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Vector Space

1.1 Geometric vector and Vector space

We have seen a vector in the coordinate plane represented by arrow head. In this section, to
distinguish a general vector from a arrow headed vector, we call an arrow headed vector geometric
vector. A geometric vector has a direction and a size. We have not defined a direction and a size.
So, the definition of a geometric vector is not complete.

From now on, a geometric vector is represented by the arrow headed vector. A geometric vector
is different from the number you used to. One thing is that if two geometric vectors have the
same direction and the same magnitude, then these two geometric vectors are treated as the same
vectors. Thus, any two geometric vectors are same if they have the same direction and magnitude.
So, we can move a geometric vector freely without changing the direction and the magnitude.

Now we define two basic operation on the geometric vectors. First one is the vector addition
and the second one is the scalar multiplication.

#MAddition of geometric vectorsé

To add two geometric vectors, we put the tail of one goemetric vector to the tip of another
geomteric vector. Thus, the addition of two geometric vectors is defined as the geometric vector
connecting the tail of one geometric vector and the rip of another geometric vector. In other words,

it is a diagonal of th eparallelogram.

1.1 Addition of geometric vectors and scalar multiplication
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The properties of the addition of geometric vectors are as follows:

An addition of geometric vectors is a geometric vector. (closure)
For any geometric vectors A and B, A+B = B+A . (commutative)
For any geometric vectors A,B,C, (A+B)+C = A+(B+C). (associative)

For any geometric vector A, there exists 0 such that A+0 = A (existence of zero element)

G W NN =

For any geometric vector A, there exists B such that A+B = 0. (existence of inverse

element)

M A scalar multiple of geometric vectors#
A scalar multiple of a geometric vector a@ A is defiend by the same direction of A and the
magnitudeh is « times. If « is negative, then the direction of awA is opposite to the original

direction.

A scalar multiple of a geometric vector is again a geometric vector.
For any real numbers « and 8, a(SA) = (af)A. (associative law)
For any real number o and 5, (o + 8)A = aA + SA, and for any geometric vectors A and
B, o(A+B) = cA + oB(distributive law)
9. 1A=A; 0A=0; a0=0

#dGeometric vector space®

For any geometric vectors in coordinate plane or sapce, the properties 1 thru 9 holds. When the
properties 1 thru 9 are satisfied, we call this set of geometric vectors geometric vector space. A
geometric vector space is often called Euclid space and this is a typical example of abstract vector
space. In general, a set under an addition and a scalar multiple satisfies the properties 1 thru 9,
it is called a vector space. We often call an element in a vector space simply a vector. So, in this
sense, you may see a lot of vectors not like geometric vectors.
& Vectors in Spacedd

For any geometric vector x on a coordinate plane, put the tail of a geomeric vector to the origin.
Then the coordinate of the head of the vector is (z1,z2). Then x = (x1,x2) represents the vector.

Thus, the addition of two geometric vectors x = (21,y1),y = (1, y2) can be defined by.
(71, 22) + (y1,92) = (¥1 + Y1, 72 + ¥2)
Example 1.1

For X = (-1,2),Y =(0,-3), find X+ Y.
Answer X+Y =(-1,2)4+(0,-3) = (-1,-1) #&
To generaloze this idea, we provide the geometric vectors in three dimension. The move the

tail of the geometric vector to (0,0,0). Then assume the coordinate of the head of the vector is

(a17a27a3)'
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Space vector is represented by (a1, as,as). a1 is called z-component, as is y-component, ag is
z-component. The set of these vectors are represented by {(a1,as,a3) : a; real} , An addtion and
scalar multiplication are defined in the way so that this set can become a vector space. This vector
space is called three dimensional vector space and denoted by R? . In R? , addition of these

vectors are defined as follows:
(a1, a2,a3) + (b1,b2,b3) = (a1 + b1, a2 + b2, as + b3).

An scalar multiplication of these vectors are defined as follows:

aay,as,a3) = (aar, aasz, aas).

The zero element of this vector space is called zero vectorand denoted by (0,0,0). 3-tuples
(a1,a2,a3) has no direction and magnitude. Once a 3-tuple (a1, as, ag) is considered as a point
(a1,a2,as) on the coordinate space. Then we can think of this as a directed line starting from the
origin. With this idea, we can think of a space vector as a geometric vector. Then the magnitude
of a space vector ||(a1,as,a3)| is the distance between (a1, as,a3) and the origin. Thus, we can

write (a? + a3 + a3)'/2.
Example 1.2

For A = (-1,2,3),B = (0,—3,2), find the followings:
(a) 2A (b) 3B—-2A (o) [A] (d) [[A+B]
Answer (a) 2A =2(—-1,2,3) = (-2,4,6).
(b) 3B —2A =3(0,-3,2) — 2(—1,2,3) = (2,-13,0).
(©) Al = (-1 + 22+ 3)/2 = VL.
(@) [A+B[=1(-1,2,3)+(0,-3,2)] = (-1, -1,5)|| = V27 = 3v/3. &
(1,0,0),(0,1,0),(0,0,1) can be expressed by i,j,k. Using this symbol, we can write A = (a1, az, as)
as a1i+ asj + azk . The vectors like i,j,k whose magnitude is 1 is called unit vector.
We can extend the idea about 3-tuple to n-tuples. But for the sake of the space of paper, 5-tuple
aj
a2
is represented by | a3 | insted of (a1, as,as,a4,as5).
Gy

as
The addition and the scalar multiplication are defined as follows:

(251 bl aq + bl
as by az + by
a3 |+ | b3 | =1 az+bs |,
ay by ag + by

as b5 as + b5
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ay aay
a9 aa9
« as = aas
Qa4 aay
as aas

Similarly, we can defined an addtion and a scalar multiplication for n-tuples. Furthermore, these

vectors satisfy the properties 1 thru 9.

Theorem 1.1

R" ={(a1,a2,...,a,) : a; € R} is a vector space.
Exercisel - 2

1. For vectors A = (2,—-1,3) and B = (—1,1,4), find the followings:
(a) A+B(b) 3B (c) ||A] (d) 3B —2A
2. For vectors A = (—2,—1,3) and B = (3,0,1), express the following vectors using i, j, k .
(a) B—A (b) 3A+B (c) 3B-2A (d) %
3. Show that geometric vectors defined in 1.1 satifies the properties 1 thru 5.
4. Show that geometric vectors defined in 1.1 satifies the properties 6 thru 9.
5. Show that geometric vectors defined in 1.1 satifies the properties 1 thru 9. . 6. Two vectors
A and B have the same initial point. Find the vector C which disect the angle between A and B.
7. Solve the equation z(1,1,1) +y(1,1,0) + 2(1,0,0) = (2,—-3,4). Find z,y, z.

1.2 Inner Product Space

#Piccewise Continuous Functiondy

In this section, we introduce a vector space which is very different from spce vector. First
let C(a,b) be the set of continous functions on (a,b). Then let PC(a,b) be the set of piecewise
continuous function). Now for the function f(¢) to be piecewise continuous on I, if the followings

are satisfied.

1. f(¢) is continuous on I except finitely many points.
2. There exist a left-hand limit and a right-hand limit at the discontinuity ¢y of f(¢).

We now define an addition and a scalar multiplication on C(a,b) and PC(a,b) .
For f,g in C(a,b) or PC(a,b), 1. f+ g is defined as a function which has the value f(z)+ g(z)
at x.

2. «af is defined as a function which has the value af(z) at x.

Example 1.3
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For f(z) = z,g(z) = 22, find f + g, %ﬁ 2¢g .
Answer (f +g)(z) = f(z) + g(z) =z + 2,
(35)(@) = 3f(=) = §,
(29)(z) = 2g(z) = 222. #&
With this addition and scalar multiplication,the properties 1 thru 9 to be a vector space is
satisfied in C(a,b) and PC(a,b).

Theorem 1.2

Show that C'(a,b) and PC(a,b) are vector space.

From now on we can call f(x) and g(z) vectors. It looks very different form a geomtric vectos.
But it is a vector. You might notice these vectors might not have a magnitude or direction. For
any vector space we can define a magnitude is called normed vector space. In this section, we
consider a normed vector space which admits a dot product. #Inner Producté

For geometric vectors, addition , scalar multiplicaiton ,and inner product are basic.

We have already studied an addition and a scalar multiplication of geometric vectors. So, here
we study an inner product.

Consider nonzero vector A and B and the angle (0 < 6 < 7) between A and B. Then the dot
product of A and B is defined as ||A||[|B]|| cosf. In other words,

A-B = |A]||B] cost

If either A or B is 0, then we define A -B = 0.
Up to now, we have tried to generalize the addition and the scalar multiplication. Now we try

to generalize an inner product.
Definition 1.1

For two vectors viandvsy, A real number vy - vy is defined and satisfies the following properties,
v1 - vo is called an inner product of vectors vi and vo

For any vectors v, vy, va, vs and real numbers «, 3, the followings are hold.

(U3) = a(v - U3) + B(V2 - ¥3) (linearlity)

at + B) -
1 - U1 symmetric

ST
Il
l\')l

1.
2. Uy - Us

3. 7-7>0,7-%=0and 7= 0 are equivalent . (positive definite)
Example 1.4

For geometric vectors A and B, The inner product A - B can be thought of

A -B = |A||B|cos#.

Here, |A| and |B| are the magnitude of A and B. 6 represents a smaller angle between A and B.
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-
rl:f._.-" -____._.
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e ""E'

1.2 Scalar multiple

Example 1.5

A - B = |A||B| cos 0 satisfies the definition of inner product.
Answer Let 6 be the angle between A and B. Let v be the angle between A and A+B. Let w
be the angle between A and C

Then
1.
|A + B|cosy = |A] + |B] cos¥,
|A + Blsiny = |B|sin#.
Thus,

(A+B) -C=|A+BJ|C|cos(w—")
= |A + B||C|(cosw cosy + sinw sin )
= |A||C|cosw + |B||C| cos(f — w)
=A.-C+B-C

Also, for o # 0, we have
a(A-B) =a|A||B|cosf = (eA) - B.

We are able to show linearlity.

2.
A -B=|A|/B|cost = |B||A|cos§ =B - A.

3. A-A=|AJ]? Thus, A- A =0and A = 0 are equivalent. &
Example 1.6

Define an inner product on R3.

Answer Let (a1, as,a3), (b1,b2,b3) be elements of R®. Then

(a1, a2,a3) - (b1,b2,b3) = a1br + asbs + asbs
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is an inner product because if vi = (a1, as,a3),ve = (b1,b2,b3),v3 = (c1,¢2,¢3) € R® o, 8 € R,

then we have 1.

(avy + Bva) - vz = (aay + Bby, aaz + Bba, caz + Bbs) - (c1, c2, ¢3)
= (a1 + Bb1)c1 + (aas + Bb)cs + (as + Bbs)cs
= alaicr + axco + azes) 4 B(bicr + bacy + bacs)
= a(ai,az,a3) - (c1.c2,¢3) + B(b1, b2, b3) - (c1, c2, ¢3)

= V] 'V3+5V2 *Vs3.

2.
V1 - Vo = (a1, az,a3) - (b1, b2, b3)
= a1b1 + asbs + azbs
= biay + baaz + bzas
= (b1,b2,b3) - (a1, a2,a3)
= Vg - Vji.
3.

vi-vi=al+a3+ai>0
vi-vi=0&al+a3+a3=0
<:>a1=a,2=a320-7(ﬁ§
Definition 1.2

Suppose that f(z),g(z) are elements of PC[a,b]. Then the inner product (f,g) is given by the

followings:. b

(f,9) = /a f(z)g(x)dx.
(notice) This satisfies the properties of the inner product 1,2, 3.
Example 1.7

For f(x) = z,g(z) = 2% are in PC|0,2], find (f, g).

Answer
4

2
(1) = [ @ = T =
If an inner product is defined on a vector space, then we can define a norm.
Definition 1.3
The norm of a vector v is written as ||v||2 and represented by the followings:
[Vll2 = Vv -v.

Then by the properties of inner product,ls norm has the following properties.

For any vectors x,y € R™ and any real number «, we have
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1. |Ix|l2 > 0, ||x]|]2 =0 and x = 0 are equivalent.
2. Jlax|lz = |alllx]l2

3. x4+ yllz < [xll2 + [lyll2

For example in the geometric vector space, ||A|l2 = VA - A = |A|. Thus it is the same as the
length of A. For the space vectors,

(a1, a2, a3)]l2 = \/af + a3 + a3

which can be considered as the shortest distance to (a1, as,as) . For the function space PC|a, b,

we have .
£l =4 [ (7o) .
Other than Iy norm, it is often used in R", we have [, norm.
Definition 1.4
For a vector x = (21, xa,...,Zn), lo norm(norm) is written as ||x||s and defined as follows:.

[%lloc = max |z].
1<i<n

Example 1.8

Find a Iy norm and I, norm of x = (—1,1,—2).

Answer

x|z = v(=1,1,-2) - (-1,1,-2) = V1 + 1+ 4= V6

max |z;| = max{1,1,2} =2
1<i<3

1%l

lsonorm and Iy norm have the following properties.

For any vectors x,y € R™ and any real number «, we have
Yy y Yy )

1. ||x]]| >0, ||x|]| = 0 and x = 0 equivalent.
2. x| = lafllx|

3. x+yll < lxIl + [lyll

AOrthogonalé

If any two geometric vectors are orthogonal, then, A -B = |A||B|cos# T cosf = 0. Thus, the
inner product is 0, On the other hand, if A, B are not zero vectors and the inner product is 0,
then cos# = 0 and A and B are orthogonal.

In this way, when the inner product is defined in a vector space, not only norm but the concept

of orthogonal can be introduced.

Definition 1.5
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Two vectors vi and vs are said to be orthogonal if vi - vo = 0. A set of vectors whose elements
are orthogonal to each other is called orthogonal system.

In the geometric vector space by 1.2 , an inner product of directed lines A - B is given by
A -B = |A||B|cosé. For if nonzero directed lines A and B, A - B = 0, then § = 90°. Thus, A
and B are orthogonal.

In the 3D vector space, the inner product of (a1, as, as) and (by, ba, bs) is given by a1b1 +asba+asbs

according to 1.2. If we think of 3D vector as a geometric vector, then
(a1,a2,a3) - (b1,b2,b3) = ||(a1, az, as)|[[|(b1, b2, b3)|| cos 6.

Then, we have
a1b1 + azbs 4 asbs

[[(a1, az, as)[[[| (b1, b2, bs) |

Thus, we can find the angle between two 3D vectors

cosf =

Example 1.9

Find the angle between A = (1,1,2) and B = (—1,2,1).
Answer

a1by + azbs + azbsz -1+242 1
cosf = = ——

[(a1, az, az)[[|(by, b2, bs) || V66 2

To find the 6 in the interval 80, 7] satisfying the above, we have 6 = g %
#Equation of Plane&#

1.3 Equation of Plane

Consider a coordinate axis in the space and imagine a plane. A normal vector is a vector
orthogonal to any tangent vector. If we use a inner product, we can find an equation of this plane.
Put a point (a1, as,as) on the plane. Let N = (A, B,C) be the normal vector to the plane. Let
ro be the position vector connecting the origin (0,0,0) and (a1, a2, az). Now let r be a vector

connecting the origin (0,0,0) and the point different from (a1, az2,a3). Then the vector r — r is
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on the plane and the angle between r — ry and N is 90°. Thus, we have (r —rg) - N = 0. This is
the equation of the plane.

Example 1.10

Find the equation of the plane going thru the point (3, —1,4) and the normal vector is (—1,1,2).

Answer Let the position vector r be (z,y, z). Then the equation of the plane is

(=3, y+1,z—4)-(-1,1,2) =0.

