, we obtain the unit eigenvector 1√

2

(
1

−1

)
. Now using the

Gram-Schmidt orthonormalization, we create the orthonormal basis { 1√
2

(
1

−1

)
, 1√

2

(
1

1

)
}.

Let U = 1√
2

(
1 1

−1 1

)
. Then U is orthogonal matrix and

U−1AU = U tAU =

(
2 2
0 2

)
終
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Theorem 4.4

Suppose that n-square matrix A has n distince real eigenvalues. Then there exists an orthogonal

matrix P so that P−1AP is an upper triangular matrix.

Exercise4-2

1. Determine whether the following matices are diagonalizable. If so find a regular matrix P and

diagonalize．If not, find an upper triangluar matrix.

(a)

(
1 2

0 −1

)
(b)


2 1 1

1 2 1

0 0 1

 (c)


1 1 6

−1 3 6

1 −1 −1


2. Suppose U,W are subspaces of the vector space V . Show that U +W is a direct sum if and

only if U ∩W = {0}．

3. Let U,W be finite dimensional. Then show the following is true.

dim(U ⊕W ) = dimU + dimW

4. For 3 dimensional vector space R3, let

U = {(x1, x2, x3) : x1 + x2 + x3 = 0},W = {(x1, x2, x3) : x1 = x2 = x3}.

Then show that R3 = U ⊕W．
5. Show the absolute value of the eigenvalue λ of an orthogonal matrix is 1．
6. Suppose that the column vectors of U is orthonormal basis. Then show that U is unitary

matrix.

4.2 Normal Matrix

In this section, we study the square matrix which is diagonalizable.

Suppose that n-square matrix A is transposed to a diagonal matrix U∗AU = D by an unitary

matrix U．Here D is a diagonal matrix so that D∗D = DD∗．Also since A = UDU∗, we have

A∗A = (UD∗U∗)(UDU∗) = UDD∗U∗,

AA∗ = (UDU∗)(UD∗U∗) = UDD∗U∗.

Thus, A∗A = AA∗．In other words, The square matrix A which is tranposed to diagonal matrix

by an unitary matrix satisfies AA∗ = A∗A．Then we call this matrix normal matrix

Conversely, suppose that A is a normal matrix. Then by the theorem 4.1, using the unitary

matrix U , we have

U−1AU = U∗AU =


λ1 b12 · · · b1n
0 λ2 · · · b2n
...

...
. . .

...
0 0 · · · λn


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Let this upper triangular matrix be S. Then

S∗ = U∗A∗U =


λ̄1 0 · · · 0
¯b12 λ̄2 · · · 0
...

...
. . .

...
¯b1n ¯b2n · · · λ̄n


Since AA∗ = A∗A, we have

S∗S = (U∗A∗U)(U∗AU) = U∗A∗AU = U∗AA∗U = (U∗AU)(U∗A∗U) = SS∗.

Rewrite this by using matrices, we have

S∗S =


λ̄1 0 · · · 0
¯b12 λ̄2 · · · 0
...

...
. . .

...
¯b1n ¯b2n · · · λ̄n




λ1 b12 · · · b1n
0 λ2 · · · b2n
...

...
. . .

...
0 0 · · · λn



=


λ1 b12 · · · b1n
0 λ2 · · · b2n
...

...
. . .

...
0 0 · · · λn




λ̄1 0 · · · 0
¯b12 λ̄2 · · · 0
...

...
. . .

...
¯b1n ¯b2n · · · λ̄n

 = SS∗

Now we check to see the diagonal ecomponents．Compare the (1, 1) component.

λ1λ̄1 + b12 ¯b12 + · · ·+ b1n ¯b1n = λ̄1λ1

Then,
b12 = b13 = · · · = b1n = 0

Compare (2, 2) component. Using b12 = 0, we have

λ2λ̄2 + b23 ¯b23 + · · ·+ b2n ¯b2n = λ̄2λ2

Thus,
b23 = b24 = · · · = b2n = 0

Similarly for the rest, we can show bij = 0 (i < j). Thus, U−1AU is a diagonal matrix．Putting

together, we have the following theorem．

Theorem 4.5

For n-square matrix A, the following conditions are equivalent．
(1) A is diagonalizable by some unitary matrix U．
(2) A is normal．
Now we know that the normal matrix is diagonalizable by an unitary matrix. The normal matrix

is a matrix which is commutative of the product of the matrix itself and the conjugate transpose

of the matrix. Thus, Hermite matrix, unitary matrix are normal matrix.
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Definition 4.1

For any basis v1,v2 of the complex vector space V , if real numbers (v1,v2) are defined and it has

the following properties, then we say (v1,v2) is an inner product of v1 and v2．
For any vectors v,v1,v2,v3 in a complex vector space and any complex numbers α, β, the

followings are satisfied.

1. (αv1 + βv2,v3) = α(v1,v3) + β(v2,v3)

2. (v1,v2) = (v2,v1)

3. (v,v) ≥ 0, (v,v) = 0 and v = 0 are equivalent．

Example 4.4

Show that a Hermitian matrix is a normal matrix. Find all eigenvalues.

Answer Let A be the Hermitian matrix. Then since A = A∗, we have AA∗ = A∗A．Thus, A is

a normal matrix．Next let λ be the eigenvalue of A and a be the eigenvector of A corresponding

to λ. Then by the definition4.2,

λ(a,a) = (λa,a) = (Aa,a) = (a,A∗a)

= (a, Aa) = (a, λa) = λ̄(a,a)

Thus, λ = λ̄．hence, λ is real number．終
From this example, you can see that if A is a Hermitial matrix, the diagonanl components of

the transposed matrix U−1AU are real numbers. Furthermore, if A is a real square matrix, the

following theorem holds.

Theorem 4.6

For real n-square matrix A, the following conditions are equivalent.

(1) A is an orthogonal matrix and diagonalizable．
(2) A is a real symmetric matrix．
♠Quadratic Form♠
For any n-squar real matrix A and vectors x,y ∈ Rn, the expression

A(x,y) = xtAy = (x1, x2, . . . , xn)

 a11 · · · a1n
...

...
an1 · · · ann




y1
y2
...

yn


=

n∑
i,j=1

aijxiyj = a11x1y1 + a12x1y2 + · · ·+ annxnyn

is called a bilinear form of A



4.2 Normal Matrix 77

Also, for any n-square real symmetric matrix A and x = y, the expression

A(x,x) = xtAx = (x1, x2, . . . , xn)

 a11 · · · a1n
...

...
an1 · · · ann




x1

x2

...
xn


= a11x

2
1 + a22x

2
2 + · · ·+ annx

2
n + 2

∑
i<j

aijxixj

is called a quadratic form of A

Example 4.5

Show x2
1 + x2

2 − 2x1x2 + 4x1x3 − 4x2x3 using a matrix. a

Answer Since a11 = a22 = a12 = a21 = 1, a13 = a31 = 2, a23 = a32 = −2, a33 = 0,

(x1, x2, x3)

 1 1 2
1 1 −2
2 −2 0

 x1

x2

x3


終
Suppose that a matrix A is real symmetric. Then by the theorem4.2, A is diagonalizable by the

orthogonal matrix．So, let P be the orthogonal matrix so that P−1AP is diagonalizable. Now set

x = Py. Then

xtAx = yt(P tAP )y = (y1, . . . , yn)

 λ1 · · · 0
. . .

0 · · · λn


 y1

...
yn


= λ1y

2
1 + λ2y

2
2 + · · ·+ λny

2
n

This shows the following theorem.

Theorem 4.7

A real bilinear matrix xtAx can be tranposed to standard form

xtAx = yt(P tAP )y = λ1y
2
1 + λ2y

2
2 + · · ·+ λny

2
n

by x = Py. Here, λi (i = 1, 2, . . . , n) are eigenvalues of A．
From this, we see the followings:

(1) A real symmetric bilinear form f is said to be positive definite if eigenvalues of A are all

positive and for any x ̸= 0, xtAx > 0．
(2) A real symmetric bilinear form f is said to be negative definite if eigenvalues of A are all

netative and for any x ̸= 0, xtAx < 0.

Example 4.6
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Express a real bilinear form A(x,x) = x2
1 + x2

2 + x2
3 + 4x1x2 + 4x2x3 + 4x3x1 using a matrix.

Determine whether the matrix A is positive definite. Find the standard bilinear form.

Answer The matrix for the bilinear form is

A =

 1 2 2
2 1 2
2 2 1


Then since ΦA(t) = det(A− tI) = −(t+ 1)2(t− 5), the eigenvector of A are −1(multiplicity 2),5.

Thus, the bilinear form is not positive definite. Since A is a real symmetric matrix, we can find

the orthogonal matrix P sothat P−1AP is a diagonal matrix. Thus by putting x = Py. then we

have the standard bilinear form.
xtAx = −y21 − y22 + 5y23

終

Example 4.7

Express A(x,x) = x2
1 + 5x2

2 + 8x2
3 + 4x1x2 − 8x2x3 − 6x3x1 using a matrix. Find the standard

bilinear form.

Answer The matrix for this bilinear form is

A =

 1 2 −3
2 5 −4

−3 −4 8


Note that ΦA(t) = det(A− tI) = −t3 + 14t2 − 24t− 5. Then we can not find the eigenvalues of A

easily. So, we need a way to find the standard bilinear form without knowing eigenvalues.

Remember the regular matrix is a product of elementary matrices. So, to diagonalize, we can

use the elementary operations.

A =

 1 2 −3
2 5 −4

−3 −4 8


implies that A is a symmetric matrix．Then we apply −2R1 +R2 to the R2 and 3R1 +R3 to the

R3. Next we apply −2R2 +R3 to the R3. Then we have

[A : I] =

 1 2 −3 1 0 0
2 5 −4 0 1 0

−3 −4 8 0 0 1

 −→

 1 2 −3 1 0 0
0 1 2 −2 1 0
0 2 −1 3 0 1


−→

 1 2 −3 1 0 0
0 1 2 −2 1 0
0 0 −5 7 −2 1

 = B.
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Next we apply the same elementary operation on R2, R3 to the columns C2, C3. Then we have

B =

 1 0 0 1 0 0
0 1 2 −2 1 0
0 0 −5 7 −2 1


−→

 1 0 0 1 0 0
0 1 0 −2 1 0
0 0 −5 7 −2 1

 .

As a result, A is a diagonalized matrix. Let P t =


1 0 0

−2 1 0

7 −2 1

. Then

P tAP =

 1 0 0
0 1 0
0 0 −5


. Thus,

xtAx = yt(P tAP )y = yt

 1 0 0
0 1 0
0 0 −5

y

= y21 + y22 − 5y23 .終

If A is a complex square matrix, we can do the same thing as for a real square matrix.

Given any n-square complex matrix A and any vectors x,y ∈ Cn,

A(x,y) = x∗Ay = (x̄1, x̄2, . . . , x̄n)

 a11 · · · a1n
...