Thus, we have
—(z—3)+@W+1)+2(z—4)=0

or
—z+y+2z =44

Example 1.11

Show that a function sinz and a function cosz is orthogonal on [—m, 7] . But nor on [0, %]
Answer [—7,7w] T
2

T ) . w2
(sinx,cosx):/ sin z cos xdx = Sm2 x = ST ;m (=m) =0.
m
[0’ *] T
4
i inz z 1 1v2, 1
(sinx,cosx):/ sinz cos vdx = L ld= fsin2z:7(£)2: — &
o 2 2™ Y T2\ 4

In function space, an orthogonal doen not mean perpendicular.

A unit vector u is a vector whose magnitude is 1. Given nonzero vector A, we can find a unit
vector with the same direction as A. To do so, simply divide A by its magnitude |A|. For a
general vector, we might try the same thing, that is, divide the vector v by its norm ||v||. To find
a unit vector by dividing its norm is called normalization. A set of vectors whose elements are
all normalized is called orthonormal system. As an example of orthonormal system, we have

seen {i,j,k}.
Example 1.12

Show that the function system {cosma} -_, is an otthogonal system on [0, x]. Then find a corre-
spondin orthonormal system.

Answer For m # n, we have
s
(cosmx, cosnx) = / cos mx cos nxdr
0

= ;/Oﬂ[cos (m + n)x + cos (m — n)z|dx

_ l[sin (m+n)x sin(m—n)x
2" (m+n) (m—mn)

J16=0.
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For m =0, cosmz = cos(0 = 1 implies that
=1 () a2 = V.
0

For m # 0, we have

|l cosmz|| = [/ cos? mx dx]'/? = g
0

Thus the required orthonomal system is as follows:

(LVE

cosmz, - - }.%

AFourier Seriesé
Using the orthnormal system mentioned above, we can represent the piecewise continuous func-

tion f(z) € [0, L] as follows:

f(z) ~ %—l—;ancos%

Here,

2 o0
an:f/o f(x)cos?dx,n:(),l,l...,

The right hand side of the first expression is called Fourier series of f(x). a, is called Fourier

coefficient.

Example 1.13

Show the norm on v; and v, satisfies the triangle inequality
[vi+ vall < [lval[ + [[va]l

Answer

[vi 4 val[? = (vi +v2) - (Vi + v2)

Vil + 2vy - va + [|va

Here we use Cauchy-Schwarz inequality (Exercisel.2). Then

2vy - vy < 2[jvy||ve]|

Thus,
Vi + vall < [[vall + [lva | #

From this, distance satifies the followings:.

[vi — v < |lvi — vs|| + [|vs — v2|.

Thus, I3 norm just behaves like the distance we use.
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Example 1.14

Find the distance between x and x? on PCI0,2].

Answer

2

e — 22| = [/ (2 — 2?)? da]'V? =
0
Exercisel-4

1. For vectors A = (—1,3,1) and B = (2,4,—3), find the followings: (a) ||BJ|| (b) A-B (c)
Angle between A and B (d) Unit vector in the dierction of A
2. Determine which system is orthogonal. If it is orthogonal, find the orthonormal system.
(a) {(1,3),(6,-2)}
(b) {(1,2,2),(-2.2,-1),(2,1,-2)}
(c) {i—2j+3k,2i—1j— 1k, 3i+3j+k}
3. Find an equation of plane going thru a point (5, —1,3) and normal vector is 2i + j - k.

4. Let A,B be space vectors. Then prove the following inequality:

|A-B| < [[A[l[|B].

This result is called Cauchy-Schwarz inequality.
5. LetA, B, C be space vectors. Then show the following inequality:

|A-B| <[|A-C]+[C-BJ.

6. Let f(x),g(x) be a function vector in PC[a,b]. Show the following:

[l < gl

This result is called Schwarz inequality.
7. For PCJ0,2], Find the norm of the followings:.
(a) f(z) =2z (b) f(x)=sinmx (c) f(x)= cosmz.

8. Next three polynomials are called Legendre polynomial.

32 —1
2

PQ(J?) = 17 Pl(-r) =z, PQ(I) =

Show that these polynomials are orthogonal system in PC[—1,1].

1.3 Linearly independent, Linearly dependent

A Cross Productéy
To conside the cross product of two vectors, we are back to the geometric vectors. The definition

of the cross product is not as easy as the inner product. But it is very important in applied
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mathematics. Here we restrict ourselves in 3D applications. The reason is that there is no simple

generalization in other vector space.

AXB

1.4 Cross Product

Definition 1.6

Given any geometric vecots A,B, the magnitude is the same as the area of the parallelogram with
vector A and B for sides. The direction is right angle to A and B and follows the right hand
rule. Then this vector is called the cross product of A and B, and denoted by A x B. For
if A =0,B = 0,0 =0, there is no vector orthogonal to A and B. But in this case we define
AxB=0.

In 3D space, the cross product of vectors (a1, as,as) and (b1, ba, b3) is defined as follows:

(a1,a2,a3) x (b1,b2,b3) = (azbs — asbe, asby — aibs, a1bs — asby).

If we use the determinant(study later), we can express the above by the following:

i j k
(a1,a2,a3) % (b1,b2,b3) =| a1 az a3
by by b

Example 1.15

Expree |A x B| using the inner product.
Answer
|A x B|? = |A|?|B|?sin? 6
= |A]%|BJ?(1 — cos?6)
= |A*|B” — |A]*|B[* cos” 0
=(A-A)B-B) - (A-B)%

£-T,|AxB|=4/(A A)B-B)- (A -B)2 #
In mechanics, the moment m of the force F about O is given by m = |F|d, where d is the
distance from O to the line of action. Suppose that r is a vector connecting P and O. Then

d = |r|sinf. Thus we can write m as
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1.5 Moment of F about O

m = |F|r|sinf = |F x r| = |r x F|

In this case, we say m = r x F is called moment vector of F about O

For any geometric vectors A,B,C, (A x B) - C is a real number. So, it is called a scalar triple
product. A x (B x C) is a vector. So, it is called a vector triple product.

The vector triple product A x (B x C) is a vector on the plane formed by B and C. Then if B

and C are not parallel, A x (B x C) can be written as follows:.

Ax(BxC)=(A-C)B—- (A B)C.

#Linear Combinationd
In vector sapace, the addition and scalar multiplication are essential. An addition is the operation
of two vectors. in the vector space, associative law holds, so, we can add three, four vectors and

so on. This operation is called linear combination.
Definition 1.7

For any vector space V and any vectors vi,vs,Vvs,..., Vv, and any real numbers c1,co,c3, ..., Cn,
c1vi+cave +c3vy + -+ vy

is called a linear combination.
Here we want you to notice that in the vector space V' any linear combination of vectors in V' is

again a vector in V.

2

Next we consider a linear combination of continuous functions {1, cos® z, sin? z'}

(@) 1+cos?z+sin’z () 1-—2cos?z+ 3sin’x
(¢) —1+4+cos’z+sin®z (d) 4sin’z
For all ¢; are 0, a linear combination becomes 0. Now we ask a question. If some of ¢; are not 0,
is it possible to have the linear combination be 0. Look at the example (¢). —1 + cos®z + sin® z
is 0. In this way, if some of ¢; are not 0, yet the linear combination is 0. We say the set of vectors

2

{1, cos x, sin’ x} is linearly dependent. If no such ¢; exits, we say the set of vectors is linearly

independent.
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Definition 1.8
c1vi +covo+c3vs+ -+, v, =0

implies ¢y = ¢ =¢c3 = -+ =¢, = 0. Then vy,va,vs, -+, v, is linearly independent. Other-

wise, vi,Vs, Vs, -+ ,V, is linearly dependent.
Example 1.16

Show the set of vectors {i, j, k} is linearly independent.
Answer Let ¢1(1,0,0) + ¢2(0,1,0) + ¢3(0,0,1) = (0,0,0). Then ¢; = ¢3 = ¢3 = 0. Thus {i, j, k}

is linearly independent.. #&
Example 1.17

Show the set of vectors {3i + 2j,1+ 5k, 6i + j} is linearly independent..
Answer A linear combination of 3i + 2j,i+ 5k, 6i + j is ¢1 (31 4+ 2j) + c2(i + 5k) + ¢5(6i +j). Set

this to 0, we have
(3c1 + ¢ca + 6¢3)i+ (2¢1 + ¢3)j + Bk = 0.

Note that the set of {i, j, k} is linearly independent, the coefficeint of {i,j,k} are 0. Thus, we have
the following system of equations.
361 +c2 +603 =0
2cq1 +c3 =0
562 =0.

Solving this system of equations, we have ¢; = co = ¢3 = 0. Thus, the set of vectors is linearly

independent. #%&
Example 1.18

Determine whether {i+ j + 3k,i+ 2k,i— 2j} is linearly independent or dependent..
Answer A linear combintion of {i+ j+ 3k, i+ 2k,i— 2j} is set to 0. Then we have

Cl(i +j + 31{) + Cg(i + Qk) + Cg(i — 2j) =0.
Solving this equation, we have

01+CQ+C3:0, 01—2C3:0, 3Cl+202:0

This equation has for example solutions like ¢; = 2,¢5 = —3,¢3 = 1, which is not 0. Therefore,
{i+j+ 3k,i+ 2k,i— 2j} is linearly dependent.. #%
If you look at the above example more carefully, we can express i—2j = —2(i+j+3k) +3(i+2k).

In other words, one of the vector is a linear combination of others.

Theorem 1.3
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If a vector w is a linear combination of vectors vi,vs, ..., Vv,, then w and vi, vy, ..., v, are linearly
dependent..

Conversely, if some vectors are linearly dependent each other, then one of them can be expressed
by a linear combination of other vectors.

Proof Suppose that
W =cVv]y+covyg +---+c, v,

Then
civi+ceveg+ -4+ e, vy, — 1w =0

and vi,Va,...,V,, W is linearly dependent.

Conversely, if the set of vi,va,..., v, is linearly dependent, then

01V1+CQV2+...+CnVn:0

and at least one of coefficents c¢q, ca,. .., ¢, is not 0. Then we can let one of them be ¢,, # 0. Then
v, can be written as
1
vp=——(c1vi+eava+t ... FCp_1Va_1)
n
Therefore, v,, is a linear combination of vectors vi,va,...,v,_1. &
To check to see whether the set of given geometric vectors is independent or not, the scalar triple

product is usefull.
Theorem 1.4

Show that the set of geometric vectors A,B,C is linearly independent if and only if the scalar triple
product A - (B x C) #0 .

Proof By the exercise 1.3, the scalar triple product represents the volume of parallelpiped. Then
A - (BxC) = 0 implies that A,B,C are on the same plane. Also, by Theoreml.1, the set of vectors
A B,C is linearly dependent. #&

Example 1.19

Show that the set of vectors A =i+2j—k,B =2i—j—k,C = —i+ 3j+ 4k is linearly independet.
Answer A-(BxC)=(i+2j—k)-(—i—7j+ 5k) = —20. Thus, it is linearly independent. #&

Exercisel-6

1. For vectors A = (1,2,-3),B=(2,-1,1),C = (4,2, 2), find the followings:

(a) AxB(b) Cx(AxB)(c) C-(AxB)
2. Find the equation of the plane going thru a point (1,0,1) and parallel to the plane with the
vector i+ j — k and 2i + 3j + 2k for sides.
3. Find the equation of the plane going thru (2,0,—1), (3,2,1) and perpendicular to the plane
r—2y+3z2—4=0.
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4. Find the area of the triangle whose sides are given by A =i+ 3j—k,B =2i+j+ k..
5. Find the moment vector of F =i+ 3j + k around the point (2,—1,1)
6. The volume of the parallelogram composed by the vectors A,B,C is the same as the absolute

value of
A - (BxC)

7. Given A =2e;+5ey;—e3,B=e;—2e;—4ezand e; xey; =i—j,e; xez3 =j+k,es xe3 =i+k.
Find A x B.
8. Determine whether {4i — 3j + k, 10i — 3j, 2i — 6j + 3k} is linearly independent or not.
9. Show the following functions are linearly independent on any interval (a,b)
(a) {1,2,2%} (b) {sinz,cosz}
10. Show that geometric vectors A, B is linearly independent if and only if A x B # 0

1.4 Subspace and Dimension

When an addition and a scalar multiplication are used in a subset of vector space, it becomes a

vector space. The vector space is called a subspace.
Definition 1.9

Let V be a vector space and W be a subset of V. Then W is a subspace of V if and only if 1.
w1, ws in W implies that the sum w; + wy is also in W.
2. w is in W implies that the scalar multiple aw is in W.

A subspace is itself a vector space. In other words, it satisfies the properties 1 thru 9 of the
vector space. In the definition of subspace, we checked only closure property. Other properties are
inherited from the vector space V. There is a way to create a vector space quickly.

A set of the linear combination of vectors vi,va,vs, ..., v, can be written as (vq, va, vs,..., Vy).

It is called a linear span by vectors vi,vsa,Vvs,...,v,. Thisis a vector space.
Example 1.20

(v1,v2,V3,...,Vy,) is a vector space

Answer Let v,w be elements of (vy,va,vs,...,v,). Then

V =C1V] + CaVy + C3V3 + -+ CpVy,
W = d1V1 + d2v2 + d3V3 + -4 ngn.

Then
v+w=(c1 +di)vi+ (ca+da)va+ -+ (cn+dn)Vn,

av = (acy)vi + (aca) v + -+ - + (acy ) va.

«

Thus, v + w and « v are in (v, va, Vs, ..., v,). #&
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Example 1.21

Show that Cla,b] is a subspace of PCla,b].
Answer Suppose that f(z),g(z) € Cla,b]. Then, since the sum of continuous functions is

continuous and the scalar multiple of continuous function is continuous, we have f(z) + g(x) €
Cla,b], af(z) € Cla,b]. #

Example 1.22

Let U, W be subspaces of vector space V. Then show the intersection U N W and U + W are
subspace of V. Note that
UNW ={v:veUandveW}

U+W={u+w:uelUweW}

Answer Let uuw e UNW. Then u,w € U and u,w € W. Thus by closure property

ut+tweUnW.

Also, aou € U and au € W. Thus, we have

aueUNW.

Therefore, U N W is a subspace of V.
Suppose that u,w € U + W. Then u = u; + wy, w = us + ws. Thus,

u+w=(u;+wy)+ (ug+wa)(u; +uz) + (wy +wy) e U+ W,

au=ca(u; +wp)=au +aw; e U+ W.

Therefore, U + W is a subspace of V. #

For U+ W, if an element w of U+W is expressed uniquely in the form w = u+w (u € U,w € W).
Then we say U + W is a direct sum of U and W and denoted by U @ W.
ABasisé

Definition 1.10

A sert of vectors {vy,va,...,v,} has the following properties. Then it is said to be basis of the
vector space V.
1. {v;}_, are linearly independent each other.
2. avector v of V can be expressed in a linear combination of {v;}! ;. Thatis V = (vi,va,...,vy,).
In this case, we say the set of {vi}?zl span the vector space.

It is obvious that every set of linearly independent vectors can not be a basis. For example,
consider the set of vectors {i,j}. the set of {i,j} is linearly independent. But for any real values

c1,c9, k = ¢1i+ coj is impossible.
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Let the largest number of linearly independent vectors in {vi,va,...,v,} be r. Then consider
{v1,va,...,v,.}. Then the rest of vectors v,1,...,v, are linearly dependent of
{V17V2, PN ,VT}
Then by the theorem 1.3, every vector is a linear combination of {vi,va,...,v,.}. Thus, we have

the next theorem.

ADimensioné#

Theorem 1.5

Suppose that V' = (vy,va,...,v,). Choose a linearly independent vectors {vi,va,...,v,} from
{v1,va,...,v,}. Then we have

(Vi,va,.., V) = (V1,V2,..., Vy)
In this case, {vi,va,...,v,} is a basis of V and r is said to be dimension and denoted by
dimV =r.

Example 1.23

Let S be a set of vectors on the plane x + y + z = 0. Then
S=A{(z,y,—x—y):a,y € R}

Find the basis of S and dimension of S.
Answer We first show that S = {(z,y,—2 — y) : z,y € R} is a subspace of R3. Let s1,s, be

elements of S. Then we can write s = (z1,y1, —21 — ¥1),S2 = (T2, Y2, —T2 — y2). Thus,
s1 + 82 = (z1 + 22, Y1 + Y2, — (21 + 12) — (Y1 +¥2)),
asy = a(r1,y1, (21 — 1)) = (@1, ayr, —axry — ayy).

Therefore, S is a subspace of R3.
Next let s be an element of S. Then we express s using i, j, k. Since s = (z,y, —x — y). we can

write
s=zxi+yj— (z+yk==z(-k)+y(j—k).

Thus, every vector in S can be expressed by a linear combination of i —k and j —k . Also,i—k
and j — k are linearly independent. This shows that the set of i — k and j — k is the basis of S.
Therefore, dim S = 2. #&

Before moving to the next section, we study the dimension about sum space and intersection

space. Proof can be seen in Exercisel 4.

Theorem 1.6
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Let U, W be subspaces of a vector space V. Then
dim(U +W) =dim U + dim W — dim(U N W).
#Diagonalization of Gram-Schmidté

We have learned in 1.2 how to create an orthonormal system from an orthogonal system. In

this section, we learn how to create an orthonormal system from the independent vectors. Give m

vectors vi,Va, ..., V. Suppose the following holds
0, i#J

, then m vectors form an orthonormal system. The d;; here is called a Kronecker delta. We
have seen a few examples of an orthonormal system in 1.2. Now if you look very carefully, these

examples are all independent.
Theorem 1.7

If a set of vectors {v1,va,...,V,,} forms an orthonormal system, then they are independent.

Proof Let ¢cyvy + covy + - -+ + ¢, vV, = 0 and make an inner product with vi. Then

0=(v1,0) = (vi,c1V1i +cava + -+ + Vi)
= (vi,c1v1) + (Vi,cava) + -+ (Vi 6n Vi)
=c1(vi,v1)

=C1.

Similarly, the rest of ¢; are 0. Thus, {vi,Vva,...,v,,} is linearly independent. #

Conversely, given a set of linearly independent vectors, is it possible to create an orthonormal

system?
Suppose that a set of vectors xi,Xo,...,X,, is linearly independent. Then all vectors x; # 0
x
(why?). Now let ﬁ = v; . Then v; is a unit vector. Next we choose a vector which is orthogonal
X1

to the plane formed by vectors x5 and vy for sides. Then we let wo = c1vy + cax2 be a vector

orthogonal to vi. Then

(Wa,v1) = (c1v1 + caX2, V1)
= c1 + ca(x2, V1)
=0.

Thus, ¢; = —ca(x2,v1). Therefore,

Wo = (X2 — (X2,V1)V1).

Note that x1,x5 are linearly independent. we have xo2 — (x2,v1)vy # 0. Then for

Vo — W2 X2 — (X27V1)V1
= _
[wall %2 — (x2, vi)vi|
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we have vi L vo, ||vy| = ||va] = 1.
Next we find the unit vector vz which is orthogonal to vectors v; and vs. Consider a linear

combination of vi,vs and x3. i.e. wg = dy;vy + davy + d3xs. Then
(w3, vi) = (w3, v2) =0

implies that
di + d3(X3,V1) =0, do + d3(X3,V2) =0.

Thus,
w3 = d3(x3 — (X3, V1)v1 — (X3, V2)Va).

Since x1, X2, x3 are linearly independent, we have
X3 — (x3,v1)v1 — (x3,v2)va # 0.
Thus by letting

W3 X3 — (X37V1)V1 - (X37V2)V2

Cflwsll (%3 — (%3, v1)vi — (x5, v2) Vel

V3

we have a unit vector orthogonal to vi and vy Similarly, continue this process by letting

i—1
v = R by o,
Wil sy = 32025 (¢, v vl
we have {vi,va,..., v} which forms an orthonormal system. We call this process Gram-
Schmidt orthonormalization.
Example 1.24
For
0 1 1
X1 = 1 , X9 = 0 , X3 = 1 ;
1 1 0
find an orthonormal system.
Answer
_ox (9w 1]
1= = = =
EIREARY A A
Rz,
1 0 1
Xo — (xo,vi)vi=[ 0 | — LI I
2 2, V1)Vy | G f i)
V2 2
1 1 3
_ — /14 (=2)2 N2 — /2
s — G, vavall = 1+ (24 (2 =3



22 %1% Vector Space

B} ,
2 ! Vv
Vo = — -1 = —-L
3\ 1 %
2 V6
Lastly,
0 2
1 1 1 1 \{6
x3 — (X3, v1)vi — (X3, va)va = | 1 | — 7 vz~ A
1 1
0 7 N

s = (x5, vi)vs = (s, v2)va | = J Gr+ -2

&

<

w

Il

o]
[V SNV )

Il
el

The set of vectors vi,va, vz forms an orthonormal system. #%
Exercisel-8

Determine whether W = {(z,y, 1) : z, yreal} is a subspace of the vector space R3.
Show that W = {(x,y, —3xz + 2y) : z, yreal} is a subspace of the vector space R3.
Find the basis of a vector space W = {(z,y, =3z + 2y) : z,yreal} . Find the dimension of W.

L A s

Show the following set of vectors is a basis of the vector space R3.
{i+j,k,i+k}
5. Find the dimension of the following subspace.

{3,z —2,x+3,2%+1}

6. From the vectors x; = (1,1,1),x2 = (0,1,1),x3 = (0,0,1) , create an orthonormal system.

7. Let U, W be subspace of a vector space V. Show the following dimensional equation holds.

dim(U + W) = dimU + dim W — dim(U N W).

8. Show that any set of vectors with more than 4 vectors in 3D vector spaceis linearly dependent.
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Matrix and Determinant

2.1 Matrices

Adm x nmatrixé

As an example of vector space, we considered a set of geometric vectors in 1, a set of space
vectors, a set of continuous functions, and a set of piecewise continuous functions.

In chapter 2, we treat a rectangular array of real numbers. A horizontal n-tuple is called row

and a vertical m-tuples is called column. For example, 3 X 4 matrix is given in the following form.

ai;p Q2 a3 aiq
a21 Q22 Q23 424
asy az2 33 434
Here ijth entry a;; is called a component, 7 is a row number and jis a column number. Especially,
a;; are called diagonal components. A matrix with mrows and n columns is called an m x n
matrix; the pair of numbers (m, n) is called its size or shape. Also, a mtrix witha;; components
is denoted by A or (a;;).
Matrices are often used in a natural science or a social science. Matrices are need to be considered

as a mathematical objects. To do so, we define an addition and a scalar multiplication.
Definition 2.1

For matrices with the same size A = (a;;) and B = (b;5), if corresponding components are the
same; for every 4, j, a;; = b;;. Then A = B.
#MMatrix Additoné

A matrix addition is defined by additing corresponding entries.
Definition 2.2

Let A = (a;;) and B = (b;;) be two matrices with the same size. Then the sum of A and B,
written A + B is defined A+ B = (a;; + b;j).
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Example 2.1
7T 3 4 4 2 -1
_ 1 2 0 3 -1
For matrices A = , B= , find A+ B.
2 —4 4 2 0
3 0 -7 6 3 —4
T+4 3+4+2 4-1 11 5
-14+3 2-1 0+7 2 1 7
Answer A+ B = + = R
242 —440 4+8 4 —4 12
346 043 —-7—-4 9 3 11

Note that for matrices with m xn satisfy the properties 1 thru 5 of a vector space. We recommend
everyone to check it.
#Scalar Multiplicationé

A scalar multiplication is defined by multiplying each entry by the scalar.

Definition 2.3

A scalar multiplication A = (a;;) by a scalar a, written Aa = @A is defined

ad = (aa;j)

Example 2.2

2
Let A= 5 3 . Find 3A.
-1 4 2

3-2 3:5 3-3 6 15 9
Answer 34 = = . K&
3.(-1) 3-4 3.2 3 12 6

A scalar multiplication of matrices satisfies the properies 6 thru 9 of the vector space. From
this fact, we can think of a set of m X n matrices as a vector space. When the entries are all
real numbers, it is called real vector space. But we never say an m X n matrix a vector. As an
exception, m x 1 matrix or 1 X n matrix are called m-component row vector or n-component
column vector.

#Matrix Multiplicationé

Beside an addition and a scalar multiplication, it is possible to define a multiplicaiton of matrices.

In the chapter 3 3, we study that a multiplication of two matrices represents a composition of

transformations.
Definition 2.4

Let A = (a;;), B = (bg;) be m x n matrix and n X r matrix. Then an matrix multiplication
AB is m x r is C such that

C = (ciy) = (Z i)
k=1
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In other words, an ij components of C' is given by taking inner product of ith row of the matrix
A and a jth column of the matrix B. From this, when you take a matrix multiplication of A and

B, the size of row of A and the size of column of B must be same.

Example 2.3
5 2
) 1 2 -3
Find the product of A = and B = 6 3
2 7 1 5 0

Answer The product of two matrices A and B is 2 X 2 matrix with the components,

cin = (1)(5) + (2)(6) + (=3)(—2) = 23,
ci2 = (1)(2) + (2)(3) + (=3)(0) = 8,
o1 = (2)(5) + (7)(6) + (1)(=2) = 50,
c22 = (2)(2) + (7)(3) + (1)(0) = 25
Thus, we have
23 8
AB = ( 50 25 )
Furthermore, if we calculate BA, then
9 24 -13
BA = 12 33 —-15 | %
-2 —4 6

As you can see, the operation of product of matrices is not commutative. In other words,
AB # BA.

Example 2.4

For A # 0, B # 0, find matrices A and B so that AB = 0.

1 2 -2 -6
Answer A = B = Bl
2 4 1 3
2 -2 —6 0
#Block Matricesé#

Using a system of horizontal and vertical lines, we can partition a matrix A into smaller matrices

called blocks of A, The matrix A is then called a block matirx.

«

N —

0
0

Consider matrices A and B.

1 1 5 |-3 1 0 -2|-3
4 -3 8 |1 3 -3 8|2
A= 3 3 o9lo |'B=| 21 4 20
2 1 -3 4 2 -1 -3 2



26 % 2% Matrix and Determinant

Each block divided by the horizontal and vertical lines is called sub-matrix, Here we let

1 1 5 -3
An={ 4 -3 8 |, A= 1 |, An=(2 1 -3),422=(4)
-1 3 2 0

Then the matrix A can be written
A A
A =
< Ay Az
Next we divide B same as A. The the product of matrices A and B is given by the followings:

A11 A12 > < Bll Bl2 >
AB =
( A1 Ago Ba1 B2
_ ( A1 B+ A12Ba1 A1 Bia + A12Bao )
A2 By + A2aBoy Ag1Bia + AsaBoo

MSquare Matrices#

A matrix with the same number of rows as columns is called a square matrix. the number
of rows and columns of the square matrix is called order. In other words, An n x n is a square
matrix with the order n.

Now we introduce four different kind of square matrices. 1. A square matrix with the diagonal
entries are all 0. i.e., For a;; = 0,7 # j, A is called diagonal matrix.

2. A square matrix with a; = 1 for all ¢ and a;; = 0 for all ¢ # j is called identity matrix and

denoted by I.
1 0 O
10
A= 0 -2 0 |, B_(O 1)

As you can see A is an diagonal matrix with 3 x 3 and B is a identity matrix of 2 x 2
Theorem 2.1
Let A, B be diagonal matrices of order n. Then show the followings:

1. A+ B is a diagonal matrix.
2. AB, BA are diagonal matrices and AB = BA.

Proof 1. Let A = (ai;), B = (bii). Then A+ B = (ay) + (bjj) = (ai; + bi;). Thus A+ B is a
diagonal matrix,
2. Let AB = C. Then

¢ aiiby 1=]
C:(Cij):(zaikbkj>:{ 0 i#;
k=1

Thus AB, BA are diagonal matrices and AB = BA.
A Transposed Matrixé



2.1 Matrices 27

The sum of a diagonal entries is called trace and denoted by

n
trA = Z (0771
i=1

The transpose of a matrix A, written A?, is the matrix obtained by writing the rows of A4 , in

order, as columns.

Example 2.5

LetA<2 ! 3>.F1ndAt
3 0 1

2 3
Answer A= 1 0 |.#%

3 1

The transpose operation on matrices satifies the following properties:
Theorem 2.2

For matrices A, B, the followings hold.

1. (A+B)t=At+ B!
2. (A=A
3. (AB)t = BtA!

Proof 1. Let A = (aij)nxk, B = (bij)nxk. Then A+ B = (a;; + bij)nxi. Thus the transposed
matrix is given by (aj; + bji)kxn. On the other hand, A* = (aji)kxn, B' = (bji)kxn. Thus we
have(A + B)! = A + B'.

2. Let A= (aij)nxk. Then A" = (aj;)gxn. Thus, (A" = (a;;)nxr = A.

3. Let A, B be n x k,k x m matrices. Then the matrix AB is the size of n x m. Also, (AB)*
is the size of m x n. By the definition of transposed matrix, (4,j) element of (AB)! is the (j,1)
element of AB. So, AB can be expressed as a;1b1; + ajoba; + - -+ + ajrbg;. Now B! is the order fo
m x kand A? is the order of k x n. Thus, BtA? is the order of m x n. (i,j) element of B*A?! is
the inner product of ith row of B! and jth column of A' . Thus, ith row and jth column of the
matrix BYA" is aj1by; + ajobe; + - -+ + ajrby;. Therefore, (AB)' = B'A'. #

ASymmetric Matricesé#
When the square matrix A and its transpose matrix A? are the same, we say A is symmetric

matrix. When the matrix A satisfies A" = —A, we say A is skew symmetric matrix.
Example 2.6

Determine whether A is a symmetric matrix.
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1 -1 1
A=] -1 2 0
1 0 3
1 -1 1
Answer A = ( -1 2 0 | =A. Thus A is a symmetric matrix. #&
1 0 3

For the square matrix A with the order of n x n. We define the power as follows:

A2 = AA A3 = A2A,.. . A" = A"1A

When the matrix A satifies A* = 0 for some natural number k, we say the matrix A is nilpotent.

Exercise2-2

2 -3 -1 2
1. For matrices A = < A ) ) , B= < 3 0 ), evaluate the followings:

(a) A+ B (b) 24—3B (c) AB,BA

i

-3
3 1 7
For matrices A = ( 5 o A ) , B=1] 3 6 |, find AB,BA.

@

2 30
For the matrix A= | 1 4 1 |, calculate A2 —5A + 61.
2 0 1

4. Let A and B be symmetric matrices of the order n. Show that A + B is a symmetric matrix.
5. Let A and B be symmetric matrices of the order n. Find the necessary and sufficient conditions
so that AB is a symmetric matrix.

6. Suppose that A is a skew symmetric matrix. Then show that A? is a symmetric marix.

ay 0 0
7. Find matrices so that the product of 0 ay O is interchangeable. Here, a1, as, a3 are
0 0 as

different real numbers.
8. Show that any square matrix A can be expressed by the sum of a symmetric matrix and a

skew symmetric matrix.

9. Find the product of A and B, where A =

2.2 Elementary Row Operation

Solving a system of linear equations is one of the cumbersome operations in mathematics. But

it is very essential in mathematics. Here we consider the elimination method using matrices.
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Give a system of the linear equations.

2t -3y +z =1 (1)
(I) x 42y -3z =4 (2)
3z +2y —z =5 (3)

We interchange the equation (1) and (2). Then we have

x +2y -3z =4 (2)
(II) 2 3y +z =1 (1)
3r 42y —z =5 (3)

Note that above systems are equivalent in the sense that they give the same answer.
Next we multiply the equation (2) by —2 and add it to (1). Also multiply the equation (2) by
—3 and add to (3). Then we have

x 42y -3z =4 (1)
(I11) Ty 4Tz =T (2')
—dy +8z =-7 (3"

We have tried to eliminate the leading number of the 2nd and 3rd equations. This time we multiply

the equation (2') by —1 to make the leading element 1.

r +2y -3z =4 (1"
(1v) y -z =1 (2")
—dy +8z =-T7 (3"

Lastly, multiply the equation (2”) by 4 and add it to the equation (3’). Then we have

r 42y -3z =4 (1)
V) y -z =1 (2")
4z =-3 (3")

. Now we start to look backward. Then we have

— -3 1 5)
This method is called Gaussian elimination,

e Interchange the ithequation and jth equation:
e Multiply the ith equation by a nonzero scalar k

e Replace the ith equation by k times the jth equation plus the ith equation.