...
an1 · · · ann




y1
y2
...

yn


=

n∑
i,j=1

aij x̄iyj

= a11x̄1y1 + a12x̄1y2 + · · ·+ annx̄nyn

is called a Hermitian form of A.

Suppose that A is a Hermitian matrix of the order n and x = y. Then

A(x,x) = x∗Ax = (x̄1, x̄2, . . . , x̄n)

 a11 · · · a1n
...

...
an1 · · · ann




x1

x2

...
xn


= a11x̄1x1 + a22x̄2x2 + · · ·+ annx̄nxn + 2

∑
i<j

aij x̄ixj
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is said to be complex quadratic form of A．In this case, A is a Hermitian matrix, that is normal

matrix. By the theorem 4.2, A is diagonalizable by unitary matrix. Then choose the unitary matrix

U so that U−1AU is diagonal matrix. Now let x = Uy. Then we have

x∗Ax = y∗(U∗AU)y = (ȳ1, . . . , ȳn)

 λ1 · · · 0
. . .

0 · · · λn


 y1

...
yn


= λ1ȳ1y1 + λ2ȳ2y2 + · · ·+ λnȳnyn

This proves the next theorem.

Theorem 4.8

A complex bilinear form x∗Ax can be transformed to the standard form by the appropiate trans-

formation x = Uy by the unitary matrix U .

x∗Ax = y∗(U∗AU)y = λ1ȳ1y1 + λ2ȳ2y2 + · · ·+ λnȳnyn

Here, λi (i = 1, 2, . . . , n) are eigenvalues of A．

Exercise4-4

1. Find the unitary matrix U so that U−1AU is diagonal.

A =

(
1 1− i

1 + i 2

)
2. Find the orthogonal matrix P so that P−1AP is diagonal.

A =

 1 0 −1
0 −1 0

−1 0 1



3. Find a condition so that A =

(
0 a1

a2 0

)
can be transformed to diagonal matrix by the

unitary matrix．
4. Find the orthogonal matrix so that the following bilinear form becomes the standard form.

x2
1 + 2x2

2 − 3x2
3 + 2x1x2

5. Standarize the following Hermite matrix by using unitary matrix.

x1x̄1 + (1− i)x1x̄2 + (1 + i)x2x̄1 + 2x2x̄2
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付録 A

Solution

Chapter 1

Exercise1.2.1

1.

(a) Add the corresponding component:

A+B = (2,−1, 3) + (−1, 1, 4) = (2− 1,−1 + 1, 3 + 4) = (1, 0, 7).

(b) Scalar multiplication to each component:

3B = 3(−1, 1, 4) = (−3, 3, 12).

(c) ∥A∥ =
√

a21 + a22 + a23. Then

∥A∥ = ∥(2,−1, 3)∥ =
√

22 + (−1)2 + 32 =
√
14.

(d) First scalar multiplication then vector addition:

3B− 2A = 3(−1, 1, 4)− 2(2,−1, 3) = (−3, 3, 12)− (4,−2, 6) = (−7, 5, 6).

2.

(a) B−A = (3, 0, 1)− (−2,−1, 3) = (5, 1,−2) = 5i+ j− 2k.

(b) 3A+B = 3(−2,−1, 3) + (3, 0, 1) = (−6,−3, 9) + (3, 0, 1) = (−3,−3, 10)

= −3i− 3j+ 10k.

(c) 3B− 2A = 3(3, 0, 1)− 2(−2,−1, 3) = (9, 0, 3) + (4, 2,−6) = 13i+ 2j− 3k.

(d)
A+B

2
=

(−2,−1, 3) + (3, 0, 1)

2
=

(1,−1, 4)

2
=

i

2
− j

2
+ 2k.

3. Geometric vectors can be treated as space vectors see Exercise 1-2-1.5 ．
4. Geometric vectors can be treated as space vectors see Exercise 1-2-1.5．
5. For A = (a1, a2, a3), B = (b1, b2, b3), C = (c1, c2, c3) ∈ R3,

(1)

A+B = (a1, a2, a3) + (b1, b2, b3)

= (a1 + b1, a2 + b2, a3 + b3) ∈ R3.
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(2)

A+B = (a1 + b1, a2 + b2, a3 + b3)

= (b1 + a1, b2 + a2, b3 + a3)

= B+A.

(3)

(A+B) +C = (a1 + b1, a2 + b2, a3 + b3) + (c1, c2, c3)

= ((a1 + b1) + c1, (a2 + b2) + c2, (a3 + b3) + c3)

= (a1 + (b1 + c1), a2 + (b2 + c2), a3 + (b3 + c3))

= (a1, a2, a3) + (b1 + c1, b2 + c2, b3 + c3)

= A+ (B+C).

(4)

Suppose0 = (0, 0, 0) Then A+ 0 = A.

(5)

A∗ = (−a1,−a2,−a3) implies

A+A∗ = (a1 + (−a1), a2 + (−a2), a3 + (−a3))

= (0, 0, 0) = 0.

(6)

αA = (αa1, αa2, αa3) ∈ R3.

(7)

α(βA) = α(βa1, βa2, βa3)

= (αβa1, αβa2, αβa3)

= αβ(a1, a2, a3)

= αβ(A).

(8)

(α+ β)A = (α+ β)(a1, a2, a3)

= ((α+ β)a1, (α+ β)a2, (α+ β)a3)

= (αa1 + βa1, αa2 + βa2, αa3 + βa3)

= (αa1, αa2, αa3) + (βa1, βa2, βa3)

= αA+ βB.
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(9)

1A = 1(a1, a2, a3)

= (1a1, 1a2, 1a3) = (a1, a2, a3) = A,

0A = 0(a1, a2, a3)

= (0a1, 0a2, 0a3) = (0, 0, 0) = 0,

α0 = α(0, 0, 0)

= (α0, α0, α0) = (0, 0, 0) = 0.

6. For ∥A∥ = ∥B∥, A + B is a diagonal vector bisecting the angle between A and B. For

∥A∥ ̸= ∥B∥, Multiply B by some scalar so that ∥A∥ = ∥αB∥. Then A+ αB is a vector bisecting

the angle between A and B．
7.

x(1, 1, 1) + y(1, 1, 0) + z(1, 0, 0) = (x, x, x) + (y, y, 0) + (z, 0, 0)

= (x+ y + z, x+ y, x) = (2,−2, 4)

implies that x + y + z = 2, x + y = −2, x = 4．Now solve this equations from the backward.

x = 4, y = −7, z = 5.

Exercise1.4.1

1.

(a) ∥B∥ = (B ·B)1/2 = (22 + 42 + (−3)2)1/2 =
√
29.

(b) A ·B = (−1, 3, 1) · (2, 4,−3) = −2 + 12− 3 = 7.

(c) A ·B = ∥A∥∥B∥ cos θ より

cos θ =
A ·B

∥A∥∥B∥
=

7√
(−1)2 + 32 + 1

√
22 + 42 + (−3)2

=
7√

11
√
29

.

よって θ = cos−1 ( 7√
309

).

(d) A unit vector can be obtained by dividing the magnitude of itself.

A

∥A∥
=

(−1, 3, 1)√
11

.

2. every element of an orthogonal system is orthogonal to each other．
every element of an orthonormal system is unit element and orthogonal to each other.

(a) Since (1, 3) · (6,−2) = 6− 6 = 0, we have (1, 3) ⊥ (6,−2)．
Change to orthonormal system, we have { (1,3)√

10
, (6,−2)

2
√
10

}.
(b)

(1, 2, 2) · (−2, 2,−1) = −2 + 4− 2 = 0,

(1, 2, 2) · (2, 1,−2) = 2 + 2− 4 = 0,

(−2, 2,−1) · (2, 1,−2) = −4 + 2 + 2 = 0.
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Thus, (1, 2, 2) ⊥ (−2, 2,−1), (1, 2, 2) ⊥ (2, 1,−2), (−2, 2− 1) ⊥ (2, 1,−2). Change to otthonormal

system, we have { (1,2,2)
3 , (−2,2,−1)

3 , (2,1,−2)
3 }.

(c) i− 2j+ 3k · 2i− 1
2 j−

1
3k = 2 + 1− 1 ̸= 0 implies that non orthonormal system.

3. Let (x, y, z) be an arbitray point on the plane. Consider the vector with the initial point

(5,−1, 3) and the endpoint (x, y, z). This vector (x − 5, y + 1, z − 3) is on the plane. Thus,

orthogonal to the vector (2, 1,−1)．Then the inner product is 0. Hence,

(x− 5, y + 1, z − 3) · (2, 1,−1) = 2(x− 5) + y + 1− (z − 3)

= 2x+ y − z − 6 = 0.

4. For all θ, | cos θ| ≤ 1 implies

|A ·B| = ∥A∥ ∥B∥| cos θ| ≤ ∥A∥ ∥B∥.

5.

∥A−B∥2 = ∥A−C+C−B∥2

= (A−C+C−B) · (A−C+C−B)

= (A−C) · (A−C) + 2(A−C) · (C−B)

+ (C−B) · (C−B)

= ∥A−C∥2 + 2∥A−C∥ ∥C−B∥ cos θ + ∥C−B∥2

≤︸︷︷︸
4より

∥A−C∥2 + 2∥A−C∥ ∥C−B∥+ ∥C−B∥2

= (∥A−C∥+ ∥C−B∥)2.

Thus,
∥A−B∥ ≤ ∥A−C∥+ ∥C−B∥.

6.

0 ≤ ∥(f − λg)∥2 = (f − λg, f − λg)

= ∥f∥2 − 2λ(f, g) + λ2∥g∥2.

This is the second degree equation in λ and greater than 0. Thus the discriminant ∆ is less than

or equal to 0．Hence,
∆ = |(f, g)|2 − ∥f∥2 ∥g∥2 ≤ 0.

Therefore,
|(f, g)| ≤ ∥f∥ ∥g∥.

7. (a) ∥f∥ = {
∫ 2

0
x2dx}1/2 = {x3

3 |20}1/2 =
√

8
3 .

(b)

∥f∥ = {
∫ 2

0

[sinπx]2dx}1/2 = {
∫ 2

0

1− cos 2πx

2
dx}1/2

= {x
2
− sin 2πx

4π
|20}1/2 = 1.
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(c)

∥f∥ = {
∫ 2

0

[cosπx]2dx}1/2 = {
∫ 2

0

1 + cos 2πx

2
dx}1/2

= {x
2
+

sin 2πx

4π
|20}1/2 = 1.

8.

(P0, P1) =

∫ 1

−1

xdx =
x2

2
|1−1= 0.

(P0, P2) =

∫ 1

−1

3x2 − 1

2
dx =

x3 − x

2
|1−1= 0.

(P1, P2) =

∫ 1

−1

x
3x2 − 1

2
dx =

3x4

8
− x2

4
|1−1= 0.