Now we apply elementary operations to the system of linear equations.
First of all, The matrix composed of coefficients of the system of linear equations (I) is called a

coefficient matrix. The matrix composed of coefficient matrix and constant terms is called an
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augmented matrix and denoted by

2 -3 1 2 -3 1 1
1 2 =3 |, 1 2 -3 4
3 2 —1 3 2 -1 5
We apply elementary operations on this augmented matrix.
2 -3 1 1 1 2 -3 4
M1 2 =34 |™8%an (2 -3 11
3 2 -1 5 3 2 -1 5
—2R1+R2
3R, +Rs 1 2 -3 4\ , 1 2 -3 4
1R,
— (| o =7 7 -7 o (IV) 0 1 -1 1
0 -4 8 -7 0 -4 8 7
1 2 -3 4
Mgl oy o1 -1 1
0 0 4 -3

We have used the following elementray operations.
e [_1 : Interchange the ith row and jth row: R;LeftrightarrowR;
e [ 2 : Multiply the ith row by a nonzero scalar k: R; = kR1,k # 0
e L_3: Replace the ith row by k times the jth row plus the ith row: R; = kR; + R;
Generally, those 3 operations on a metrix A is called fundamental row operation.
Example 2.7

Solve the following system of linear equations using Gaussian elimination,

R1 : T —x2 +2.§C3 —Ty4 = -8
RQ : 2.’£1 72$2 +3£L‘3 731’4 = =20
R3 : T +Zo +Is3 = —2
Ry : X1 —x9 +4x3 +3r4 = 4

Answer The augmented matrix is given by

1 -1 2 -1 -8
A_Av_|2 23 -3 -2
1 11 0 —2
1 -1 4 3 4

Here we apply the following elementary operations : —2Rs + Ry, —R; + R3, —R1 + R4. Then we
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have
1 -1 2 -1 -8
qo_ [0 0 -1 -1 —4
0 2 -1 1 : 6
0 0 2 4 : 12
©)

Now the Pivot element ay,’ = 0. So, use the elementary operation Ry <+ R3. Then

1 -1 2 -1 -8
i@ 0 2 -1 1 6
o 0 -1 -1 —4
0 0 2 4 : 12
Note that x5 is already eliminated from R3. Thus, A®@" = A®). Continue elementary operation
such as 2R3 + R4. Then
1 -1 2 -1 -8
AW _ 0o 2 -1 1 6
0o 0 -1 -1 —4
0 0 0 2 : 4

Now we have echlon matrix which is a matrix whose nonzero entries are preceding the first
nonzero entries and the first nonzero entry of a row increases row by row.

Thus, we have

1'4:2

—4— (-1

6—x4—(—1
JIQZ—x4 2( )3 =3
£, = —8—(—1)1'4—2333—(—1)1}2 -7

1
If a matrix B is created by appling finitely many elementary operation on A , a matrix B is said
to be row equivalent and denoted by A ~ B. If elmentary operation L1, Lo or L3 is applied once
to the identity matrix of the order n, then the matrix obtained is called a fundamental matrix.
You might already have noticed that an elementary operation can be written using an elementary
matrix. For example, the elementary operation from (I) to (II) is Ry <> Rs and the corresponding

elementary matrix can be obtained by applying the elementary operation Ry <+ Ry on I3.
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Now multiply E; to (I) from the left. Then we have

0 1 0 2 -3 11 1 2 -3 4

1 00 1 2 3 4 |1=12 -3 1 1

0 0 1 3 2 -1 5 3 2 -1 5
E, (I (I1)

Now take a close look at this elementary matrix. Interchange of 2nd row and 3rd row of the identity

matrix. An elmentary matrix corresponds to the elementary operation —2R; + Rs is given by the

following:
1 00
-2 1 0
0 0 1
—_——
E,

Another elementary matrix corresponds to the elementary operation —3R; 4+ Rj3 is given by the
following:

1 00

0 1 0

-3 0 1

E3

Similary, we can find elementary matriced corresponds to elementary operations Ej4, F5. Thus,

1 00 1 00
Eq=| 0 1 0 ]),Es=|0 10
0 0 1 0 4 1

Now we multiply E’s to the matrix A from the left. Then
E¢EsE,EsEsFE1A =B

Thus, the matrix B and A are row equivalent..
When you apply elementary operations on a matrix A. we are able to obatin a matrix so that

all entries below the diagonal are zero. We say this matrix as upper triangular matrix.

o 1 2 3 0
o o] 2 4 -1
A=1l0o o0 0] 4
0 0

0 0

0

is an echlon matrix. Furthermore, the first nonzero element is 1, it is called arow reduced echelon
matrix and denoted by Agr. We show next that every matrix is row equivalent to a row reduced

echlon matrix.
Theorem 2.3

Any matrix can be reduced to a row reduced echlon matrix by taking suitable elementary row
operation.

Proof It is up to you..



2.2 Elementary Row Operation 33

Example 2.8

Find the row equivalent row reduced matrix.

0000 0
0020 0
01011
0 4 3 4 0
Answer
0000 0 0000 0
0020 0 | anrgr | 0020 0
010 1 1 0101 1
0 43 40 00 3 0 —4
Ry
0101 1Y\ _sm 0101 1
Riors | 00 2 0 0 >R g 001 0 0
— 0000 0 - 0000 0
00 3 0 —4 0000 —4
—Ry
R 001 1 o o
—R3+R
- 0000 1 - 0 0 0 0] 1
0000 0 0O 0 0 0 0
%

In this example, the order of the row operation is not important.
Theorem 2.4

If the matrix B and C are row reduced echlon matrix and row equivalent to A, then B = C.
Proof It is up to you.

It is important to know that the matrix row equivalent to A is unique.
AMRank of matrixe

The number of steps of the row reduced echlon form is important for application. This number

is called the rank of a matrix and denoted by rank(A). For example, the rank of 2.2 is 3.
Theorem 2.5

Let A be a square matrix of the order n. Then the followings are equivalent.
(1) rank(A) =n
(2) Ap =1,
Proof If Agr = I, , then the rank of Ag is n. Thus, rank(A4) = n.

Conversely, if rank(A) = n, then the number of steps of the row reduced matrix of A is n. By
the definition of the row reduced echlon matrix, the first nonzero entry is 1. Then every diagonal
element is 1. Thus, Ag = I,,. #¥&
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The rank of a matrix can be defined by the concept of a vector space.

1 -1 4 2
A=1 0 1 3 2
3 -2 15 8

Then the row vectors (1,—1,4,2),(0,1,3,2), (3, —2,15,8) are elements of R*. Then a linear com-

bination of these vectors is defined as follows:

vV ={(1,-1,4,2),(0,1,3,2), (3, —-2,15,8))

V is then a subspace of R* (Examplel.4). This vector space is called a row space or row spanned

subspace of V. Now let v € V. Then

V= 01(17 _1747 2) + 62(07 17 37 2) + 63(37 _2» 1578)
= 61(17 713472) + 62(07 13372) + 363(17 713472) + 63(07 13372)
= (c1+¢3)(1,-1,4,2) + (e2 +¢3)(0,1,3,2).

Then every vector in this row space is representable using (1,—1,4,2),(0,1,3,2). Furthermore,
(1,—1,4,2) and (0,1,3,2) are linearly independent. Thus, these two vectors a basis of this row
space. This shows that the dimension of the row space of A is 2. We now find the row reduced

echlon matrix of A. Then

Ap =

OO =
o = O
O W
O N

Therefore, rank(A) = 2. Thus in this example,

rank(A) = thedimensiono ftherowspace

We can do the same thing for the column space.
Theorem 2.6

The rank of a matrix is the same sa the dimension of the rwo space the matrix.
Proof Let A be a matrix of m x n. Let the row vectors of A = (a;;) be ai,as,...,a,. A row

space is alinear combination of
ai,ag,...,am

Then elementary row operations L1, L3 has no effect on the linear combination. Thus, it will not
have any effect on the dimension of the row space.

Next, we use Ls to find the row reduced echlon matrix. Suppose that a,, is a linear combination
of aj,as,...,a,_1, then (a;,as,...,a,) and (a;,as,...,c1a; + -+ + ¢,_1a,_1) are the same.
This corresponds to zeor row vector in the row echlon matrix and removing the row vector a,.

Repeating this process, we can find the row vector a; corresponding to the row reducing. The row
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vectors are linealy independent. Thus the dimension of the row vectors is the same as the rank of
row reduced matrix. #¥
The rank of a matrix plays an important role on solving the system of linear equations. Befor

moving to the next section, try to solve the system of linear equations.
Example 2.9

Find the rank of the matrix A.

Answer
—2R1+R>
1 -2 5 3\ -sm+rs (1 -2 5 3
A = 2 3 1 -1 — 0 7 -9 -7
3 8 -3 -5 0 14 -18 4
%XRz
“2Rphy (1=2 5 3\ (10 ¥
o 0 1 F -1 |5 lo1 2
0 0 0 0 00 0 0

Then the number of steps of the matrix Ag is 2. Thus rank(A) = 2. We note that the row vectors
1 _
(1,0, 77, 1) and (0,1, 79, —1) of the matrix Ag forms a basis of the row space of A. Thus the

dimension of the row space is 2.. &

Exercise2-4

1 -2 3 -1
1. Find the row reduced matrix which is row equivalent to A = 2 -1 2 2
3 0 2 3

2. Find the rank of the following matrices.

2 41 -2
@ (—3 —6 2 —4)

2 -1 3
(b) 1 2 =3
3 -4 9
1 -2 3 -1
© |2 -1 2 2
3 0 2 3
3. Given A = ( z i > Apply elmentary operations (I), (I1), (IIT),(IV).

A_231}—1—1£)11]_}H11[_\>/1
“\3 4 3 4 3 4 01 0



36 % 2% Matrix and Determinant

Find the elementary matrices of (I),(I1),(III),(IV). Show the matrix I as a product of the

matrix A and elementary matrices.

2 -3 1
4. A= 1 2 -3 can be reduced to the identiry matrix by using the elementary row
3 2 -1

operation. Find the product of matrices P so that PA = 1.

5. Find the dimension of the subspace spanned by the following vectors.

vi=(2,-1,1,3),vy = (=1,1,0,1), v3 = (4,—1,3,11), vy = (-2,3,1,1)

2.3 System of linear equations and Inverse matrix

We have introduced Guassian elimination in 2.2. Here we study whether the given system of
linear equation has a solution. To start with, we consider the system of linear equation with the

unkowns and the number of equations are different.

1121+ a2+ AR, =b
211+ ATy +---+ AT, =bo
Am1T1 + Gm2Ts +-t+ QppTn, = bm

Let A = (a;;) be a matrix, [A : b] be the augmented matrix, n be the number of unknowns,
x = (x;) be the row vectors, and b = (b;) be the column vetors of the order m. Then the system

of linear equations is written as
Ax=b %£7i& [A:D]

When the solution to this system of equations exists, each solutions are considered as vectors x

and this vector is called solution vector. In general, the following holds.

rank(A) < rank([A : b]) < rank(A) +1
Theorem 2.7
The system of linear equation Ax = b has a solution if and only if
rank(A) = rank([4 : b])

Proof Let A be a matrix of the form m x n. Suppose that rank(A) = rank([A : b]) = r . Then
the dimension of the column space of [A : b] is r and r < n. Thus, n + 1st column vectorb of the

column space [A : b] is a linear combination of

ai,az,...,an

Thus,
ajc, +ascs + - +a,c, = b.
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In other words,

Conversely, think of columns of A as column vectors. Thne the equation Ax = b can be expressed

as

ajr; +asxs +---+a,r, =b
If there exist solutions such as x1,xo,...,x,, then this equation implies that b is a linear combi-
nation of

aj,ag,...,ay

Thus, the column space of A and the column space of [A : b] are the same. This shows that
rank(A) = rank([A : b]). ##

Example 2.10

Select the value of k so that the following equation has a solution.

r+2y =3
20—z =2
dy+z =k
Answer
1 2 0 3 1 2 0 3
[A:b] = 2.0 -1 2 | 70 4 -1 —4
0 4 1 &k 0 4 1 k
Ro<>R3
Ro+Rs 1 2 0 3
— 0 4 1 4
0 0 0 k—4

A necessary and sufficient conditions for which this system of equations has a solution is rank([A :
b]) = rankA = 2. Thus k — 4 must be 0. Therefore k = 4. #&

M General solution of system of linear equationé
Theorem 2.8

Let p be a pair of solution to the system of linear equations Ax = b. Then every solution of
Ax = b is given by p + c. Here, c is a solution of Ax =0 .

Proof Let w be a solution of Ax = b. Then, w — p is a solution of Ax = 0 since

Aw—-—p)=Aw—-Ap=b—-b=0.

Next let ¢ = w — p. Then c is a solution of Ax = 0. Thus, we have w = p + c. &
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With this theorem, to solve the system of linear equations Ax = b, we first need to solve the
homogeneous system Ax = 0. So, we consider the homogeneous system of linear equations Ax = 0.
Note that rank(A) = rank([A : 0]). Then by the theorem 2.3, a solution exists. In fact, z1 =
r9 = -+ =x, = 0 is a solution. This solution is called trivial solution. Next Let s numbers of

nontrivial solutions of the system of linear equations be the followings:

V11 V12 V1s

V21 V22 V2s
Vi = , Vo = s, Vg =

Um1 Um2 Ums

Then
Avi =0, Avo=0,...,Av, =0

Furthermore, a linear combination of these nontrivial solutions x = ¢1 vy +cava+- - -+ ¢4V, satisfies
Ax = ¢c1(Avy) + ca(Ava) + - - - + ¢s(Avs) = 0 Thus, (0, vy, Ve, ..., V)is a subspace. This subspace
is called solution space. The basis of this solution space is called an (elementary solution of
the system of linear equation Ax = 0.

It is interesting to know the relationship between the dimension of the solution space and the

rank of the matrix.
Theorem 2.9

Given a system of linear equations with n unknowns x1,xs,...,x,. Suppose the rank of the
coefficient matrix A is r, then the fundamental solution is composed of the n — r solution vectors.
Proof For rank(A) = rank([A : 0]) = r, apply the elementry row operation on [A : 0] to obtain
the followings:

1 o 0 dygr - din S0
0 - 1 d., e dpm )
[A: 0] = +1 .
o --- 0 o --- 0 : 0
0 0 0 0 0
Here, let
_d1r+1 _d1r+2 _dln
_drr-l-l _drr+2 _drn
X1 = 1 ,Xg = 0 R I 0
0 1 0
0 0 1
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Then, x1,Xo,...,X,_, are solution vectors. Also, let

c1X1 +coXo + -+ CppXp—rp =0

Then
* 4ot % 0
ot 0
C1X1 + X+ + CppXp_p = c1 =10
Co 0
Cr—r 0
From this, we have ¢; = ¢o = --- = ¢4,—» = 0. Thus, x1,X2,...,X,_, is linearly independent.

Therefore the dimension of the solution space is n — r. &

#Degree of freedomé

The number of elementary solutions n — r is called a degree of freedom.

Example 2.11

Solve the following system of linear equations:

Ty +To+2x3+4x4 =3
3r1 +x9+6x3+224 =3
—x1+ 210 —2x3+14 =1

Answer Apply Gaussian elimination..

11 2 4 3 1 12 4 3
[A:Db] = 31 62 3]|—=-|0 —-220 —-10 —6
-1 2 -2 1 1 0 30 5 4
1 02 -1 0 1 02 0 4
10 10 53—>01ooi:[A;b]R.
000 1 3 00012

This shows that rank(A) = rank([A4 : b]) = 3 which implies that this system of linear equation has

a solution. If we write [A : b]g as a system of linear equatios:

T+ 213 = %
To = ?
Ty = 3
Then n = 4,r = 3. Thus the defree of freedom is 1. Then we let 3 = « and we have the followings:
X1 % — 2333 % -2
) _ % o 5 +a 0
T3 a I3 - 0 1
T4 % % 0
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MInverse Matrixéh
10

10
we have a matrix X so that AX = XA = I. Unfortunately, the answer is no. In the world of

Consider the matrix A = ( ) A is not zeor matrix. Now we ask you a question. Do

matrices, some nonzero matrix does not have inverse.
#Regular Matrixé

For the square matrix A of the ordern, if there exists a matrix X so that XA = AX = I,
then the matrix A is called a regular matrix. The matrix X is called an inverse matrix of A.
Now how many inverse matrices of A exist? For example, AX = XA =1 AZ = ZA = 1. Then
X =XI=X(AZ)=(XA)Z =1Z = Z. Thus, the inverse matrix of A is one. Then we write the
inverse matrix of A as A™!.

Using this idea, we solve the system of linear equations Ax = b. Let A be a regular matrix.
Then we have A~!(Ax) = A~'b. From this, we have x = A~'b. Therefore, to solve the system
of linear equations, we can use the inverse matrix A~'. In short, it is enough to find a matrix X
so that AX = I We know a quick way to find X. Before introducing the technique, we cover the

relation between the regular matrix and the rank of the matrix.
Theorem 2.10

Suppose that the matrix A is a squre matrix with the order of n. Then the followings are equivalent.
(1) rank(A) =n

(2) A is regular matrix.

Proof By theorem 2.2, rank(A) = n and Ar = I are equivalent. In other words, for rank(A) = n,
we can choose the product of elementary matrices P so that PA = I. Thus, A is regular.

Conversely, for A is a regular matrix, we can choose a product of elementary matrices P so that
PA = Ag. Note that P is the product of elementary matrices. Then P is regular. Thus, P~}
exists. Suppose that Az # I. Then the entries of the lowest row of Ar have to be 0. But then
this matrix is not regular. Thus, rank(A) = n. #%

Now we are ready to introduce how to find a matrix I satisfying AX = I. We note that since A
is regular, for some product P of elementary matrices, PA = I. So, we multiply this P to AX =1
from the left. Then P(AX) = (PA)X =IX = X, PI = P. Thus to find X is the same as to find
P. This shows that if you can get the identiry matrix by applying elementary row operation to A,

the the same operation on I gives rise to A7'.
Example 2.12

Determine whether the matrix A is regular. If so, find the inverse matrix of A where A =
1 2 3
2 -1 1
4 3 2
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Answer
1 23100 1 2 3 100
A:7] = |2 -1 1010 ]|—|0 -5 -5 -2 10
4 3 2 0 0 1 0 -5 —-10 -4 0 1
1231 0 0 101%%0
—>011§—%0—>011§—50
1 1
012 3 0-1 012 2 0-%
tro0oo0 -t I 1
—1 010 o-?i
0oo0o1 2 1 _1

IO NG _
Il
~
b
-

1 1
5 5

This shows that A is regular and A=! = 0 — L%
2 _1
5 5

Summarize what we have studied so far, we have
Theorem 2.11

Suppose that the matrix A is the square matrix of the order n. Then the followings are equivalent.
(1) A is regular

(2) rank(A) =n

3) Ap =1

Proof By theorem 2.2, we have (2) < (3). By theorem 2.3, we have (1) < (2).

Exercise2-6

1. Solve the following system of linear equations using Gaussian elimination.

r—3y = 5
(a)
3x—5y = 7

r+y+z = 3
(b) r+2y+2z = 5
r+2y+3z = 6
T+ Tot+r3t+T4 = 1
(c) 1+ 229+ 3x5 + 4y = 2
x1 +4x2 + 923 + 1624 = 6
2. Determine the value of k so that the following system of linear equations has a solution.
r+2y+3z = 7
3r+2y+52 = 9
Sr+2y+7z = k
3.  Determine whether the following matrix is regular. If so, find the inverse matrix, (a)
2 3 4
1 2 3

-1 1 4
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0 0 01
0 010
(b)
01 00
10 0 0
4. Determine the value a so that the following matrix is regular.
2 0 -3
1 -1 a
5 3 4
5. Show that the following matrix is regular, and show the following matrix as a product of
2 -1 0
elementary matrices. A= 4 3 2
3 01

6. Suppose that all entries of one row of the square matrix are 0. The show that A is not regular.
7. Suppose that A, B are regular matrices of the order n. Then show thatthe product of AB is

also regular and satisfies
(AB)™' =pB~tA™!

2.4 Determinant

ACramer’s Rule#

Before defining the determinant, we consider the system of linear equations with 2 unknowns.

anxi + a2 = b
a21%1 + agerz = by

Solve for x1,x2. Multiply a2 to the first equation and multiply —a12 to the second equation.

Then we add these two equations. We have

(a11a22 - a12a21)x1 = biags — a12b2

For ajjase — ajaas; # 0, we have

biraze — a12bs
r-=--——"—"
a11a22 — 12021

Similarly, we have

a11ba — biaz
xz = -
a1z — ai2a21

Now denote
ail a2

ai1a22 — 2021 =
a1 a2

This expression os called a determinant of the coefficient matrix (a;;) and denoted by det(a;;)

or |(a;;)|. Using this notation, we can write
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by a2 air b

by ao2 az1  bo
Ty = , L2 =

a1l a2 a1l a2

a1 a22 a21 a22

This method is called a Cramer’s rule.

#Cofactor Expansionsé
Definition 2.5

Let A = (a;;) be a matrix with the order of n.

(a) For n=1, det(A) = a1

(b) For n =2, det(A) = a11a22 — ar2a21

(¢) For n > 2, the determinat of a matrix deleting ith row and jth column is called a minor and

denoted by M;;. The cofactor of a;; is define as follows:
Ajj = (=1)" M.

The determinant of A denoted by det(A) is defined as follows:
det A = Z aiinj.
j=1

This way of finding the determinant is called a cofactor expansion using the ith row. Similarly,

the following way of finding the deteminant is called a cofactor expansion using the jth column:
n
det A = Z a,-inj.
i=1

For a square matrix with the order of n, there are n ways of cofactor expansions using rows.
Similarly, there are n ways of cofactor expansions using columns. Surprisingly, the result using

which row or column is not important. They are all the same.
Theorem 2.12
For the squre matrix A, the result of the cofactor expansions is the same.

Example 2.13

0 -2 0
Find the determinant of the following:. det | —1 31
4 21

Answer Using the 1st row, apply the cofactor expansion.

-1 1
4 1

|
== O
[CINGUING
— = O

— 04 (-1)(-2) '
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Permutation

A one-to-one mapping o of the set {1,2,...,n} onto itself is called a permutation. We denote
the permutation o by

o= ( 1 2 e > mboxorc = jija ... jn, mboxwherej; = o (i)
JuoJ2 .- Jn

Note that since o is one-to-one and onto, the sequence jijs ... j, is simply a rearrangement of
the numbers 1,2,...,n. Note also that the number of such permutations is n!, and that the set of
them is usually denoted by S,,. We also note that if ¢ € S,,, then the inverse mapping oc~! € 9,;
and if o, 7 € S, then the composition mapping o o 7 € S,,. In particular, the identity mapping

5:00071:0*100

Determinant
Let A = (a;5) be a square matrix of the order n. Then consider a product of n elements of A
such that one and only one element comes from each row and one and only one element comes

from each column. Such a product can be written in the form
aljl a2j2 . anj"

Now since the factors come from different columns, the sequence of second subscripts form a
permuatation o = j1js...J, in S,. Conversely, each permutation in S,,, determines a product of

the above form. Thus the matrix A contains n! such products.
Definition 2.6

The determinant of the matrix A of the order n, denoted by det(A) or |A|, is the following sum

which is summed over all permutations o = jij, ... Jn in Sy:

|A| = Z (rmsgnoaij, azj, - . . anj,
ocES,

We next explain how to determine sgno. We say o is even or odd according as to whether there

is an even or odd number of pairs (i, k) for which

1 > kbutiprecedeskino

We then define the sign of o, written sgno by

] ! rmi foiseven
SELTZ —1 ifoisodd

For example, (1432) can be written as

(1432) —» (1423) —» (1243) — (1234)
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" (1432) —> (1234)

In this case, the number of transpositions is diffetent. But both of them required the odd number

of transposition. So, we have sgn(1432) = —
Example 2.14

Find sgn(154632).

Answer
(154632) — (124635) — (123645) — (123465) — (123456)

Thus, sgn(154632) = +. #&
#Properties of Determinantséy

We now list the basic properties of the determinant..
Theorem 2.13

Suppose that B = A!. Then det B = det A.
Proof Suppose A = (a;;. Then A* = (b;; where b;; = aj;. Hence

|A| = Z (sgno)bi(1yb20(2) - - - Onon)
O'Esn

- Z (Sgng)aa(l),laU(Q),Q -+ Qg(n),n
ocEeS,

Let 7 = 0~'. Then sgnr = sgno, and
U5(1),105(2),2 - - - Ao(n),;n = A17(1)A27(2) - - - An7(n)

Therefore,

A" =Y (senT)air(1)02r(2) - - Gur(n)
ocES,

1

However, as o runs through all the elements of S;,, 7 = ¢7* runs through all the elementsof S,,.

Thus |A?| = | A].
Proof by cofactor expansion The cofactor expansion of A? using the jth column is the same
as the cofactor expansion of A using the jth row. Thus, det A = det B. #%

With this theorem, all properties true for the rows are true for columns.
Theorem 2.14

Suppose that the matrix B is a constant multiple  of A. Then det B = o det A.
Proof Let B = (b;;. Then

|B| = Z (sgno)bij, baj, - - bnj,
oES,
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Since b;; = aa;j;, we have

|B| = Z (sgno)aarj, aagj, . . . aayj, = oAl
€S,

Alternate proof Let B be the matrix so that the kth row of A is multiplied by «. Now using

the cofactor expansion on the kth row, we have,
n
det B =Y (=1)F by My,
i=1
Here, by; = aag;. Since My; is the same for B and A, we have

n n
det B =3 (=1)*"aaxiMyi = a ) (=1)"ayiMyi = adet A4
i=1 i=1
Theorem 2.15

Suppose that B is the matrix obtained by interchangin two rows(columns) of A. Then we have

det B = —det A.

Proof We prove the theorem for the case that two columns are interchanged. Let 7 be the
transposition which interchanges the two numbers corresponding to the two columns of A that are

interchanged. If A = (a;;) and B = (bs;), then b;; = a;,(j). Hence, for any permutation o,

bla(l)b20(2) s bnrr(n) = Q17¢(1)02705(2) - - - Anro(n)

Thus
1Bl = (sg00)bio(1)b20(2) - - - bur(n)
oSy
= Z (Sgn0>alra(l)a2 tano(2) - - - Anro(n)
oSy
Since the transpositoin 7 is an odd permutation, sgnTo = sgnt * sgno = —sgno. Thus sgno =
—sgnro, and so
|B| = Z (SgnTU)al‘rU(l)a2TU(2) - - Qnro(n)
oESn

But as ¢ runs through all the elements of S,,, 7o also runs through all the elements of S,,. Therefore,
|B| = —|A].

Theorem 2.16

Suppose that B is obtained by adding a multiple of a row of A. Then det B = det A.
Proof Suppose « times the kth row is added to the jth row of A. Then
|B| = Z(sgna)alilagiQ o (cagy, + agi; - ani,

o

=c g (sgno)ai;, iy - - - Qiy, - - - Ang, + g (sgno)ans, @iy - - - Aji; - - - G,
o [ed



2.4 Determinant 47

The first sum is the determinant of a matrix whose kth and jth rows are identical, hence the sum
is zero. The second sum is the determinant to A. Thus, |B| =c¢-0+ |A] = |A4|.
From those 3 theorems above, the matrix B obtained by elementary row operation on A is the

product of the elementary matrix and A.
Theorem 2.17

det(EA) = det(F) det(A), where F is an elementary matrix.

Proof For 3 elementary row operation Li, Ly, L3,

L, interchanging of two rows of A, Lo multiplying a row of A by a scalar «; L3 adding a multiple
of a row of A to another) Elementary matrices corresponds to the above, let Ey, E2, F3. Then by

the theorems 2.4,2.4,2.4,
|E1| = —l, |E2| = ].7 E3A = Q.

Since F;A is obtained by applying an elementary operation L; to A ,

|EVAl = —|A] = |EL[Al, [E2A| = |A] = |Ex[|Al, [EsA] = of Al = [Es[|Al.
Thus, det(FA) = det(E) det(A). #
Theorem 2.18

If B has any of the following properties, then det B = 0.

(1) If A has a row of zeros.

(2) If A has two identical rows.

(3) If A has a row which is a constant multiple of other row.

Proof

(1) In 2.4, take o = 0.

(2) Let B be the matrix obtained by interchanging two rows of A. Then by th theorem 2.4,
det B = —det A. But the matrix A and B are the same. Thus, det B = det A which implies that
det A = 0.

(3) Let the ith row of A be equal to o times kth row. Then o = 0 implies that det A = 0. Thus
assume that o # 0. Let B be the matrix obtained by multiplying the jth row of a matrix A.
Then by the theorem 2.4, we have det B = édet A. Also by the theorem 2.4(2), det B = 0. Thus,
det A = 0.

Example 2.15

Calculate the following determinants:
2 -1 2 1 -2 0
(a) det | —4 3 -3 (b) det | -1 3 1
0 1 1 2 -3 1
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2 -1 2 2 -1 2
Answer (a) | -4 3 -3 athz | 4 theorem2.4(2) 0.
0 1 1 0 1 1
L =20 100
) | -1 3 01294 1 theoregn2.4(2) 0.
2 -3 1 2 1 1

Here 2C; + C3 means that adding the double of 1st column to the 2nd column. # t
Example 2.16

Find the determinant of the following matrices.

—4 -1 6 2 -3 4
(a) A= 1 2 3 (b) B = 1 2 3
2 -3 4 —4 -1 6
Answer (a)
4R1+R2
—4 -1 6 1 2 3| —2Ri+Rs 1 2 3
1 2 3 |™ER% | 4 1 6 = —|lo 7 18
2 -3 4 2 -3 4 0 -7 =2
ﬂ
Ro+Rs 1 2 3
= 710 1 & |=-7-16=-112.
0 0 16

(b) The matrix B is obtained by interchanginf the 1st row and the 3rd row of a matrix A. Thus
by the theorem 2.4, we have det B = 112. #&

Example 2.17

Using the theorem above, factor the following matrix.

w

—
o o R
w

(S
w
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Answer
—Ri1+R2
1 a a® | —RrRi+rs | 1 a a®
1 b b = 0 b—a b —d°
1 ¢ & 0 c—a A—-a
Ro
b—a
ZFa 1 a a®
= (b—a)(c—a)| 0 1 b*+ba+a®
0 1 c4ca+a?
1 a a®
—RatRa (b—a)(c—a)| 0 1 b% + ba + a*
0 0 +ca—0b>—ba

=  (b—a)c—a)(c—Db)(a+b+c)H

We introduce two of the most important theorem about the determinant.
AProduct of determinantsé

Theorem 2.19

det AB = det Adet B.
Proof A matrix A can be written by taking a suitable elementary matrix E; such that A =

ExEy_1---E1Agr. Thus by the theorem 2.4, we have
|Al = |Eg || Ex—1] - - | E1[|AR]-
Suppose that |A] = 0. Then |Ar| = 0 and some row vector of Ar must be zero vector. In other

words, some row vector of AB is zero vector. Then |AB| = 0. Suppose that |[A| # 0. Then
|Ag| # 0. Thus by the theorem 2.3, we have Az = I. Hence,

Al = | B[ Bk 1] - - - [ Ex],

AB =EyE;_1---E1B.

which implies that

|AB| = |ExEy—1 -+ E1B| = |Eg||Eg—1| - - | E1 || B] = |A]| B|.#
Theorem 2.20

Suppose that a square matrix A is the order n. Then the followings are equivalent
1) A is regular
2) [A[#0
A o A
3) A7! exists and A~ = L © | . Here, A;; is a cofactor of A.