Exercise1.6.1

1.

(a)

A×B = (1, 2,−3)× (2,−1, 1)

=

∣∣∣∣∣∣
i j k
1 2 −3
2 −1 1

∣∣∣∣∣∣ = 2 −3 1 2
−1 1 2 −1

= (2− 3,−6− 1,−1− 4) = (−1,−7,−5).

(b)

C× (A×B) = (4, 2, 2)× (−1,−7,−5)

=

∣∣∣∣∣∣
i j k
4 2 2

−1 −7 −5

∣∣∣∣∣∣ = 2 2 4 2
−7 −5 −1 −7

= (−10 + 14,−2 + 20,−28 + 2) = (4, 18,−26).

(c) C · (A×B) = (4, 2, 2) · (−1,−7,−5) = −4− 14− 10 = −28.

or

C · (A×B) = (4, 2, 2) · ((1, 2,−3)× (2,−1, 1))

=

∣∣∣∣∣∣
4 2 2
1 2 −3
2 −1 1

∣∣∣∣∣∣ = −28.

2. Let Γ be the plane with the sides i+ j− k and 2i+3j+2k. Then the normal vector of Γ nΓ is

orthogonal to i+ j− k and 2i+ 3j+ 2k. Therefore,

nΓ = (1, 1,−1)× (2, 3, 2) =
1 −1 1 1
3 2 2 3

= (5,−4, 1).
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Next the plane is parallel to Γ. Then nΓ is also orthogonal to the plane. Then let (x, y, z) be an

arbitrary point on the plane. Then (x− 1, y, z − 1) is orthogonal to nΓ. Thus, the equation of the

plane is
nΓ · (x− 1, y, z − 1) = (5,−4, 1) · (x− 1, y, z − 1) = 5x− 4y + z − 6 = 0.

3. Let Γ be the plane perpendicular to the palne x− 2y+3z− 4 = 0. Then the normal vector n =

(1,−2, 3) of the plane x−2y+3z−4 = 0 can be thought of being on the Γ．Also (2, 0,−1), (3, 2, 1)

go through the required plane. Thus the vector (3 − 2, 2 − 0, 1 + 1) = (1, 2, 2) is on the required

plane. Now take the cross product of these two vectors, we have the following normal vector of Γ

such as

nΓ = (1,−2, 3)× (1, 2, 2) =

∣∣∣∣ −2 3 1 −2
2 2 1 2

∣∣∣∣ = (−10, 1, 4)

Here if we take an arbitray point (x, y, z) on Γ and make vector (x− 2, y, z + 1). Then the vector

is orthogonal to nΓ．Then the equation of the required plane is

nΓ · (x− 2, y, z + 1) = (−10, 1, 4) · (x− 2, y, z + 1)

= −10x+ y + 4z + 24 = 0.

4. The area of the triangle is the half of the parallelogram with the sides A,B.

1

2
∥(1, 3,−1)× (2, 1, 1)∥ =

1

2
∥(4,−3,−5)∥ =

1

2

√
16 + 9 + 25 =

5
√
2

2
.

5. m = r× F = (−2, 1,−1)× (1, 3, 1) = (4, 1,−7).

6. v = (1, 2, 2)× (1,−2, 3) = (10,−1,−4).

7. The area of parallelogram with the sides B and C is given by ∥B×C∥．Let the angle between

the vector B × C and A be θ. Then the height of the parallelpiped with A,B,C is ∥A∥ cos θ．
Thus, the volume of the parallelpiped with the sides A,B,C is given by

∥B×C∥ ∥A∥ cos θ = ∥A∥ cos θ ∥B×C∥ = A · (B×C).

8. The cross product of vectors itself is 0. Changing the order of multiplication changes the sign.

A×B = (2e1 + 5e2 − e3)× (e1 − 2e2 − 4e3)

= (2e1 + 5e2 − e3)× e1 − (2e1 + 5e2 − e3)× 2e2

− 4(2e1 + 5e2 − e3)× e3

= 5(e2 × e1)− (e3 × e1)− 4(e1 × e2) + 2(e3 × e2)

− 8(e1 × e3)− 20(e2 × e3)

= 5(j− i) + j+ k− (i− j)− 2(i+ k)− 8(j+ k)− 20(i+ k)

= −36i− j− 29k.
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9. Using the scalar triple product.

(4,−3, 1) · ((10,−3, 0)× (2,−6, 3)) =

∣∣∣∣∣∣
4 −3 1
10 −3 0
2 −6 3

∣∣∣∣∣∣
= 4(−9) + 3(30) + (−54) = 0.

Thus by the theorem 1.3, it is linearly dependent.

10. (a) Set c1 + c2x+ c3x
2 = 0 and differentiate with respect to x twice. Then we ahve

c2 + 2c3x = 0, 2c3 = 0

Thus, c1 = c2 = c3 = 0 and {1, x, x2} is linearly independent．
(b) Set c1 sinx+ c2 cosx = 0 and differentiate with respect to x. Then we have

c1 cosx− c2 sinx = 0.

Solve this equation, we have c1 = 0, c2 = 0． Thus it is linearly independent.

11. Suppose A,B is linearly independent. Then show A × B ̸= 0．(Using contraposition, for

A×B = 0, show A,B is linearly dependent．)

Suppose that A × B = 0. Then A and B are parallel．In other words, there exists some real

number λ ̸= 0 so that A = λB. Thus,
A− λB = 0

Therefore, A,B is linearly dependent．
Next we show if A×B ̸= 0, then A,B is linearly independent．(Using contraposition, we show

if A,B is linearly dependent, then A×B = 0．)

If A,B are linearly dependent, then there exists c1 ̸= 0 or c2 ̸= 0 so that

c1A+ c2B = 0

Then A = − c2
c1
B．Thus, A and B are parallel. Therefore, A×B = 0．

Exercise1.8.1

1. Let w1, w2 be elements of W . Then we can write w1 = (x1, y1, 1), w2 = (x2, y2, 1). To be a

subspace, it must satisfy the closure property in addition and scalar multiplication. We first show

for an addtion. w1 +w2 = (x1, y1, 1)+ (x2, y2, 1) = (x1 +x2, y1 + y2, 2). Since z- component is not

zero, w1 + w2 is not element of W . Therefore W is not a subspace of R3.

2. Suppose w1, w2 ∈ W . Then

w1 = (x1, y1,−3x1 + 2y1), w2 = (x2, y2,−3x2 + 2y2)

Thus,

w1 + w2 = (x1, y1,−3x1 + 2y1) + (x2, y2,−3x2 + 2y2)

= (x1 + x2, y1 + y2,−3(x1 + x2) + 2(y1 + y2)) ∈ W.



88 付録 A Solution

Also,
αw1 = (αx1, αy1,−3αx1 + 2αy1) ∈ W.

Therefore W is a subspace of R3．
3. Let w be an arbitray element of W . Then w = (x, y,−3x + 2y). Now express w using i, j, k.

Then we have

w = (x, y,−3x+ 2y) = xi+ yj+ (−3x+ 2y)k

= xi− 3xk+ yj+ 2yk

= x(i− 3k) + y(j+ 2k)

Thus, every element of W is a linear combination of i - 3k and j + 2k. Also, i - 3k and j + 2k are

linearly independent. Thus, i - 3k and j + 2k is the basis of W . Therefore, dimW = 2.

4. Put c1(i+ j) + c2k+ c3(i+ k) = 0 . Then

(c1 + c3)i+ c1j+ (c2 + c3)k = 0.

Thus, c1 = c2 = c3 = 0 and hence linearly independent.

Next let (a1, a2, a3) ∈ R3. Then

(a1, a2, a3) = a2(i+ j) + (a3 + a2 − a1)k+ (a1 − a2)(i+ k)

Thus, ⟨i+ j,k, i+ k⟩ = R3.

5. Let V be the subspace generated by {3, x− 2, x+ 3, x2 + 1}. Then

V = ⟨3, x− 2, x+ 3, x2 + 1⟩
= {3c1 + c2(x− 2) + c3(x+ 3) + c4(x

2 + 1) : ci real}

Here, let v be an element of V . Then

v = 3c1 + c2(x− 2) + c3(x+ 3) + c4(x
2 + 1)

= (3c1 − 2c2 + 3c3 + c4) + (c2 + c3)x+ c4x
2.

We have shown that {1, x, x2} is linearly independent in Exercise1.3. Thus, {1, x, x2} is a basis of

V．Hence, dimV = 3.

6.

v1 =
x1

∥x1∥
=

(1, 1, 1)√
3

.

Now

x2 − (x2,v1)v1 = (0, 1, 1)− ((0, 1, 1) · (1, 1, 1)√
3

)
(1, 1, 1)√

3

= (0, 1, 1)− 2√
3
(
(1, 1, 1)√

3
)

=
1

3
(−2, 1, 1)
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implies that

v2 =
x2 − (x2,v1)v1

∥x2 − (x2,v1)v1∥

=
1
3 (−2, 1, 1)

∥ 1
3 (−2, 1, 1)∥

=
1
3 (−2, 1, 1)

√
6
3

=
1√
6
(−2, 1, 1).

Lastly,

x3 − (x3,v1)v1 − (x3,v2)v2 = (0, 0, 1)− ((0, 0, 1) · (1, 1, 1)√
3

)
(1, 1, 1)√

3

− ((0, 0, 1) · (−2, 1, 1)√
6

)
(−2, 1, 1)√

6

= (0, 0, 1)− (1, 1, 1)

3
− (−2, 1, 1)

6

= (0,−1

2
,
1

2
) =

1

2
(0,−1, 1)

implies that

v3 =
x3 − (x3,v1)v1 − (x3,v2)v2

∥x3 − (x3,v1)v1 − (x3,v2)v2∥

=
1
2 (0,−1, 1)

∥ 1
2 (0,−1, 1)∥

=
1
2 (0,−1, 1)

√
2
2

=
1√
2
(0,−1, 1).

Therefore the required orthonormal system is

{v1 =
(1, 1, 1)√

3
,v2 =

(−2, 1, 1)√
6

,v3 =
(0,−1, 1)√

2
}.

7. By example 1.4, U +W,U ∩W are subspaces of V . Then set

dimU = n, dimW = m, dim(U ∩W ) = r,

{v1, v2, . . . , vr} is the basis of U ∩W ,

{v1, v2, . . . , vr, u1, . . . , un−r} is the basis of U ,

{v1, v2, . . . , vr, w1, . . . , wm−r} is the basis of W . If we can show that

{v1, . . . , vr, u1, . . . , un−r, w1, . . . , wm−r}

is the basis of U +W , then

dim(U +W ) = r + n− r +m− r = n+m− r

and
dim(U +W ) = dimU + dimW − dim(U ∩W )
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So, set c1v1 + · · ·+ crvr + c∗1u1 + · · ·+ c∗n−run−r + c∗∗1 w1 + · · ·+ c∗∗m−rwm−r = 0. Then

c1v1 + · · ·+ crvr + c∗1u1 + · · ·+ c∗n−run−r = −(c∗∗1 w1 + · · ·+ c∗∗m−rwm−r).

Note that the left-hand side is element of U and the right-hand side is element of W . Thus it is in

U ∩W．Therefore it can be shown by the linear combination of {v1, v2, . . . , vr}. In other words,

c∗1u1 + · · ·+ c∗n−run−r = d1v1 + . . .+ drvr

c∗∗1 w1 + · · ·+ c∗∗m−rwm−r = e1v1 + . . .+ ervr

Then c∗1 = · · · = c∗n−r = 0, c∗∗1 = · · · = c∗∗m−r = 0 and we have c1 = · · · = cr = 0．Therefore

{v1, v2, . . . , u1, . . . , un−r, w1, . . . , wm−r}

is linearly independent. Also, {v1, v2, . . . , vr, u1, . . . , un−r} spans U and

{v1, v2, . . . , vr, w1, . . . , wm−r} spans W . Thus,

{v1, . . . , vr, u1, . . . , un−r, w1, . . . , wm−r}

spans U +W．
8. Let (a11, a12, a13), (a21, a22, a23), (a31, a32, a33), (a41, a42, a43) be 3D vectors in 3D vector space.

Take a linear combination of those vectors and set it to 0. We have

c1(a11, a12, a13) + c2(a21, a22, a23) + c3(a31, a32, a33) + c4(a41, a42, a43) = 0

Write this equation using components.

c1a11 + c2a21 + c3a31 + c4a41 = 0

c1a12 + c2a22 + c3a32 + c4a42 = 0

c1a13 + c2a23 + c3a33 + c4a43 = 0

This system of linear equations has 3 equations and 4 unknowns. Thus solutions c1, c2, c3, c4 need

not to be 0．In other words,

{(a11, a12, a13), (a21, a22, a23), (a31, a32, a33), (a41, a42, a43)}

is linearly dependent.

Chapter 2

Exercise2.2.1

1.

(a) A sum of matrices is the sum of corresponding components. A + B =

(
2 −3

4 2

)
+(

−1 2

3 0

)
=

(
2− 1 −3 + 2

4 + 3 2 + 0

)
=

(
1 −1

7 2

)
.
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(b) A scalar multiplication of matrix is the multiplication of every components.

2A− 3B = 2

(
2 −3
4 2

)
− 3

(
−1 2
3 0

)
=

(
4 −6
8 4

)
−
(
−3 6
9 0

)
=

(
4 + 3 −6− 6
8− 9 4− 0

)
=

(
7 −12

−1 4

)
.

(c) A product of matrices is the inner product of corresponding rows and columns.

AB =

(
2 −3

4 2

)(
−1 2

3 0

)
=

(
−2− 9 4− 0

−4 + 6 8 + 0

)
=

(
−11 4

2 8

)
.

BA =

(
−1 2

3 0

)(
2 −3

4 2

)
=

(
6 7

6 −9

)
.

2.

AB =

(
3 1 7
5 2 −4

) 2 −3
3 6
4 1


=

(
3(2) + 1(3) + 7(4) 3(−3) + 1(6) + 7(1)
5(2) + 2(3)− 4(4) 5(−3) + 2(6)− 4(1)

)
=

(
37 4
0 −7

)
.

BA =

 2 −3
3 6
4 1

( 3 1 7
5 2 −4

)

=

 2(3)− 3(5) 2(1)− 3(2) 2(7)− 3(−4)
3(3) + 6(5) 3(1) + 6(2) 3(7) + 6(−4)
4(3) + 1(5) 4(1) + 1(2) 4(7) + 1(−4)


=

 −9 −4 26
39 15 −3
17 6 24

 .

3.

A2 − 5A+ 6I = (A− 2I)(A− 3I)

= (

 2 3 0
1 4 1
2 0 1

−

 2 0 0
0 2 0
0 0 2

)(

 2 3 0
1 4 1
2 0 1

−

 3 0 0
0 3 0
0 0 3

)

=

 0 3 0
1 2 1
2 0 −1

 −1 3 0
1 1 1
2 0 −2

 =

 3 3 3
3 5 0
4 6 2

 .

4. A and B are symmetric matrices. Then we have At = A and Bt = B. To show A + B is

symmetric, it is enough to show (A+B)t = A+B. Now

(A+B)t = At +Bt = A+B.

5. For n-square symmetric matrices A,B, (AB)t = BtAt = BA. Then to show AB is symmetric,

we have to show AB = BA. In general, AB ̸= BA. So, the answer to the question AB is always
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symmetric is not true. In fact, let A =

(
1 0

0 −1

)
, B =

(
0 1

1 −1

)
. Then A,B are symmetric

matrices. But

AB =

(
1 0
0 −1

)(
0 1
1 −1

)
=

(
0 1

−1 1

)
Thus, (AB)t ̸= AB. Therefore, AB is not symmetric.

Next we find the necessary and sufficient condition so that AB is always symmetric.

Since for n-square symmetric matrices A,B, we have (AB)t = BtAt = BA. So, to make the

matrix AB is symmetric, it is enough to be AB = BA. Suppose first that AB is symmetric. Then

(AB)t = AB implies that AB = BA．
Suppose that AB = BA. Then since (AB)t = BtAt = BA, we have (AB)t = AB．Thus, AB is

symmetric．
6. (A2)t = (A A)t = At At = (−A)(−A) = A2.

7. Let A =


a1 0 0

0 a2 0

0 0 a3

 bethematrixandB =


b11 b12 b13

b21 b22 b23

b31 b32 b33

 be the matrix commutable

with A. Then AB = BA implies that a1 0 0
0 a2 0
0 0 a3

 b11 b12 b13
b21 b22 b23
b31 b32 b33

 =

 b11 b12 b13
b21 b22 b23
b31 b32 b33

 a1 0 0
0 a2 0
0 0 a3


 a1b11 a1b12 a1b13

a2b21 a2b22 a2b23
a3b31 a3b32 a3b33

 =

 a1b11 a2b12 a3b13
a1b21 a2b22 a3b23
a1b31 a2b32 a3b33

 .

Note that the corresponding components are equal. Then

a1b12 = a2b12, a1b13 = a3b13,

a2b21 = a1b21, a2b23 = a3b23,

a3b31 = a1b31, a3b32 = a2b32

We also note that a1, a2.a3 are different real numbers. Thus

b12 = b13 = b21 = b23 = b31 = b32 = 0

Thus, B is  b11 0 0
0 b22 0
0 0 b33


and it is a diagonal matrix．
8. (A − At)t = At − (At)t = At − A = −(A − At). Thus A − At is skew-symmetric．Also,

(A+At)t = At + (At)t = At +A = A+At．Thus, A+At is symmetric．Now let

A =
A+At

2
+

A−At

2



93

Then A is a sum of skew-symmetric and symmetric matrices．Next suppose that B is symmetric

and C is skew-symmetric and A = B + C. Then

At = Bt + Ct = B − C.

Thus A+At = 2B, A−At = 2C. Therefore,

B =
A+At

2
, C =

A−At

2
.

9.

A =

 1 1 1
2 −1 0
−1 0 2

 =

(
A11 A12

A21 A22

)

B =

 1 2 3 −1
3 −1 1 0
0 0 −3 1

 =

(
B11 B12

B21 B22

)
implies that

AB =

 (
4 1 4 −1
−1 5 5 −2

)
+

(
0 0 −2 1
0 0 0 0

)
(
−1 −2 −3 1

)
+
(
0 0 −4 2

)
 =

 4 1 2 0
−1 5 5 −2
−1 −2 −7 3


Exercise2.4.1

1.  1 −2 3 −1
2 −1 2 2
3 0 2 3

 −2R1+R2→

 1 −2 3 −1
0 3 −4 4
3 0 2 3


−3R1+R3→

 1 −2 3 −1
0 3 −4 4
0 6 −7 6

 1
3R2→

 1 −2 3 −1
0 1 − 4

3
4
3

0 6 −7 6


−6R2+R3→

 1 −2 3 −1
0 1 − 4

3
4
3

0 0 1 −2

 4
3R3+R2→

 1 −2 3 −1
0 1 0 − 4

3
0 0 1 −2


2R2+R1→

 1 0 0 7
3

0 1 0 − 4
3

0 0 1 −2

 .

2.

(a) (
2 4 1 −2

−3 −6 2 −4

)
1
2×R1−→

(
1 2 1

2 −1
−3 −6 2 −4

)
3R1+R2−→

(
1 2 1

2 −1
0 0 7

2 −7

)
2
7×R3−→

(
1 2 1

2 −1
0 0 1 −2

)
.
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Therefore, rank = 2.

(b)

A =

 2 −1 3
1 2 −3
3 −4 9

 R1↔R2−→

 1 2 −3
2 −1 3
3 −4 9


−2×R1+R2−→

 1 2 −3
0 −5 9
3 −4 9

 −3×R1+R3→

 1 2 −3
0 −5 9
0 −10 18


− 1

5×R2+R3→

 1 2 −3
0 1 − 9

5
0 −10 18

 − 1
5×R2+R3→

 1 2 −3
0 1 − 9

5
0 0 0

 .

Therefore, rank = 2.

(c) By Exercise2-4-1.1, we have rank = 3.

3. An elementary matrix can be obtained by applying an elementary operation on the identity

matrix. (
1 0
0 1

)
−R2+R1→

(
1 −1
0 1

)
= I,(

1 0
0 1

)
−1×R1→

(
−1 0
0 1

)
= II,(

1 0
0 1

)
−3×R1+R2→

(
1 0

−3 1

)
= III,(

1 0
0 1

)
−R2+R1→

(
1 −1
0 1

)
= IV.

Next to express a identity matrix as a product of the matrix A and the elementary matrices,

multiply elementary matrices I, II, III, IV to A from the left. Then

I2 =

(
1 0
0 1

)
=

(
1 −1
0 1

)(
1 0

−3 1

)(
−1 0
0 1

)(
1 −1
0 1

)(
2 3
3 4

)
.
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4. The product of matrices P satisfying PA = I can be found by the following steps: 2 −3 1 1 0 0
1 2 −3 0 1 0
3 2 −1 0 0 1

R1↔R2→

 1 2 −3 0 1 0
2 −3 1 1 0 0
3 2 −1 0 0 1


−2R1+R2→

 1 2 −3 0 1 0
0 −7 7 1 −2 0
3 2 −1 0 0 1

−3R1+R2→

 1 2 −3 0 1 0
0 −7 7 1 −2 0
0 −4 8 0 −3 1


−1
7 ×R2→

 1 2 −3 0 1 0
0 1 −1 −1

7
2
7 0

0 −4 8 0 −3 1

 4R2+R3→

 1 2 −3 0 1 0
0 1 −1 −1

7
2
7 0

0 0 4 −4
7

−13
7 1


1
4×R2→

 1 2 −3 0 1 0
0 1 −1 −1

7
2
7 0

0 0 1 −1
7

−13
28

1
4

R3+R2→

 1 2 −3 0 1 0
0 1 0 −2

7
−5
28

1
4

0 0 1 −1
7

−13
28

1
4


3R3+R1→

 1 2 0 −3
7

−11
28

3
4

0 1 0 −2
7

−5
28

1
4

0 0 1 −1
7

−13
28

1
4

−2R2+R1→

 1 0 0 1
7

−1
28

1
4

0 1 0 −2
7

−5
28

1
4

0 0 1 −1
7

−13
28

1
4

 .