[A]
Anl o Ann
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4) Ax = b has a unique solution and the solution is given by the following equation.

ai; - b ain
1
Ti=
A
anl e bn Ann
INEZTRA=ADORREWVS.
5) rank(A4) =n
6) Ap =1
Ay
Before prooving this theorem, the matrix
Anl
ajoint of A and denoted by adjA.
Also, the matrix
air - b QA1n
ap1 bn Qpn
by
b
is obtained by replacing the jth column of A by the b =
bn,

Proof 1)=2)

|[4; : bl

in this theorem is called an

and denoted by [4; : b].

Suppose that A is regular. Then AA~! = I and by the theorem 2.4, |A||A™}| = |AA™| = |I| = 1.

Thus |A| # 0.
2)= 3)
t
All Al’n
Since |A] # 0, let X = ﬁ : : - | . Then
Anl Ann
t
. A A ai1
XA=— : : :
nl nn an1
VAV
= — : : =1.
Al '
0 |A]

hence, XA =1 and X = A~ L.
3) = 4)

A1n

Qnn
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An Aip
Multiply A=! = - : : : to the equation Ax = b from the left. Then we have

4] : : :
Anl Ann

1 An - A\ [ b

x=ATb=rp| :

) biAir 4+ bpAm
4

The component by A1; + baAsj + - - + by A, is the cofactor expansion of [A; : b], where

all DY bl ... a17l
[Aj . b] =
anl DR bn ... ann
Then,
1 all PR bl PR aln |[A ] b]|
s = — . . . = 7'] ; .
anl .. bTL e ann
4) = 5)

Suppose that the equation Ax = b has the unique solutionp. Then let the fundamental solution
of Ax = 0 be C . By the theorem 2.3, we ahve p+ C is also a solution of Ax = b. Since p = p+C,
we have C = 0. Thus by the theorem 2.3, we have 0 = n — rank(A) . Hence, rank(A4) = n.

5) = 6), 6) = 1) is the theorem 2.3. #%

We introduce some of the useful idea about finding the determinant. First one is called a Van-
dermonde determinant.

Suppose some solution of differential euqations is given by

y = 1™ + coe® + cze”

Suppose also that the solution satisfies the initial condition such as y(0) = 1,¢'(0) = 1,3”(0) = 1.
Then we have the following system of linear equations:.
]. =C1 —+ Co —+ C3
1=cia+ b+ c3c

1 = c1a® + cob? + 362

Rewrite this equation using the matrix. Then we have

1 1 1 c1 1
a b ¢ |l =11
a®> b 2 c3 1



52 % 2% Matrix and Determinant

To find the solution of this equation by Cremer’s rule, we have the determinant in the denomi-

nator. Now we need to find the determinant.

1 1 1 1 1 1
det{a b c])=det{0 b—a c—a |=(c—a)c=0b)(b—2a)
a? v A 0 b2—a%® *—a?

Now the matrix of this form, the determinant can be found by subtracting the first element from
the seconf and third elements of the second row. This technique can be applied to a square matrix
of the order n X and called Vandermonde.
Another useful technique is block matrices. Consider a matrix A such that
ail a2 413 @14 Q15
a21 Q22 0423 (24 Q25
A= a3 as2 a3 azs ass
(41 Q42 Q43 Q44 Q45
as1  as2 a3 Gs4 55
Using a vertical line to cut the matrix at the 3rd and 4th columns. Next using a horizaontal line

to cut the matrix at the 4th and 5th row. Then we have

a1l a2 ais a14 A1s

a1 G2 Q23 a4 Q25
A= Ap = Ao = (as1 asa  as3), Ao = (asa  ass
5 4112 21 51 52 53 ) 5 4122 54 55
azy azz 433 azs ags |’ ( ) ( )

a41 Q4o Q43 44 Q45

Then we can write the matrix A as the following block matrices:

A1 A12>
A=
<A21 Az
Now consider the matrix X which has block matrices A, B, and O, where A isnXxn, Bismxm

and O is zero matrix. The we have the followings:

1. det (g g) — det(A) det(B)

2. det (g g) — det(A) det(B)

A O I O
Proof Note that det = det(A). Note also that. det = det(B). Now note that
o I O B
A 0 A O I O
det (O B> = det <O I) det (O B>'

A C
This showw 1. Next we study the determinant of the upper triangular matrix det <O B).

(65)(0 ) 5)
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Here, we show
A C
det (O I) = det(A)

Proof. Let A be the square matrix of the ordern and I be an identiry matrix of the ordr m.
A C
Then let X = . Then
o I

det(X) = Z Sgn(0)$10(1)$20(2) T Tpo(n) T Tntmo(ntm)

0ESntm

Note that for 1 <7 <mnand n+1 < j < n+m, we have 7;,;) =0. Alsoforn+1<i<n+m
and n+1 < j <n+m, we have

Now let .

<n+1 n+2 n+3 .o nt+m )
“\on+l) on+2) on+3) ... on+m) )

Then., o = 7p, where, 7€ S,, p € S, and |
sgn(o) = sgn(7p) = sgn(p)sgn(p)
Thus, we have

det(X) = Z Sgn(Tp)xlT(l)xQT(Q) < Tpr(n) Tn41p(n+1)Tn+2p(n+2) - -+ Lntmp(n+m)
™

(Z Sgn(T)xlr(l)iUzr(z) - -mn'r(n)> (Z Sgn(ﬂ>$n+1p(n+1)$n+2p(n +2).. ~$n+mp(n+m)>
T P
=det(A) -1 =det(A)

Exercise2-8

1. Find the determinant of the following matricex:

0 0010 3 51 2 -1
2 4 0 5
2 -3 1 01 0 0O 2 6 09 1
1 -2 -1 3
(a) |1 0 21(b) ) ) 5 0 ()0 0 00 1{(d|0 0 71 2
1 -1 1 10 0 0 0 00 3 2 )
3 3 -4 —4
0 01 0O 0 000 -6

2. Factor the following matrices:
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1 1 1 1
1 a®> (b+c)? b+c b c
9 ) a b ¢ d
(a) 1 v (c+a)?| (b) a c+a c | (c) 2o 2 3. Solve the
2 2
1 ¢ (a+b) a b a+b By B
11—z 2 2
following equations:. 2 2—x 1(=0
2 1 22—z

4. Show the equation of the straight line going through two points (a1, a2) and (b1, b2)is given by

z y 1
ay Qs 1 =0
b1 by 1

5. Show the equation of the plane going through 3 points (a1, as, as), (b1, ba, bs), (c1, ca, c3) is given
by

z y =z 1
a; az as 1 —0
by by b3 1
C1 Co C3 1

6. Suppose that a system of linear equation Ax = 0 has a fundamental solution x # 0. Then
show that |A| = 0.

7. Solve the following system of linear equations using Cramer’s rule.

r—3y = 5
(a)
3r—by = T

r+y+z = 3
(b) T+ 2y + 2z
r+2y+3z = 6
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Linear Mapping

3.1 Linear Mapping

#Mappingh
In chapter 1 and chapter 2, we have studied about vector space. In this chapter, we study the
relationship between two vector spaces. Befor going to detail, we review about the mapping.
Consider two vector spaces V and W. For any element v of V', ther is assigned a unique element

w of W; the collection, T, of such assignments is called a mapping from V to W, and iw written

T:V—W

Using this idea, m x n matrix represents a mapping which maps a nth column vector to mth
column vector. In other words, it is a mapping from R" to R™.
ALinear Mapping®

In vector space, an addition and a scalar product are defined. So, a mapping between two vector

spaces had better to satisfy an addition and scalar product.
Definition 3.1

Let V,W be vector spaces. Then the mapping T : V — W is called a linear mapping if it
satisfies the following two conditions.
1.Tv+w)=TWV)+T(w) (v,weV)
2. T(av)=aT(v) (veV,a€R)
For V = W, We say the mapping T is a linear transformation of V.
A linear mapping from V to W is a mapping which preserves the properties of vector space. The

image of T', written ImT, is the set of image point in W:

Im(T)=T(V)={w e W :T(v) = wiorsome v € V}

The kernel of T', written kernelT, is the set of elements in V' which map into 0 € W:

ker(T) ={veV:T(v) =0}
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The following theorems is easily proven.
Theorem 3.1

Let T : V — W be a linear mapping. Then the image of T is a subspace of W and the kernel of
T is a subspace of V.

Example 3.1

Let A be the matrix with m x n. Let

T:R" — R™.

with T'(x) = Ax. Then show that T is a linear mapping.

Answer For any vectors x1,xs and any real number «, we have
T(x1 +x2) = A(x1 +x2) = A(x1) + A(x2) = T(x1) + T(x2),
T(ax1) = A(axy) = a¢A(x1) = aT'(x1)

Thus, T is a linear mapping. #&

Suppose that the linear mapping T : V. — W satisfies the following condition:

V1 # vy implies T(vy) # T(va) (vi,v2 € V)

Then T is called a one-to-one or injective.
If a linear mapping T : V' — W satisfies Im(T) = W, then T is called onto mapping from V'

to W or surjective.
Example 3.2

Suppose that S : U — V,T : V — W are linear mappings. Then show that the compostion
mapping 7 o S is a linear mapping.
Answer

(T o S)(auy + Puz) = T(S(auy + fug))

T(aS(u1) + BS(uz))
Oé(T o S)(ul) + B(T o S)(UQ)

Thus the composition mapping T'o S : U — W is a linear mapping.. #&
#Isomorphic Mappingé

One-to-one and onto mapping is called an isomorphism. If there is an isomorphism from vector
space V to W, Then we say V and W are isomorphic and denoted by V.~ W. If T: V — W
is isomorphic and T'(v) = w, then set S(w) = v. Then we can find a mapping from W to V. This

mapping is called an inverse mapping and denoted by S = T !.
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Theorem 3.2

Let T : V — R™ be a linear mapping. Then the following conditions are equivalent.

) T is isomorphic. In other wordsm V ~ R™

) ker(T) = {0}, Im(T) =R"
4) T~':R"™ — V is isomorphic.

) If {wy,Wa,...,w,} is the basis of R" then the set of images of T
{T=Y(wy), T (wa),..., T (wy)} 1& V is the basis of V.
Proof (1) = (2)
Let the basis of V be {vi,va...,v,} and {w1,wa,...,w,} be the basis of R"™. Now define T :
V — R™ as T(ayvy + aave + -+ + apvy,) = aywy + agwa + -+ + @, W,,. Then T is a linear
mapping (Excercise3.1). Also let a,b € V . Then for some ¢y,c¢a,...,¢p, di,da,...,d, € R, we
have

a:CIV1+"'+CnVn7

b:d1V1+"'+ngn.

Thus
T(a)=T(b) = T(c1vi+ -+ cpvy) =T(d1vi+ -+ dpvy)
= T(vi)+ -+, T(vp) =diT(v1) + -+ d,T(vy)
= Wit ot CaW = dywWy + -+ dpy Wy
— C1 :dl,...,Cn:dn
= a=Db

and T is injective. Next suppose that y € R". Then y = ¢c;wy + -+ 4+ ¢, W,. This shows that
c1vi+...+cp v, is the image of T. Thus, T is injective. Therefore a linear mapping 7T is bijective.
This shows tha t T is isomorphism.

(2) = (3)

Suppose that T'(a) = 0. Then T'(0) = 0 = T'(a). By the assumption. a = 0. Thus, ker(T") = {0}.
Since T is bijection, we have Im(T) = R™.

(3)=(4)

Since T is isomorphi, for any w;, w; € R™, we have T'(v;) = w;, T(v;) = w;. and v;,v; € V exist.

By the linearlity of T', we have
T(av; + Bv;) = o1 (v;) + BT (v;) = aw; + fw;.

Thus,
T aw; + Bw;) = av; + Bv;.

Next we show T~! is bijection. First of all, we show T~!(w;) = T~ (w;) implies that w; = w;.

W; —W; = T(VZ‘) — T(Vj) = T(Vi — Vj) = T(O) =0.
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Finally, Im(T) = R™ implies that
V; = Tﬁl(Wi).

Thus, T~ ! is isomorphic.
(4) = (5)
To show {T~(wy), T~ Y(wsz),...,T"(w,)} is the basis of V, it is enough to show this set is

linearly indepenent and the vector space spanned by this set is V.

AT N wi) + T (wa)+ -+ enT Hwn) =0

implies that
T_l(clwl + cowo + -+ cpwy,) = 0.

Note that T~ is isomorphic. Then

c1vy +cove + -+ ¢, vy, = 0.

Here, {v1,...,v,} is linearly independent. Thus, we have ¢; = ¢y = -+ = ¢, = 0. Hence,

(T (wy), T (w2),..., T (wn)}

is linearly independent. Next let v € V. Then

Vv=cvi+ -t evp =aT N wy) - 4 e T Hwy).

Thus, (w1, wa,...,w,) =V.
(5) = (1)
Since {T~Y(w1),T~Y(wa),...,T~!(w,)} is basis of V. Thus, dimV = n. #&
#Matrix Representationd
To check a linear mapping of the finite dimensional vector space, we apply a matrix for the
linear mapping. Then the properties of the linear mapping can be seen directly as the properties

of matrices. For example, consider the linear mapping 7" which describes the rotation of the point

1 0
on zy plane with 6 rotation to a point (X,Y). Consider the basis of R?, {( 0 ) , ( ) )} Then
T 1 0
= (5) = (0)= (1)

= (3)-mm=re() (1)
(3 om0 ) oo )

Thus, we can show the linear mapping by using matrix

X \ [ cosf —sinf T
Y /7 \ sinf cosf y )
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In general, consider T': R™ — R™. Let
{vi,o. o, vin b {we, ..o, wi b
be the basis of R, R™. Let x € R™ and the image of T be y = T'(x) € R™
X =ViZ1 + VaZa + -+ Vplp,
Y =Wiyr +Wals + 0+ Winlm
Then by the linearlity of T', we have

y=T(x) =T(vixz1 + voxa + - + vV, 2p)
=T(vi)xr +T(ve)xa + -+ T(Va)an

Here, {T'(v1),...,T(vy)} is in R™, we can express as
T(vi) = a1;,W1 + a2;Wa + -+ amiWp, (1 =1,2,...,n)
Thus,

Y = (a11W1 + aa1Wa + -+ - + Gm1 Wi, )21

= (@19W1 + 2aWa + -+ - + Ao Wy, ) T2

(@1 W1 + @2, Wa + -+ + A W) Tn

Here, {w1,Wa,...,W,,} is the basis of R™. Then the corresponding coefficients must be equal.

So, we have the following relations:

Y1 = 1171 + @12T2 + -+ - + A1 Ty
Y2 = 2171 + G22T2 + -+ - + A2pTp
Ym = Am1T1 + Q2T + -+ Amp Ty

Then the coefficient matrix A = (a;;). This matrix A is called a matrix representation of T' on

the basis
{vi,oo o, v h {we, .., Wi}

and denoted by [T]¥. FOr V. = W, we take the basis of {vy,...,v,} of V and the basis

{w1,...,wy,} of W to be the same and write [T]y. Also for T': R" — R™, the following usual
1 0 0
1 0
{elz : 762: . 7"'7671: : }
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is used and the matrix representation of T is given by [T]e or [T] To summarize, A linear mapping
T from R™ to R™ is represented by the m x n matrix which shows the image of the basis of R™
by the basis of R"™. Then it satisfies

Example 3.3

Yy T + 5y
of T relative to the basis {e1,ez} and the matrix representation of [T, relative to the basis

. P2 2 . € _ 3z — 4y . . .
Let T : R* — R* be given by T = . Find the matrix representation [T]

1 2
{w; = ( 5 ) ,Wo = < 5 )} Furthermore, find the matrix representation [T]¥ of T relative to

{e1, e}, {wi, wa}.
Answer

_ W

) = 3e; + ey,

)
—4
)= 5 ):—4e1+5e2

3 —4
implies that [T] = ( L5 )

ro) =1(( 3 )= ( 3 ) =aw +owe
)

—14
)z( o7 )zcw1+de
-9 —-14 \ . .
Then awq + bwy = < 16 ) ,CW1 + dwo = ( o7 ) implies that a = 77,b = —43,¢c = 124,d =

7T 124
—69. Thus, [T]w = .