これより

P =

 1
7 − 1

28
1
4

− 2
7 − 5

28
1
4

− 1
7 − 13

28
1
4

 =
1

28

 4 −1 7
−8 −5 7
−4 −13 7

 .

5. By the theorem2.2, the dimension of the row space is the same as the rank of the matrix, it is

enough to find the rank of matrix with the row vectors are given by v1,v2,v3,v4．
v1

v2

v3

v4

 =


2 −1 1 3

−1 1 0 1
4 −1 3 11

−2 3 1 1

 R1↔R2−→


−1 1 0 1
2 −1 1 3
4 −1 3 11

−2 3 1 1



−1×R1−→


1 −1 0 −1
2 −1 1 3
4 −1 3 11

−2 3 1 1


−2R1+R2

−4R1+R3

2R1+R4

−→


1 −1 0 −1
0 1 1 5
0 3 3 15
0 2 2 4


−3R2+R3

−2R2+R4

−→


1 −1 0 −1
0 1 1 5
0 0 0 0
0 0 0 1

 .

よって dim = 3.

Exercise2.6.1

1.
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(a)

[A : b] =

(
1 −3 5
3 −5 7

)
−3×R1+R2−→

(
1 −3 5
0 4 −8

)
1
4×R2−→

(
1 −3 5
0 1 −2

)
3×R2+R1−→

(
1 0 −1
0 1 −2

)
.

よって (
x
y

)
=

(
−1
−2

)
.

(b)

[A : b] =

 1 1 1 3
1 2 2 5
1 2 3 6


−R1+R2

−R1+R3

−→

 1 1 1 3
0 1 1 2
0 1 2 3


−R2+R3−→

 1 1 1 3
0 1 1 2
0 0 1 1


−R3+R2

−R3+R1

−→

 1 1 0 2
0 1 0 1
0 0 1 1


−R2+R1−→

 1 0 0 1
0 1 0 1
0 0 1 1

 .

Thus,  x
y
z

 =

 1
1
1

 .

(c)

[A : b] =

 1 1 1 1 1
1 2 3 4 2
1 4 9 16 6


−R1+R2

−R1+R3

−→

 1 1 1 1 1
0 1 2 3 1
0 3 8 15 5


−3R2+R3−→

 1 1 1 1 1
0 1 2 3 1
0 0 2 6 2

 1
2R3−→

 1 1 1 1 1
0 1 2 3 1
0 0 1 3 1


−2R3+R2

−R3+R1

−→

 1 1 0 −2 0
0 1 0 −3 −1
0 0 1 3 1

−R2+R1−→

 1 0 0 1 1
0 1 0 −3 −1
0 0 1 3 1

 .

Note that rank(A) = rank([A : b]). Thus, the equation has a solution. Rewrite [A : b]R using the

following system of linear equations:  x1 + x4 = 1
x2 − 3x4 = −1
x3 + 3x4 = 1
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Here the degree of freedom is = 4 − 3 = 1. Thus we let x4 = α. Then
x1

x2

x3

x4

 =


1

−1
1
0

+ α


1
3
−3
1

 .

2. Ax = b has a solution if and only if rank(A) = rank([A : b])．

[A : b] =

 1 2 3 7
3 2 5 9
5 2 7 k


−3R1+R2

−5R1+R3

−→

 1 2 3 7
0 −4 −4 −12
0 −8 −8 k − 35


− 1

4R2−→

 1 2 3
0 1 1 3
0 −8 −8 k − 35

 8R2+R3−→

 1 2 3 7
0 1 1 3
0 0 0 k − 11


−2R2+R1−→

 1 0 1 1
0 1 1 3
0 0 0 k − 11

 .

Note that rank(A) = 2 implies that rank([A : b]) is also 2．Thus, if k−11 is not 0, then this system

of linear equation has no solutoin. Thus, k = 11．Moreover, for k = 11, x1 + x3 = 1, x2 + x3 = 3.

Therefore, let x3 = α. Then  x1

x2

x3

 =

 1
3
0

+ α

 −1
−1
1

 .

3. Let A be n-square normal matrix. Then we have ⇔ rank(A) = n ⇔ AR = In．
(a)  2 3 4 1 0 0

1 2 3 0 1 0
−1 1 4 0 0 1

R1↔R2−→

 1 2 3 0 1 0
2 3 4 1 0 0

−1 1 4 0 0 1


−2R1+R2

R1+R3

−→

 1 2 3 0 1 0
0 −1 −2 1 −2 0
0 3 7 0 1 1


−1R2

3R2+R3

−→

 1 2 3 0 1 0
0 1 2 −1 2 0
0 0 1 3 −5 1


−2R3+R2

−3R3+R1

−→

 1 2 0 −9 16 −3
0 1 0 −7 12 −2
0 0 1 3 −5 1

−2R2+R1−→

 1 0 0 5 −8 1
0 1 0 −7 12 −2
0 0 1 3 −5 1

 .

Thus, A is regular and A−1 =


5 −8 1

−7 12 −2

3 −5 1

 .
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(b)

[A : I] =


0 0 0 1 1 0 0 0
0 0 1 0 0 1 0 0
0 1 0 0 0 0 1 0
1 0 0 0 0 0 0 1


R1↔R4

R2↔R3

−→


1 0 0 0 0 0 0 1
0 1 0 0 0 0 1 0
0 0 1 0 0 1 0 0
0 0 0 1 1 0 0 0

 .

Thus A is regular and A−1 =


0 0 0 1

0 0 1 0

0 1 0 0

1 0 0 0

 .

4. A is n-square regular matrix ⇔ rank(A) = n．Thus, we make a so that rank(A) = 3．

A =

 2 0 −3
1 −1 a
5 3 4


1
2R1

R2↔R3

−→

 1 0 − 3
2

5 3 4
1 −1 a


−5R1+R2

−R1+R3

−→

 1 0 − 3
2

0 3 23
2

0 −1 a+ 3
2

 1
3R2−→

 1 0 − 3
2

0 1 23
6

0 −1 a+ 3
2


R2+R3−→

 1 0 − 3
2

0 1 23
6

0 0 a+ 32
6

 .

Note that rank(A) = 3 if and only if a+
32

6
̸= 0. Thus, a ̸= −16

3
.

5. To show A as a product of elementary metrices, we start with an identiry matrix, then apply

elementary operations. We then multiply the elementary matrices coming from the elementary

operations to the identity matrix.

A =

 2 −1 0
4 3 2
3 0 1

 1
2R1−→

 1 −1
2 0

4 3 2
3 0 1

 −4R1+R2−→

 1 −1
2 0

0 5 2
3 0 1


−3R1+R3−→

 1 −1
2 0

0 5 2
0 3

2 1

 1
5R2−→

 1 −1
2 0

0 1 2
5

0 3
2 1

−3
2 R2+R3−→

 1 −1
2 0

0 1 2
5

0 0 2
5


2
5R3−→

 1 −1
2 0

0 1 2
5

0 0 1

2
5R3+R2−→

 1 −1
2 0

0 1 0
0 0 1

−1
2 R2+R1−→

 1 0 0
0 1 0
0 0 1

 .

Thusm A is regular．Next we reverse the elementary operations, then multiply the elementary

matrices coming from the elementary operations.
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A =

 2 0 0
0 1 0
0 0 1

 1 0 0
4 1 0
0 0 1

 1 0 0
0 1 0
3 0 1

 1 0 0
0 5 0
0 0 1


·

 1 0 0
0 1 0
0 3

2 1

 1 0 0
0 1 0
0 0 2

5

 1 0 0
0 1 2

5
0 0 1

 1 − 1
2 0

0 1 0
0 0 1



6. Suppose A =


∗ ∗

∗
0 · · · 0

. Then for any matrix X,

AX =

 ∗ ∗
∗

0 · · · 0


 x11 · · · x1n

. . .

xn1 · · · xnn

 =

 ∗ ∗
∗

0 · · · 0

 ̸= In

Thus A is not regular.

Alternate Solution Let A be n-square matrix．If every element of some row of A is 0, then

every element of one row of AR is 0．Then rank(A) ̸= n and by the theorem2.3, A is not regular．
7.

(AB)(B−1A−1) = A(BB−1)A−1 = AIA−1 = AA−1 = I

Thus, AB is regular and (AB)−1 = B−1A−1．

Exercise2.8.1

1.

(a) We use the cofactor expansion with the 2nd row.∣∣∣∣∣∣
2 −3 1
1 0 2
1 −1 1

∣∣∣∣∣∣ = (−1)2+1

∣∣∣∣ −3 1
−1 1

∣∣∣∣+ 0 + (−1)2+3(2)

∣∣∣∣ 2 −3
1 −1

∣∣∣∣
= −(−3 + 1)− 2(−2 + 3) = 0.

(b) We use the cofactor expansion with the 1st row.∣∣∣∣∣∣∣∣∣∣
2 4 0 5

1 −2 −1 3

1 2 3 0

3 3 −4 −4

∣∣∣∣∣∣∣∣∣∣
= 2

∣∣∣∣∣∣∣∣
−2 −1 3

2 3 0

3 −4 −4

∣∣∣∣∣∣∣∣+ (−4)

∣∣∣∣∣∣∣∣
1 −1 3

1 3 0

3 −4 −4

∣∣∣∣∣∣∣∣+ 0
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+(−5)

∣∣∣∣∣∣∣∣
1 −2 −1

1 2 3

3 3 −4

∣∣∣∣∣∣∣∣ = 2{(3)

∣∣∣∣∣ 2 3

3 −4

∣∣∣∣∣+ 0 + (−4)

∣∣∣∣∣ −2 −1

2 3

∣∣∣∣∣︸ ︷︷ ︸
cofactor expansion with 3rd column

}

+(−4){ (3)

∣∣∣∣∣ 1 3

3 −4

∣∣∣∣∣+ (−4)

∣∣∣∣∣ 1 −1

1 3

∣∣∣∣∣︸ ︷︷ ︸
cofactor expansion with 3rd column

}

+(−5){

∣∣∣∣∣ 2 3

3 −4

∣∣∣∣∣− (−2)

∣∣∣∣∣ 1 3

3 −4

∣∣∣∣∣+ (−1)

∣∣∣∣∣ 1 2

3 3

∣∣∣∣∣︸ ︷︷ ︸
cofactor expansion with 1st row

}

= 2{3(−17)− 4(−4)}+−4{3(−13)− 4(4)}
+(−5){−17 + 2(−13)− (−3)}
= 2(−35)− 4(−55)− 5(−40) = 350.

(c) ∣∣∣∣∣∣∣∣∣∣
0 0 0 1 0
0 1 0 0 0
0 0 0 0 1
1 0 0 0 0
0 0 1 0 0

∣∣∣∣∣∣∣∣∣∣
= sgn(4, 2, 5, 1, 3)1 · 1 · 1 · 1 · 1 = −sgn(1, 2, 5, 4, 3) = sgn(1, 2, 3, 4, 5) = +1

(d)

∣∣∣∣∣∣∣∣∣∣∣∣∣

3 5 1 2 −1

2 6 0 9 1

0 0 7 1 2

0 0 3 2 5

0 0 0 0 −6

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣ 3 5

2 6

∣∣∣∣∣
∣∣∣∣∣ 7 1

3 2

∣∣∣∣∣ |−6| = (18− 10)(14− 3)(−6) = −528 2.

(a)

∣∣∣∣∣∣∣∣
1 a2 (b+ c)2

1 b2 (c+ a)2

1 c2 (a+ b)2

∣∣∣∣∣∣∣∣
−R1+R2

−R1+R3

=

∣∣∣∣∣∣∣∣
1 a2 (b+ c)2

0 b2 − a2 (c+ a)2 − (b+ c)2

0 c2 − a2 (a+ b)2 − (b+ c)2

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
1 a2 (b+ c)2

0 (b+ a)(b− a) (a− b)(a+ b+ 2c)

0 (c− a)(c+ a) (a− c)(a+ 2b+ c)

∣∣∣∣∣∣∣∣
theorem2.4

= (a− b)(c− a)

∣∣∣∣∣∣∣∣
1 a2 (b+ c)2

0 −(a+ b) (a+ b+ 2c)

0 c+ a −(a+ 2b+ c)

∣∣∣∣∣∣∣∣
R2+R3= (a− b)(c− a)

∣∣∣∣∣∣∣∣
1 a2 (b+ c)2

0 −(a+ b) (a+ b+ 2c)

0 c− b c− b

∣∣∣∣∣∣∣∣
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= (a− b)(c− a)(c− b)

∣∣∣∣∣∣∣∣
1 a2 (b+ c)2

0 −(a+ b) (a+ b+ 2c)

0 1 1

∣∣∣∣∣∣∣∣
R2↔R3= −(a− b)(c− a)(c− b)

∣∣∣∣∣∣∣∣
1 a2 (b+ c)2

0 1 1

0 −(a+ b) (a+ b+ 2c)

∣∣∣∣∣∣∣∣
(a+b)R2+R3

= (a− b)(c− a)(b− c)

∣∣∣∣∣∣∣∣
1 a2 (b+ c)2

0 1 1

0 0 2(a+ b+ c)

∣∣∣∣∣∣∣∣
= 2(a− b)(c− a)(b− c)(a+ b+ c).

(b)

Use factorization with the column．∣∣∣∣∣∣
b+ c b c

a c+ a c
a b a+ b

∣∣∣∣∣∣ −L2+L1=

∣∣∣∣∣∣
c b c

−c c+ a c
a− b b a+ b

∣∣∣∣∣∣
−L3+L1=

∣∣∣∣∣∣
0 b c

−2c c+ a c
−2b b a+ b

∣∣∣∣∣∣ = −2

∣∣∣∣∣∣
0 b c
c c+ a c
b b a+ b

∣∣∣∣∣∣
−L1+L3= −2

∣∣∣∣∣∣
0 b c
c c+ a 0
b b a

∣∣∣∣∣∣ = −2{−b(ca) + c(cb− bc)} = 4abc.

(c) By Vandermonde，

∣∣∣∣∣∣∣∣∣∣
1 1 1 1

a b c d

a2 b2 c2 d2

a3 b3 c3 d3

∣∣∣∣∣∣∣∣∣∣
= (d− a)(d− b)(d− c)(c− a)(c− b)(b− a)

3.

∣∣∣∣∣∣
1− x 2 2

2 2− x 1
2 1 2− x

∣∣∣∣∣∣
R2+R1

R3+R1

=

∣∣∣∣∣∣
5− x 5− x 5− x

2 2− x 1
2 1 2− x

∣∣∣∣∣∣
2.14
= (5− x)

∣∣∣∣∣∣
1 1 1
2 2− x 1
2 1 2− x

∣∣∣∣∣∣
−2R1+R2

−2R1+R3

= (5− x)

∣∣∣∣∣∣
1 1 1
0 −x −1
0 −1 −x

∣∣∣∣∣∣
= (5− x)(x2 − 1) = 0

よって, x = −1, 1, 5.

4. Vectors (x− a1, y − a2) and (b1 − a1, b2 − a2) are parallel. Thus theie cross product is 0.
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図 A.1 a line goes through two points

Thus,

(x− a1, y − a2)× (b1 − a1, b2 − a2) =

∣∣∣∣∣∣
i j k

x− a1 y − a2 0
b1 − a1 b2 − a2 0

∣∣∣∣∣∣ = 0.

Also, ∣∣∣∣∣∣
i j k

x− a1 y − a2 0
b1 − a1 b2 − a2 0

∣∣∣∣∣∣ = k

∣∣∣∣ x− a1 y − a2
b1 − a1 b2 − a2

∣∣∣∣ = 0

implies that ∣∣∣∣∣∣
x− a1 y − a2 0

a1 a2 1
b1 − a1 b2 − a2 0

∣∣∣∣∣∣ =
∣∣∣∣∣∣

x y 1
a1 a2 1
b1 b2 1

∣∣∣∣∣∣ = 0.

5. The normal vector given by N = (b1 − a1, b2 − a2.b3 − a3)× (c1 − a1, c2 − a2.c3 − a3) and the

vector on the plane (x − a1, y − a2, z − a3) is diagonal and their inner product is 0．Thus scalar

triple product is

∣∣∣∣∣∣
x− a1 y − a2 z − a3
b1 − a1 b2 − a2 b3 − a3
c1 − a1 c2 − a2 c3 − a3

∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣
x− a1 y − a2 z − a3 0
a1 a2 a3 1

b1 − a1 b2 − a2 b3 − a3 0
c1 − a1 c2 − a2 c3 − a3 0

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
x y z 1
a1 a2 a3 1
b1 b2 b3 1
c1 c2 c3 1

∣∣∣∣∣∣∣∣ = 0.

6. Suppose that |A| ̸= 0. Then the inverse matrix A−1 exists. Ax = 0 implies that

A−1(Ax) = A−10 ⇒ (A−1A)x = A−10 = 0.
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Therefore, x = 0.

7.

(a)

x =

∣∣∣∣ 5 −3
7 −5

∣∣∣∣∣∣∣∣ 1 −3
3 −5

∣∣∣∣ =
−4

4
= −1,

y =

∣∣∣∣ 1 5
3 7

∣∣∣∣∣∣∣∣ 1 −3
3 −5

∣∣∣∣ =
−8

4
= −2.

(b)

x =

∣∣∣∣∣∣
3 1 1
5 2 2
6 2 3

∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1
1 2 2
1 2 3

∣∣∣∣∣∣
=

1

1
= 1,

y =

∣∣∣∣∣∣
1 3 1
1 5 2
1 6 3

∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1
1 2 2
1 2 3

∣∣∣∣∣∣
=

1

1
= 1,

z =

∣∣∣∣∣∣
1 1 3
1 2 5
1 2 6

∣∣∣∣∣∣∣∣∣∣∣∣
1 1 1
1 2 2
1 2 3

∣∣∣∣∣∣
=

1

1
= 1.

Chapter 3

Exercise3.2.1

1. For v,w ∈ R3, we check to see

T (v +w) = T (v) + T (w),
T (αv) = αT (v)
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Let v,w ∈ R3. Then we can write v =


x1

x2

x3

 , w =


x′
1

x′
2

x′
3

．Then

T1[

 x1

x2

x3

+

 x′
1

x′
2

x′
3

] = T1

 x1 + x′
1

x2 + x′
2

x3 + x′
3

 =

(
x3 + x′

3

x1 + x′
1 + x2 + x′

2

)

=

(
x3

x1 + x2

)
+

(
x′
3

x′
1 + x′

2

)

= T1

 x1

x2

x3

+ T1

 x′
1

x′
2

x′
3

 .

Also,

T1(α

 x1

x2

x3

) = T1

 αx1

αx2

αx3

 =

(
αx3

αx1 + αx2

)

= α

(
x3

x1 + x2

)
= αT1

 x1

x2

x3

 .

Thsu, T1 is a linear mapping．

Next we check to see T2．Suppose v =


1

2

3

 ,w =


1

0

0

. Then

T2(αv + βw) = T2

 α+ β
2α
3α

 =

(
α+ β + 1
2α+ 3α

)
.

Also,

T2(αv) + T2(βw) = T2

 α
2α
3α

+ T2

 β
0
0


=

(
α+ 1

2α+ 3α

)
+

(
β + 1
0 + 0

)
=

(
α+ β + 2
2α+ 3α

)
.

Thus, T2(αv + βw) ̸= T2(αv) + T2(βw). Therefore T2 is not a linear mapping.

2. Let v ∈ V . Then {v1,v2, . . . ,vn} is a basis of V . Then we can express v uniquely as

v = α1v1 + · · ·+ αnvn

Here, the image of T , T (v), is an element of Rn. Then we can write

T (v) = β1e1 + · · ·+ βnen
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But T (vi) = ei implies that
T (vi) = β1e1 + · · ·+ βnen = ei.

Thus for i = 1, 2, . . . , n, αi = 0 implies βi = 0．Also, αi = 1 implies βi = 1. Thus, αi = βi.

Therefore,
T (v) = α1e1 + · · ·+ αnen.

Next we show T is a linear mapping.

Suppose v,w ∈ V . Then
v = α1v1 + · · ·+ αnvn,

w = β1w1 + · · ·+ βnwn.

Thus,

T (αv + βw) = T (αα1v1 + · · ·+ ααnvn + ββ1v1 + · · ·+ ββnvn)

= T ((αα1 + ββ1)v1 + · · ·+ (ααn + ββn)vn)

= (αα1 + ββ1)e1 + · · ·+ (ααn + ββn)en

= (αα1e1 + · · ·+ ααnen) + (ββ1e1 + · · ·+ ββnen)

= α(α1e1 + · · ·+ αnen) + β(β1e1 + · · ·+ βnen)

= αT (v) + βT (w).