—43 —69
Also,

)): ( ’ ) = 13w, + 8w,
(

—4 ) = 30w, — 17wy

8 —17
Let T be a linear mapping T': R™ — R™. Then ker(T) is a set of all elements of R™ so that

—-13 30
implies that [T]¥ = ( ) e

the image of T is 0. In other words, it is the same as the solution space of the system of linear
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equations.
a1171 + a2y + - +apr, = 0
a2171 + agexy + -+ +agpr, = 0
Am1T1 + Ama®2 + - + AmpTy, = 0

Also by the theorem 2.3, the dimension of the solution space is

dimker(T) = n — rank(A)

How about the Im/(T'). Im(T) is the set all images of elements in R™. Then dim I'm(T") = rank(A).

From this, we have the following theorem.

Theorem 3.3

Let T: R™ — R™ be a linear mapping. Then the following is true.
dim R"™ = dimker(7T') 4+ dim Im/(T")

Example 3.4

1 1 1
Let the matrix representation of T: R3 — R3by A= | 2 2 2 |[. Find the dimker(T).
3 3 3

Answer Since dimker(7T') is the same as dim R? —dim I'm(T). Also, dim I'm(T) = rank(A). Thus
if we find the rank(A), then we can find dim ker(T).

1 11 1 11
A=12 2 2 | =10 0 0
3 3 3 0 0 0

implies that rank(A) = 1. Thus dimker(7) =3 —-1=2. #&
Given vector spaces , R!, R™, R™, there is a linear mapping S such that
S:R — R T:R" — R™
Then the composition mapping 70 S : R' — R™ is also linear mapping. (see Example3.1). Then

take basis for each vector space and let the matrix representation for linear mappings S, T be A, B.

Then for x = (x;),y = (yj),2z = (2x), we have
(vi) = A(x;), (2) = B(yi) = BA(z;)
Thus the matrix representation for T o S is BA.

Theorem 3.4
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Let the matrix representation of 7' : R™ — R"™ relative to the basis {v;} be A. Then the followings
areequivalent.

(1) T is isomorphic.

(2) The matrix A is regular.

Proof (1) = (2)

Let the matrix representation of 7 : R" — R"™ be A. Since T is isomorphic, T~! exists. Now
let the matrix representation of T~ be B. Then BA = I and A is regular.

(2) = (1)

Suppose that A is regular. Then there is a matrix B such that BA = I. Now let S be the linear
mapping on B. Then T o S = 1. Thus, by Exercise 3.1, T is isomorphic. #

Exercise3-2

1. Determine whether the following mapping is linear mapping.

1
.3 2 _ Zs3
T : R —>R,T1 T2 _($1+I2>.
T3
T
Ty RS — R Ty | :(”Cl“).
g To + T3

2. Let V be the n dimensional vector space. Let {v1,...,v,} be the basis of V. Define T :V —
R™ by T(a1vy + agve + -+ + apvy) = are; + ases + -+ - + ape,. Then show that T is a linear
mapping.

3. Let T: R™ — R™ be a linear mapping. Then the followings are equivalent.

(a) T is isomorphic.
(b)  There exists S such that ToS =1and S: R" — R™.

4. Suppose that T': V — W is a linear mapping. Show that ker(T"), Im(T) are the subspace of
V,W.

T T + 229 + 223
5. Let T : R?® — R3 be a linear transformation such that T | z, = | 2z +x2+ 323
T3 2z1 + 222 + 73
Find the matrix representation [T] of T relative to the usual basis {ej,es,e3}. Find also [T]w
1 -1 0
relative to the basis {w; = | 2 |, ,wy= 0 awy=1| -1 |}
1 1 1

¥ 72 dimker(T) %Ko X.
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3.2 Matrix Transformation and Eigen value

ATransition Matrxi#
Given a linear mappling 7', then how to choose the basis of R™ and R™, the matrix representation
of T changes. In this section, we study the relationship between the matrix called a transition

matrix which maps from the basis of R™ to the basis of R™ and the matrix representation.

Example 3.5

. P2 2 . € _ 3r — 4y . .. . .
Let T : R® — R~ be given by T = . . Find the transition matrix P which
Y T+ oy

. . 1 2
maps from the usual basis of {ej,es} of R? to the basis {w; = ( 3 ) , Wy = < ; )} For

A =[T)e, find P~1AP.

Answer First of all, we find the matrix so that Pe; = wy, Pey = ws.

1
W1(3)e1+362,

w2:<§>:2e1+5e2

Thus the transition matrix P is given by
2
5 ]

1
P=(}

3 —4
Next we find P~1AP. By Example 3.1, A = [T]e = < L s > Thus,

1 [ =5 2 3 —4 1 2\ 77T 124 p
P AP_( 3 -1 1 5 3 5) \ -43 -69 )
Look this example carefully. Then P~![T|oP = [T]w. Is this always true?

Theorem 3.5

Let A be a matrix representation of the linear transformation 7' : R™ — R™ relative to the basis
{vi} and B be a matrix representation relative to the basis {w;}. Then the transition matrix P
from the basis {v;} to the basis {w;} satisfies B = P~"1AP.

Proof By Exercise3.2, the transposition matrix P from the basis {v;}_; to the basis {w;}} ; is

regular matrix of the order n and P = (p;;) is given by the following:

W =piVvi+- o +DnjVe, (j=1,2,...,n)
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. Suppose that A = (a;;), B = (bi;). Then
T(Vz) = a1;V1 4+ -4 AmiVm, (Z = 17 2, e ,TL),

T(w;) =bi;wi+ -+ bp;wm, (j=1,2,...,n)

implies that

Then

Thus we have

Suppose that A and B are square matrices for which there exists an invertible matrix P such
that P~'AP = B. Then B is said to be similar and denoted by A ~ B.

In the rest of the chapter, we study how to find a manageable form of matrix by choosing the
regular matrix P so that P~'AP is canonical form.
#Eigenvalues and Eigenvectorsé

In this chapter we investigate the theory of a single linear operator 7' on a vector space V' of
finite dimension. In particular, we find conditions under which T is diagonalizable.

A set complex numbers is denoted by C and the set of n complex numbers is denoted by
C" ={(c1,c2,...,¢n),c; € C}.

Let A be a square matrix of the order n. Then for A € C,|

Ax = x (x e C",x #0).
Then we say A is a eigenvalue of A and x is a eigenvector of A corresponds to A.
For example, consider the linear transformation 7" which maps the line y = = + 2to the line
0 0
Y = X. This is a translation in the y direction. Thus the vector ( > is translated to A ( > .
Y Y

The scalar X is the eigenvalue. Now we study how to obtain an eigenvalue and eigenvector.

Rewrite the equation Ax = Ax. Then we have

(A=X)x=0
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This is homogeneous system. The necessary and sufficient conditions for which the eigen vector x

exists is the system of linear equation has nonzero solution. By the theorem 2.4,

|[A=X|=0
Thus, the eigenvalue A can be found by the solution of the following equation with ¢ unknown:
|[A—tI|=0
Conversely, The solution A is the eigenvalue of A. Now the polynomial in ¢
Da(t) =det(A—tD) =t"+c1t" '+ Fcp
is called an characteristic polynomial of A and the equation in ¢
DA(t) =det(A—tI)=0

is called an characteristic equation of A. From this, to find an eigenvalue, it is enough to solve

the characteristic equation.

Example 3.6
3 0
Find all eigenvaluesof A= 0 2 -5
0 1 -2
3—1 0 0
Answer $4(t) = 0 2—t —5 | = (3 —1#)(t* +1) = 0. Thus the eigen values of A are
0 1 -2-t

A =3, +i. #&
As you can see even though the entries of the matrix are all real number, the eigenvalues might

be complex numbers.

Example 3.7

01 1
Find all eigenvalues and corresponding eigenvectorsof A= | 1 0 1
1 1 0
—t 1 1
Answer ®4(t) =| 1 —t 1 |=—(t+1)%(t—2). Thus, the eigenvalues of A are A = 2, —1.
1 1 —t

Now we find the eigenvector corresponding A of A.
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For A = 2, the eigenvector satisfies (A — 27)x = 0 and nonzero. Solve this equation. We have

-2 1 1 1 1 -2
A—2 = 1 -2 1 | s 1 -2 1
1 1 -2 -2 1 1
—Ri+R2 —%
2R, +R3 1 1 -2 Ra+Rs 1 1 -2
— 0 -3 3 — 0 1 -1
0 3 -3 0 0 0

Then the degree of freedom is 1. So let x3 = a. Then

T —x2 + 273 « 1
x=|[ z | = T3 = a |=al 1 | («a#0).
3 x3 «a 1
now for A = —1, the eigenvector satisfies (A —3I)x = 0 and nonzero. Solve this equation. We have
—Ri1+R2
1 1 1 —Ri+Rs5 1 1 1
A+I=11 1 1 — 0 0 0
1 11 0 0 0
Thus the degree of freedom is 2. So we let 9 = 8 # 0,23 =y # 0. Then
R . -1 -1
X = T2 = 8 =p 1 |+~ 0 | ¥
3 ¥ 0 1

#Cayley-Hamilton Theoremd
For ®4(t) = t" + c1t" 1 + - + ¢, define

PA(A) = A"+ AV e, T
Then we have the following theorem. This theorem is called (Cayley-Hamilton theorem).
Theorem 3.6

[Cayley-Hamilton Theorem] Every matrix is a zero its characteristic polynomial. In other words,
d4(A)=0.

Proof Let A be an arbitrary n-square matrix and let ® 4(¢) be its characteristic polynonmial; say,
BA(t) =det(A—tl) =t" +c1t" P+ Fcp

Now let B(t) denote the ajoint of the matrix A — tI. The elements of B(t) are cofactors of the

matrix A — ¢tI and hence are polynomials in ¢ of degree not exceeding n — 1. Thus,

B(t)=Bit" ' + Bot" % +...+ B,

Here B; (i =1,2,...,n) is n-square matrix. By the fundamental property of the classical ajoint

(A—tDB(t) = dA(t)]
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or
(A _ t[)(Bltn—l + thn—2 4+ o4 Bn) — (tn -‘rCltn_l +... +Cn)l-

Removing parentheses and equating the coefficients of corresponding powers ot t,

-B, = I,
—BQ + AB1 = 01[,
AB, = c¢,I

Multiplying the above matrix equations by A™, A" 1, ..., I respectively,
OZAn—i-ClAn_l ++cnI:@A(A);(fg

#MEigenspace#
Our purpose here is to find the regular matrix P so that the matrix A can be tranposed to a
simpler matrix. In other words, to find the regular matrix P such that B = P~ 1AP.
The set of vectors such that
VA) ={x:(A—-A)x =0}
is called an eigenspace corresponds to A. This vector space is the same as the solution space
formed by solution vectors x so that
(A-XDx=0
Thus by the theorem 2.3, we have
dim V(A\) = n — rank(A — \I)

Exercise3-4

1 1
1. Find the transposed matrix P which maps the basis {v; = ( ) , Vo = ( ) )} of R? to

-1
3 -1
thebasis{w1—<1>,wQ—< 2)}

2. Show that the transposed matrix P which maps the basis {v;} to the basis {w;} of R" is
regular.

3. Find all eigenvalues and all eigenvetors of the following matrices.

5 1 2 1 0 1 4 —4
(a) ( . ) ) (b) 01 -1 | (¢ -1 -3 2
0 2 4 0 2 -1

4. Find the eigenvalue of the square matrix A which satisfies A2 = A

5. Let the eigenvalues of A be Ay, Aa,...,A,. Then show that the eigenvalues of A™ are
m m )\m
15729 \n -

3

1
6. Given A = ( ) ) Find A%, A~ using Cayley-Hamilton theorem.

7. Suppose X is the matrix of order 2. Find all X satisfying X2 — 3X + 21 = 0.
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E4E

Diagonalization of Matrix

4.1 Diagonalization of Matrxi
Theorem 4.1

Suppose that the matrices A and B are similar. Then their characteristic polynomials are the same
and so are the eigenvalues.
Proof

Dp-14p(t) = |P"*AP —tI| = [P~ (A - tI)P|
= |P7YJA—tI|-|P| = |A —tI| = D4 (1) K&

A matrix A is called diagonalizable if there exists P so that P~'AP is diagnal matrix.
Theorem 4.2

For n-square matrix A, the following conditions are equivalent.
(1) A is diagonalizable.

(2)
(3) Let the eigenvalues of A be A1, A2, ..., A, and corresponding eigenspaces be V (A1),
V(A2),...,V(Ap). Then,

A has n independent eigenvalues.

Proof (1) = (2)
Let P be a regular matrix so that P~'AP is diagonal. Then
A0 0 O
0 A 0 O
PT'AP = S :

0 0 0 X,
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Now multiply P = (p1,p2, ..., Pn) from the left. Then

A0 0 0

. 0 X 0 O
P(P AP):A(php?a"'apn):(p17p2a"'7pn) : - :
0 0 0 X,
and
(Ap17 Ap27 .o 7Ap’n) = (>\1P17 )\2p2> ceey )\npn)
Compare the column vectors on both sides, we see Ai,Aa,...,\, are eigenvalues of A
and p1,p2,...,Pn are corresponding eigenvectors. Also, P is regular. By the theorem2.4,
P1,P2,-- -, Pn are linearly independent.
(2) = (3)

First we show V(A1) + V(A2) + -+ + V(},) is direct sum. To do so, we need to show by
(Exercise4.1)

V) N{V(M) +V(A2) +--+ V(Aic1)} = {0} (i =2,3,...,p)
Let the eigenvector corresponds to A; be

x; (j=1,2,...,i)

Then
x; € V(A) N{V(A1) + V(A2) + -+ + V(Aima)}

implies that
X; =X1+Xo+ -+ X1, X EV()\J) (j:1,2,,’L)

For any scalar A, p, (A—AI)-(A—pl) = (A—pl)-(A—AI) and (A—XI)x; = Ax;—Ax; = (A —A)x;,
Thus,
(A—/\ll)(A—AQI)"'(A—Ai_ll)Xi
:()\Z'—)\1>()\i—)\2>-~'(/\i—)\ifl)xi:0+0+"'+0:0

72 b, x;, = 0. Hence,
V) N{V(A) + -+ V(Xio1)} = {0}

(3)=(1)
let {p1,P2,---,Pq}, {Pg+1,Pg+2s---»Pr}y---s{Ps+1, Ps+2;---,Pn} be a linearly independent vec-

tors in

V(A),V(A2),....,V(Np)

Then since
n=dimV(A\)+dimV (i) +---+dimV(A,),
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V(X)) NV (A;) = {0} (i # j).

Since,
{p15p27 -y Pg; Pg+1,Pg+25-- - Pry - - -y Ps+1, Ps42, - - - 7pTL}

are linearly independent, let P = (p1,p2,...,Pn). Then
AP = (Ap1, Aps, ..., Ap,) = (AP1, AP2, - - -, APn)
A1

Ao L0 AL 0
:(p17p27"'apn) . =P '

Thus, P~' AP is diagonal. #&
From this theoerm, if A is diagonalizable, then the diagonal elements of A are eigenvalues and

the number is the same as the dimension of the eigenspace.,
Example 4.1

Diagonalize the folowing matrix.