Hence, T is a linear mapping．
3. (a) ⇒ (b)

If T is isomorphic, then by the theorem3.1, there exists isomorphic mapping S = T−1 such that

T ◦ S = 1.

(b) ⇒ (a)

Suppose that T (S(x)) = T (S(y)). Then T ◦ S = 1 implies that S(x) = S(y). Thus for some x, y,

we have x = y．Also, x = y implies S(x) = S(y)．Thus T is injective．Next we show に T is

surjective．Since T ◦ S = 1, for y ∈ Rn, there exists z ∈ Rn such that y = T (S(z))．Also, S is a

mapping from Rn to Rn. Thus for some x ∈ Rn, we have x = S(z)．Therefore, y = T (x).

4. ker(T ) = {v ∈ V : T (v) = 0} implies that for v1,v2 ∈ ker(T ), we have T (v1) = 0, T (v2) = 0．
Thus for any real numbers α, β, we need to show that αv1 + βv2 ∈ ker(T )．In other words, we

have to show T (αv1 + βv2) = 0. Note that

T (αv1 + βv2) = αT (v1) + βT (v2) = 0

Thus, αv1 + βv2 ∈ ker(T ) which shows that ker(T ) is a subspace.

Next Im(T ) = {w ∈ W : w = T (v),v ∈ V }. For some w1,w2 ∈ Im(T ), T (v1) = w1, T (v2) =

w2．Then for any real numbers α, β, we need to show αw1 + βw2 ∈ Im(T ). In other words, we

have to show the existence of some v ∈ V so that T (v) = αw1 + βw2. Note that V is a vector

space, so αv1 + βv2 ∈ V．Also,

T (αv1 + βv2) = αT (v1) + βT (v2) = αw1 + βw2
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Thus, αw1 + βw2 ∈ Im(T ). Hence, Im(T ) is a subspace.

5. Let m(T ) be a matrix representation of T . Then

m(T ) =

 1 2 2
2 1 3
2 2 1

 .

By the theorem3.1, dimR3 = dimker(T ) + dim Im(T ) and dim Im(T ) = rank(T ). Thus,

dimker(T ) = 3− rank(A) = 0.

Exercise3.4.1

1.

w1 =

(
3
1

)
=

(
1

−1

)
+ 2

(
1
1

)
= v1 + 2v2,

w2 =

(
−1
2

)
= −3

2

(
1

−1

)
+

1

2

(
1
1

)
= −3

2
v1 +

1

2
v2.

Then the transformation matrix P is

P =

(
1 − 3

2
2 1

2

)
.

2. Let wj = p1jv1 + · · · + pnjvn. Then P = (pij) is a transformation matrix from {vi} to {wj}.
Also, let vj = q1jw1 + · · ·+ qnjwn. Then Q = (qij) is a transformation matrix from {wi} to {vj}.

PQ=

 p11 · · · p1n
...

...
...

pn1 · · · pnn


 q11 · · · q1n

...
...

...
qn1 · · · qnn


=

 p11q11 + · · ·+ p1nqn1 · · · p11q1n + · · ·+ p1nqnn
...

...
...

pn1q11 + · · ·+ pnnqn1 · · · pn1q1n + · · ·+ pnnqnn



=


1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

 .

3.

(a)

ΦA(t) = |A− tI| =
∣∣∣∣ 3− t −1

1 1− t

∣∣∣∣ = t2 − 4t+ 4 = 0.

Then the eigenvalue of A is λ = 2．
The eigenvector x corresponding to λ = 2 satisfies (A− 2I)x = 0 and not 0. Solving the system

of linear equations, we have

A− 2I =

(
1 −1
1 −1

)
−→

(
1 −1
0 0

)
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Thus,

x = α

(
1
1

)
(α ̸= 0).

Therefore, the eigenspace is

V (2) = {α
(

1
1

)
}．

(b)

ΦA(t) = |A− tI| =

∣∣∣∣∣∣
2− t 1 0

0 1− t −1
0 2 4− t

∣∣∣∣∣∣ = (2− t)(t2 − 5t+ 6) = 0.

Then the eigenvalues of A are λ = 2, 3.

We find the eigenvector corresponds to λ = 2.

A− 2I =

 0 1 0
0 −1 −1
0 2 2

 −→

 0 1 0
0 1 1
0 0 0

 −→

 0 1 0
0 0 1
0 0 0


Thus,

x = α

 1
0
0

 (α ̸= 0).

Next we find the eigenvector corresponds to λ = 3. Then

A− 3I =

 −1 1 0
0 −2 −1
0 2 1

 −→

 1 −1 0
0 1 1

2
0 0 0

 −→

 1 0 1
2

0 1 1
2

0 0 0


Thus,

x = β

 −1
−1
2

 (β ̸= 0).

Therefore,

V (2) = {α

 1
0
0

}, V (3) = {β

 −1
−1
2

}.

(c)

ΦA(t) = |A− tI| =

∣∣∣∣∣∣
1− t 4 −4
−1 −3− t 2
0 2 −1− t

∣∣∣∣∣∣
= (1− t)(t2 + 4t− 1) + (−4t+ 4) = (1− t)(t2 + 4t+ 3)

= (1− t)(t+ 1)(t+ 3).

Then the eigenvalues of A are λ = −3,−1, 1．
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We find the eigenvector corresponds to λ = −3. Then

A+ 3I =

 4 4 −4
−1 0 2
0 2 2

 −→

 1 1 −1
0 1 1
0 0 0

 −→

 1 0 −2
0 1 1
0 0 0


Thus,

x = α

 2
−1
1

 (α ̸= 0).

We find the eigenvector corresponds to λ = −1. Then

A+ I =

 2 4 −4
−1 −2 2
0 2 0

 −→

 1 2 −2
0 0 0
0 1 0

 −→

 1 0 −2
0 1 0
0 0 0


Thus,

x = β

 2
0
1

 (β ̸= 0).

Finally, we find the eigenvector corresponds to λ = 1. Then

A− I =

 0 4 −4
−1 −4 2
0 2 −2

 −→

 1 4 −2
0 1 1
0 0 0

 −→

 1 0 2
0 1 −1
0 0 0


Thus,

x = γ

 −2
1
1

 (γ ̸= 0).

Therefore the eigenspace is

V (−3) = {α

 2
−1
1

}, V (−1) = {β

 2
0
1

}, V (1) = {γ

 −2
1
1

}.

4. Let λ be the eigenvalue of A. Then

λx = Ax = A2x = A(Ax) = A(λx) = λA(x) = λ2x.

Thus we have λ = λ2. Therefore, λ = 0, 1．

5. Let λi be the eigenvalue of A. Then Ax = λix implies that

Amx = Am−1(Ax) = Am−1(λix) = · · · = λm
i x.

6. A =

(
3 1

−1 1

)
implies that

ΦA(t) = det(A− tI) =

∣∣∣∣ 3− t 1
−1 1− t

∣∣∣∣ = t2 − 4t+ 4 = 0.
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Thus by Cayley-Hamilton’s theorem

ΦA(A) = A2 − 4A+ 4I = 0.

Here, since A4 = (A2 − 4A+ 4I)(A2 + 4A+ 12I) + 32A− 48I, we have

A4 = 32A− 48I = 32

(
3 1

−1 1

)
− 48

(
1 0
0 1

)
=

(
96 32

−32 32

)
−
(

48 0
0 48

)
=

(
48 32

−32 −16

)
.

Note that A2 − 4A+ 4I = 0 implies that A− 4I + 4A−1 = 0．Thus,

A−1 =
1

4
(4I −A) =

1

4
(

(
4 0
0 4

)
−
(

3 1
−1 1

)
)

=
1

4

(
1 −1
1 3

)
.

7. Note that X2−3X+2I = 0 implies that (X−I)(X−2I) = 0．Then X = I or X = 2I satisfies

the equation．Next let X =

(
a b

c d

)
. Then by Cayley-Hamilton’s theorem, ΦX(X) = 0. Thsu,

we find X so that the characteristic equation Φx(t) = t2 − 3t+ 2 = 0.

ΦX(t) = det(X − tI) =

∣∣∣∣ a− t b
c d− t

∣∣∣∣ = t2 − (a+ d)t+ ad− bc.

Thus the required X satisfy the condition a+ d = 3, ad− bc = 2.

Chapter 4

Exercise4.2.1

1.

(a) A =

(
1 2

0 −1

)
. Then

ΦA(t) =

∣∣∣∣ 1− t 2
0 −1− t

∣∣∣∣ = t2 − 1.

Thus the eigenvalues are λ = ±1．
For λ = 1, we have to solve the equation (A− I)x = 0 for x ̸= 0.

A− I =

(
0 2
0 −2

)
−→

(
0 1
0 0

)
Thus, we have

x = α

(
1
0

)
(α ̸= 0).
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We next find the eigenvector corresponds to λ = −1.

A+ I =

(
2 2
0 0

)
−→

(
1 1
0 0

)
Thus, we have

x = β

(
−1
1

)
(β ̸= 0).

Therefore, the eigenspace is

V (1) = {α
(

1
0

)
}, V (−1) = {β

(
−1
1

)
}.

Now the number of eigenvalues and the number of linearly independent eigenvectors are the same.

By the theorem4.1, it is diagonalizable and for P =

(
1 −1

0 1

)
, we have

P−1AP =

(
1 0
0 −1

)
.

(b) A =


2 1 1

1 2 1

0 0 1

 implies that

ΦA(t) =

∣∣∣∣∣∣
2− t 1 1

1 2− t 1
0 0 1− t

∣∣∣∣∣∣ = (1− t)(t2 − 4t+ 3).

Thus the eigenvalues are λ = 1, 3．
We find the eigenvector corresponds to λ = 1. Then

A− I =

 1 1 1
1 1 1
0 0 0

 −→

 1 1 1
0 0 0
0 0 0


Thus, we have

x =

 −α− β
β
α

 = α

 −1
0
1

+ β

 −1
1
0

 .

We find the eigenvector corresponds to λ = 3. Then

A− 3I =

 −1 1 1
1 −1 1
0 0 −2

 −→

 1 −1 −1
0 0 1
0 0 0


Thus,

x = γ

 1
1
0

 (γ ̸= 0).
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Therefore, the eigenspace is

V (1) = {α

 −1
0
1

+ β

 −1
1
0

}, V (3) = {γ

 1
1
0

}.

Since the number of eigenvalues and the number of linearly independent eigenvectors are the same.

By the theorem4.1, it is diagonalizable and for P =


−1 −1 1

0 1 1

1 0 0

, we have

P−1AP =

 1 0 0
0 1 0
0 0 3

 .

(c) A =


1 1 6

−1 3 6

1 −1 −1

. Then

ΦA(t) =

∣∣∣∣∣∣
1− t 1 6
−1 3− t 6
1 −1 −1− t

∣∣∣∣∣∣
= (1− t)(t2 − 2t+ 3)− (t− 5) + 6(t− 2)

= −t3 + 3t2 − 5t+ 3 + 5t− 7 = −(t3 − 3t2 + 4)

= −(t− 2)(t+ 1)(t− 2).

Thus the eigenvalues are λ = −1, 2．
We find the eigenvector corresponds to λ = −1.

A+ I =

 2 1 6
−1 4 6
1 −1 0

 −→

 1 −1 0
0 3 6
0 3 6


−→

 1 −1 0
0 1 2
0 0 0

 −→

 1 0 2
0 1 2
0 0 0


Thus,

x = α

 −2
−2
1

 .

We next find the eigenvector corrsponds to λ = 2.

A− 2I =

 −1 1 6
−1 1 6
1 −1 −3

 −→

 1 −1 −6
0 0 0
0 0 3

 −→

 1 −1 0
0 0 0
0 0 1


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Thus,

x = β

 1
1
0

 (γ ̸= 0).

Therefore, the eigenspace is

V (−1) = {α

 −2
−2
1

}, V (2) = {γ

 1
1
0

}.

Thus,
dimV (−1) + dimV (2) = 2 < 3

and by the theorem4.1, it is diagonalizable．Now using

x1 =

 −2
−2
1

 ,x2 =

 1
1
0


, we create the orthnormal basis {u1,u2,u3}. Then

u1 =
x1

∥x1∥
=

1

3

 −2
−2
1

 ,

u2 =
x2 − (x2,u1)u1

∥x2 − (x2,u1)u1∥
=

1

3
√
2

 1
1
4

 ,

u3 =
u1 × u2

∥u1 × u2∥
=

1√
2

 1
−1
0



Therefore, letting U =


−2
3

1
3
√
2

1√
2

−2
3

1
3
√
2

−1√
2

1
3

4
3
√
2

0

, U is a unitary matrix and

U−1AU =

 −1 0 0
0 2 1
0 0 2

 .

2. Note that if U +W is a direct sum, then we show U ∩W = {0}. Let a ∈ U ∩W . Then a ∈ U

and a ∈ W．Thus, a = a+ 0 = 0+ a．But U +W is a direct sum, the expression is unique which

implies that a = 0．Thus, U ∩ W = {0}．Conversely, if a ∈ U ∩ W = {0} and a ∈ U + W is

expressed as
a = u1 + w1 = u2 + w2 (u1, u2 ∈ U, w1, w2 ∈ W )

Then,
u1 − u2 = w2 − w1 ∈ U ∩W = {0}
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implies that u1 = u2 = w1 = w2. This shows that the expression above is unique. Thus, U +W is

a direct sum．
3. By the theorem1.4, dim(U +W ) = dimU + dimW − dim(U ∩W )．Also, if U +W is a direct

sum, then U ∩W = {0} and dim(U ∩W ) = 0．Thus, dim(U ⊕W ) = dimU + dimW.

4. We first show that U +W is a direct sum．By Exercise4.1, it is enough to show U ∩W = {0}．
Let (x1, x2, x3) ∈ U ∩W . Then

x1 + x2 + x3 = 0, x1 = x2 = x3．

Then x1 = x2 = x3 = 0 and U ∩W = {(0, 0, 0)}.
We next show that R3 = U ⊕ W . Since U ⊂ R3, W ⊂ R3, U ⊕ W ⊂ R3. Also, dimU =

2, dimW = 1 implies that

dim(U ⊕W ) = dimU + dimW = 2 + 1 = 3

Thus, R3 = U ⊕W .

5. Let λ be the eigenvalue of the orthogonal matrix A. Then since A = A−1, we have

λx = Ax = A−1x = λ−1x.

Thus, λ2 = 1.

6. Since U = (u1,u2, . . . ,un), we have

U∗ =


u1

u2

...
un


Thus,

U∗U =

 u1 · u1 u1 · u2 · · · u1 · un

...
...

un · u1 un · u2 · · · un · un

 = I.

Also, UU∗ = (U∗U)∗ implies that UU∗ = I．

Exercise4.4.1

1. Let A =

(
1 1− i

1 + i 2

)
. Then A∗ =

(
1 1− i

1 + i 2

)
. Thus, AA∗ = A∗A．Therefore, A is

diagonalizable by a unitary matrix.

ΦA(t) = det(A− tI) =

∣∣∣∣ 1− t 1− i
1 + i 2− t

∣∣∣∣ = t2 − 3t+ 2− 2 = t(t− 3)

implies that the eigenvalues are λ = 0, 3．
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We find the eigenvector corresponds to λ = 0.(
1 1− i

1 + i 2− i

)
−→

(
1 1− i
0 0

)
.

Thus,

V (0) = {α
(

1− i
−1

)
}.

We next find the eigenvector corresponds to λ = 3.(
−2 1− i
1 + i −1

)
−→

(
1 1−i

−2

0 0

)
.

Thus,

V (3) = {β
(

1− i
2

)
}.

Now let the orthonomal basis of V (0), V (3) be

{

(
1−i√

3
−1√
3

)
,

(
1−i√

6
2√
6

)
}

Then we can find the unitary matrix

U =

(
1−i√

3
1−i√

6
−1√
3

2√
6

)
and

U−1AU = U∗AU =

(
0 0
0 3

)
.

2. A =


1 0 −1

0 −1 0

−1 0 1

 implies that A is a real symmetric matrix．Thus by the theorem4.2,

it is diagonalizable by a unitary matrix．

ΦA(t) = det(A− tI) =

∣∣∣∣∣∣
1− t 0 −1

0 −1− t 0
−1 0 1− t

∣∣∣∣∣∣
= −(1 + t)(t2 − 2t+ 1− 1) = (1 + t)(t)(t− 2)

implies that the eigenvalues are λ = −1, 0, 2．
We find the eigenvector corresponds to λ = −1.

A+ I =

 2 0 −1
0 0 0

−1 0 2

 −→

 1 0 −2
0 0 0
0 0 3


−→

 1 0 −2
0 0 0
0 0 1

 −→

 1 0 0
0 0 0
0 0 1

 .
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Thus,

V (−1) = {α

 0
1
0

}.

We next find the eigenvector corresponds to λ = 0. 1 0 −1
0 −1 0

−1 0 1

 −→

 1 0 −1
0 1 0
0 0 0

 .

よって

V (0) = {β

 1
0
1

}.

Then we find the eigensapce corresponds to λ = 2. −1 0 −1
0 −3 0

−1 0 −1

 −→

 1 0 1
0 1 0
0 0 0

 .

Thus,

V (2) = {β

 −1
0
1

}.

Next let the orthonormal basis of V (−1), V (0), V (2) be as follows:

{

 0
1
0

 ,

 1√
2

0
1√
2

 ,

 −1√
2

0
1√
2

}

Then,

P =

 0 1√
2

−1√
2

1 0 0
0 1√

2
1√
2


is a diagonal matrix and

P−1AP = P tAP =

 −1 0 0
0 0 0
0 0 2

 .

3. A =

(
0 a1

a2 0

)
is diagonalizable by a unitary matrix if and only if A is a normal matrix

according to the theorem4.2．In other words, AA∗ = A∗A .

AA∗ =

(
0 a1
a2 0

)(
0 ā2
ā1 0

)
=

(
0 ā2
ā1 0

)(
0 a1
a2 0

)
= A∗A

Thus, (
a1ā1 0
0 a2ā2

)
=

(
a2ā2 0
0 a1ā1

)
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This shows that |a1| = |a2|.
4. Express x2

1 + 2x2
2 − 3x2

3 + 2x1x2 using matrix. We have

(x1, x2, x3)

 1 1 0
1 2 0
0 0 −3

 x1

x2

x3

 .

Here A =


1 1 0

1 2 0

0 0 −3

 is real symmetric matrix．Thus by the theorem4.2, it is diagonalizable

by unitary matrix.

ΦA(t) =

∣∣∣∣∣∣
1− t 1 0
1 2− t 0
0 0 −3− t

∣∣∣∣∣∣ = (−3− t)(t2 − 3t+ 1)

implies that λ = −3, 3±
√
5

2 ．Thus,

xtAx = yt(P tAP )y = −3y21 +
3−

√
5

2
y22 +

3 +
√
5

2
y22 .

5.

Express x1x̄1 + (1− i)x1x̄2 + (1 + i)x2x̄1 + 2x2x̄2 using matrix.

(x̄1, x̄2)

(
1 1− i

1 + i 2

)(
x1

x2

)
Here A is Hermitian matrix. So, by the theorem4.2, it is possible to diagonalize by unitary matrix.

ΦA(t) =

∣∣∣∣ 1− t 1− i
1 + i 2− t

∣∣∣∣ = t(t− 3)

implies that λ = 0, 3．Thus
xtAx = yt(U∗AU)y = 3ȳ2y2.
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canonical form, 66
Cayley-Hamilton theorem, 68
characteristic polynomial, 67
characterisitic equation, 67
coefficient matrxi, 29
cofactor, 43
cofactor expansion, 43
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conjugate transpose, 73
Cramer’s rule, 43
cross product, 13

degree of freedom, 39
determinant, 43
diagonal matrix, 26
dimension, 19
direct sum, 18
distance, 11

eigenspace, 69
eigenvalue, 66
eigenvector, 66
elementary solution, 38

Fourier coefficient, 11
Fourier Series, 11
function space, 8
fundamental matrix, 31
fundamental row operation, 30

Gaussian elimination, 29
geometric vector space, 2
Gram-Schmidt orthonormalization, 21

Hermitian form, 82
Hermitian matrix, 73

identity matrix, 26
image, 57
injective, 58
inner product, 5, 78
inverse mapping, 58
inverse matrix, 40
isomorphic, 58
isomorphism, 58

kernel, 57

Kronecker delta, 20

linear combination, 14
linear mapping, 57
linear span, 17
linearly dependent, 15
linearly indenpendent, 15

m-component row vector, 24
mapping, 57
matrix multiplication, 24
matrix representation, 61
minor, 43
moment, 13
moment vector, 14

n-component column vector, 24
negative definite, 80
nilpotent, 28
normal matrix, 76
normal vector, 9
normalize, 10
normed vector space, 5

one-to-one, 58
order, 26
orthogonal, 8
orthogonal matrix, 74
orthogonal system, 8
orthonaormal system, 10

piecewise continuous function, 4
positive definite, 80
power, 27

quadratic form, 79

rank of matrix, 33
real vector space, 24
regular matrix, 40
row equivalent, 31
row reduced echlon matrix, 32
row space, 34

scalar multiple, 2
scalar triple product, 14
similar, 66
skew symmetric matrix, 27
solution space, 38
solution vector, 36
space vector, 2
square matrix, 26
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three dimensional vector space, 2
trace, 26
transition matrix, 64
triangular, 73
trivial solution, 38

unitary matrix, 74
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