A:

—= = O

1
0
1

O =

Answer By the example3.2, the eigenvalue of A are A = 2, —1 and the eigenspace is

1 ~1 ~1
V) ={a| 1T [L VD=8 1 )+ 0]}
1 0 1

1 -1 -1 2 0 0
pP=|1 1 o |,pPtAP=[0 -1 o0
1 0 1 0 0 -1

#

A necessary and sufficient condition for which the square matrix is diagonalizable is the dimension
of eigenapsce and the multiplicity of eigenvalues are the same.
M Triangular Matrixé

Given a square matrix A, if we can find a regular matrix P so that P~ AP is an upper triangular
matrix, then A is called a triangular by P. For n-square matrix A = (a;;), A* = (ai;)" = (a;:)
is called a conjugate transpose of A. Also, the matrix satisfies A = A* is caleed a Hermitian
matrix. For A is real matrix, A* is the same as A’ and Hermitian matrix is the same as the

symmetric matrix.



72 % 4% Diagonalization of Matrix

Example 4.2
2 1+ 22
For A = e , find A*.
1—2 1
2 1+ 22
Answer A* = - —g ! ) . Then A is a Hermitian matrix. &
— 2

If U*U = UU* = I for some n-square complex matrix U, then U is calle a unitary matrix. If
A'A = AA? = I for some n-square real matrix A, then A is called a orthogonal matrix. From

this for if U is a unitary matrix, then U* = U~! and if A is a orthogonal matrix, then A* = A~1,
Theorem 4.3

Let the eigenvalues of n-square matrix A be Ay, Aa,...,A,. Then A can be transformed to the

upper traiangular matrix by siutable unitary matrix U.

A
)\2 *

U TAU = U*AU =

An
Proof We use mathematical induction on the degree n of A. For n =1, A = (a11) it self is an
upper triangular. Assume that true for n — 1-square matrix. Then show the theorem is true for
n-square matrix.
Let A1 be an eigenvalue of A and u; be th corresponding eigenvector. Now choose unit vectors

ug, Uz, ..., U, & C" to be the basis of the orthonormal system. Then by Exercise4.1,

U = (ug,ug,...,uy)

is a unitary matrix,

Ut AU, = U7 (\ag, Aug, . .., Aw,)
= (\eq, U 'Au,,..., U_lAun)

/\1 *

0 : B
Here B is n — 1-square matrix. By the theorem 4.1, A and U~'AU have the same eigenvalues,
Eigenvalues of B are eigenvalues As, A3, ..., A\, of A except A;. By assumption, for n — 1-square
matrix B, there exists n — l-square unitary matrix Ussuch that Uy 'BU, is upper traiangluar

matrix.
A2
/\3 *

U, 'BU, =
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0

1
Now let U = U, ( ) . Then U is unitary and

2
—1 . 1 0 - 1 1 0
U AU(O U2> Uy AU1<O UQ)
(1 0
“\o Ut @
o )\1 *
~\ 0 U;'BU,

At
)\2 *

Thus U~ AU is an upper traiangular matrix. &

Example 4.3

3 1
Determine whether A = ( L1 ) is diagonalizable. If not, traiangulate.

3—A 1
-1 1-2X

1 1 11
a-2=( 1 1) = (9 0)

implies that the corresponding eigenvector is

o 1),

1
Thus, the eigenspace is {« ( ) )} and dim V' (2) =1 < 2. Thus,by the theorem4.1, it is impos-

Answer D4 (t) = = (X — 2)? implies that the eigenvalue is 2. Also,

sible to diagonalize. So, we will try to get an upper traiangular matrix.

V2

1 1
From the eigenvector ( ), we obtain the unit eigenvector - ( ) Now using the
-1

1 1
Gram-Schmidt orthonormalization, we create the orthonormal basis {% ( ) ) ,% ( ) >}

11
Let U = % < 1 ) Then U is orthogonal matrix and

2

U*AU:UMU:(O

N DN
N———
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Theorem 4.4

Suppose that n-square matrix A has n distince real eigenvalues. Then there exists an orthogonal

matrix P so that P~'AP is an upper triangular matrix.
Exercise4-2

1. Determine whether the following matices are diagonalizable. If so find a regular matrix P and

diagonalize. If not, find an upper triangluar matrix.

1 5 2 1 1 1 1 6
(a) (O 1>(b) 1216 | -1 3 6
0 0 1 1 -1 -1

2. Suppose U, W are subspaces of the vector space V. Show that U + W is a direct sum if and
only if U nW = {0}.

3. Let U, W be finite dimensional. Then show the following is true.
dim(U e W) =dimU + dim W
4. For 3 dimensional vector space R?, let
U= {(z1,22,23) : x1 + 2 + x5 = 0}, W = {(21, 22, 23) : 1 = 23 = x3}.

Then show that R? = U @ W.
5. Show the absolute value of the eigenvalue A of an orthogonal matrix is 1.
6. Suppose that the column vectors of U is orthonormal basis. Then show that U is unitary

matrix.

4.2 Normal Matrix

In this section, we study the square matrix which is diagonalizable.
Suppose that n-square matrix A is transposed to a diagonal matrix U*AU = D by an unitary
matrix U. Here D is a diagonal matrix so that D*D = DD*. Also since A = UDU*, we have
A*A=(UD*U*)(UDU*)=UDD*U*,
AA* = (UDU*(UD*U*)=UDD*U".

Thus, A*A = AA*. In other words, The square matrix A which is tranposed to diagonal matrix
by an unitary matrix satisfies AA* = A*A. Then we call this matrix normal matrix
Conversely, suppose that A is a normal matrix. Then by the theorem 4.1, using the unitary

matrix U, we have
)\1 b12 o bln
Ao -+ bop
U AU = U*AU = o ,

0 0 -
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Let this upper triangular matrix be S. Then

PYRR 0
bia Ao 0
S*=U*A"U = .

Since AA* = A*A, we have
S*S = (U A"U)U*AU) = U AAU = U*AA*U = (U*AU)(U*A*U) = SS™.

Rewrite this by using matrices, we have

),:1 70 .. 0 A bia oo bin
bia Ao - 0 0 Mo -+ bay,
S8 = . . . .
Atobi e bip A0 -0
0 Ay -+ bay bia Ay --- 0
= ) . ) ) ) .| =55

Now we check to see the diagonal ecomponents. Compare the (1,1) component.

AMAL + biobia 4 -+ bipbi, = A\

Then,
big=bis=--=b1, =0

Compare (2,2) component. Using byo = 0, we have

AoAg + basbos + -+ 4 bapbop = Aa)o

Thus,
b23:b24:...:b2n:0

Similarly for the rest, we can show b;; = 0 (i < j). Thus, U ' AU is a diagonal matrix. Putting

together, we have the following theorem.
Theorem 4.5

For n-square matrix A, the following conditions are equivalent.
(1) A is diagonalizable by some unitary matrix U.
(2) A is normal.
Now we know that the normal matrix is diagonalizable by an unitary matrix. The normal matrix
is a matrix which is commutative of the product of the matrix itself and the conjugate transpose

of the matrix. Thus, Hermite matrix, unitary matrix are normal matrix.
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Definition 4.1

For any basis v, va of the complex vector space V, if real numbers (v1,vs) are defined and it has
the following properties, then we say (v1,vs) is an inner product of v and vs.

For any vectors v,vi,va,vs in a complex vector space and any complex numbers «, 3, the
followings are satisfied.
L (avi + Bva, v3) = a(vi, v3) + B(v2, v3)
2. (vq1,va) = (va,Vvy)

3. (v,v)>0,(v,v) =0 and v = 0 are equivalent.
Example 4.4

Show that a Hermitian matrix is a normal matrix. Find all eigenvalues.

Answer Let A be the Hermitian matrix. Then since A = A*, we have AA* = A*A. Thus, A is
a normal matrix. Next let A be the eigenvalue of A and a be the eigenvector of A corresponding
to A. Then by the definition4.2,

Aa,a) = (Aa,a) = (Aa,a) = (_a, A*a)
= (a, Aa) = (a, \a) = A(a,a)

Thus, A = X. hence, X is real number. &
From this example, you can see that if A is a Hermitial matrix, the diagonanl components of
the transposed matrix U~ AU are real numbers. Furthermore, if A is a real square matrix, the

following theorem holds.
Theorem 4.6

For real n-square matrix A, the following conditions are equivalent.
(1) A is an orthogonal matrix and diagonalizable.

(2) A is a real symmetric matrix.

#Quadratic Forme

For any n-squar real matrix A and vectors x,y € R"™, the expression

air - ain Z;
Ax,y) =x'Ay = (21,22, ...,2) )
an1 Tt Ann yn

n
= E Qi T;Y; = a11T1Y1 + Q1221Y2 + *+ + + ApnTnlYn
1,j=1

is called a bilinear form of A
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Also, for any n-square real symmetric matrix A and x =y, the expression

a a 1
t 11 in o
A(x,x) =x"Ax = (21,22,...,Tp)
an1 e Gnn Tn
_ 2 2 2 49
= a1127] + a22x5 + -+ - + Appx;,, + Qi T;T;
i<j
is called a quadratic form of A
Example 4.5
Show x% + x% — 2x119 + 421703 — 4923 USINg a matrix. a
Answer Since 11 = Q22 = Q12 = 421 = 1, a13 = a31 = 2,(123 = a3z = 72, azs = 0,
1 1 2 T
(x1,29,23) | 1 1 -2 T
2 =2 0 T3

S

Suppose that a matrix A is real symmetric. Then by the theorem4.2, A is diagonalizable by the
orthogonal matrix. So, let P be the orthogonal matrix so that P~ AP is diagonalizable. Now set
x = Py. Then
Ay - 0 n
x'Ax = y' (P*AP)y = (y1,...,Yn) )

0 - A\, Un
= Myt + Aoyd o+ Ay

This shows the following theorem.
Theorem 4.7

A real bilinear matrix x*Ax can be tranposed to standard form

x'Ax =y (P'AP)y = Myi + Aayd + -+ My

by x = Py. Here, \; (i =1,2,...,n) are eigenvalues of A.
From this, we see the followings:
(1) A real symmetric bilinear form f is said to be positive definite if eigenvalues of A are all
positive and for any x # 0, x!Ax > 0.
(2) A real symmetric bilinear form f is said to be negative definite if eigenvalues of A are all

netative and for any x # 0, x! Ax < 0.

Example 4.6
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Express a real bilinear form A(x,x) = x% + gcg + ac?,) 4+ 4x1x9 + 423 + 42321 USIiNg a matrix.
Determine whether the matrix A is positive definite. Find the standard bilinear form.

Answer The matrix for the bilinear form is

A:

NN
N =N
=N N

Then since ® 4(t) = det(A — tI) = —(t + 1)2(t — 5), the eigenvector of A are —1(multiplicity 2),5.
Thus, the bilinear form is not positive definite. Since A is a real symmetric matrix, we can find
the orthogonal matrix P sothat P~1AP is a diagonal matrix. Thus by putting x = Py. then we
have the standard bilinear form.

x'Ax = —y; — y3 + 53

i

Example 4.7

Express A(x,x) = z? + 523 + 873 + 4x122 — 8x2x3 — 6x37; using a matrix. Find the standard
bilinear form.

Answer The matrix for this bilinear form is

1 2 -3
A= 2 5 —4
-3 —4 8

Note that ®4(t) = det(A — tI) = —t3 + 14¢> — 24t — 5. Then we can not find the eigenvalues of A
easily. So, we need a way to find the standard bilinear form without knowing eigenvalues.
Remember the regular matrix is a product of elementary matrices. So, to diagonalize, we can

use the elementary operations.

1 2 =3
A= 2 5 —4
-3 —4 8

implies that A is a symmetric matrix. Then we apply —2R; + Ry to the Ry and 3R; + R3 to the
R3. Next we apply —2Rs + R3 to the R3. Then we have

1 2-3100 1 2-3 100
Ma:nn =12 s5—4010)]—[01 2-210
3 -4 80 0 1 02-1 301
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Next we apply the same elementary operation on Ry, Rg to the columns Cs, Cs. Then we have

10 0 1 00
B = 01 2 -2 10
0 0 - 7T -2 1
10 0 1 00
— (01 0 -2 10
00 -5 7 -2 1
1 00
As a result, A is a diagonalized matrix. Let Pt = | —2 1 0 |. Then
7T -2 1
10 0
PAP=[ 0 1 0
0 0 -5
. Thus,
1 0 O
x'Ax =y (P'"AP)y=y'| 0 1 0 |y
0 0 =5

=y} +y5 — b3 H&

If A is a complex square matrix, we can do the same thing as for a real square matrix.

Given any n-square complex matrix A and any vectors x,y € C"™,

aix -+ Qin ‘Z;
A(x,y) =x"Ay = (41,22, .., Tn) )
an1 Ann yn
n
= Z i T;Yj
ij=1
=a111y1 + a12T1Y2 + -+ GupTnln
is called a Hermitian form of A.
Suppose that A is a Hermitian matrix of the order n and x =y. Then

a . e a zl
11 in 7
A(x,x) =x"Ax = (41,22, . .., %) )
an1 T Ann Tn

= 0117171 + A22T2T2 + * +* + AppTpTpn + 2 E a;jT;T;
i<j
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is said to be complex quadratic form of A. In this case, A is a Hermitian matrix, that is normal
matrix. By the theorem 4.2, A is diagonalizable by unitary matrix. Then choose the unitary matrix

U so that U ' AU is diagonal matrix. Now let x = Uy. Then we have

Al DY 0 yl
x"Ax =y " (U"AU)y = (41, -+ ¥n) - :
0 DY ATL yn

= My1y1 + A2y2y2 + -+ AnYnyn
This proves the next theorem.

Theorem 4.8

A complex bilinear form x*Ax can be transformed to the standard form by the appropiate trans-

formation x = Uy by the unitary matrix U.
x"Ax =y"(UAU)y = My1y1 + Aa¥2y2 + - + AnYnYn
Here, \; (i =1,2,...,n) are eigenvalues of A.
Exercise4-4

1. Find the unitary matrix U so that U~'AU is diagonal.

1 1—14
a=(0h )

2. Find the orthogonal matrix P so that P~'AP is diagonal.

1 0 -1
A= 0 -1 0
-1 0 1
: i 0 a . .
3. Find a condition so that A = 0 can be transformed to diagonal matrix by the
as

unitary matrix.

4. Find the orthogonal matrix so that the following bilinear form becomes the standard form.

x% + 21‘3 — 33:% + 2179

5. Standarize the following Hermite matrix by using unitary matrix.

r1@1 + (1 —d)z1d2 + (1 4 i)xed1 + 2x0d
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Solution

Chapter 1
Exercisel.2.1

1.
(a) Add the corresponding component:
A+B=(2,-1,3)+(-1,1,4)=(2—-1,-1+1,3+4) = (1,0,7).
(b) Scalar multiplication to each component:
3B =3(—1,1,4) = (—3,3,12).
IA]l = v/ai + a3 + af. Then
||A||—|| L) = VBT (D =
(d) First scalar multiplication then vector addition:
3B —2A =3(—1,1,4) — 2(2,-1,3) = (—3,3,12) — (4,-2,6) = (—7,5,6).
2.
(a) B—A=(3,0,1)—(-2,-1,3) = (5,1,—-2) =5i+j — 2k.
(b) 3A+B=3(-2,-1,3)+ (3,0,1) = (—6,-3,9) + (3,0,1) = (—3,—3,10)
= —-3i—3j+ 10k.
(c) 3B—2A =3(3,0,1) = 2(~2,—1,3) = (9,0,3) + (4,2, —6) = 13i + 2j — 3k.
() A—2|—B _ (-2, 1,3;4—(3,0,1) _ (1, 21,4) :%—%—&—Qk.
Geometric vectors can be treated as space vectors see Exercise 1-2-1.5 .

3
4. Geometric vectors can be treated as space vectors see Exercise 1-2-1.5.
5. For A = (a17a27a3>7 B = (b17b27b3)7 C= (01702703) € R37
(1)
A+B= (al,ag,ag) + (bl, ba, bg)
= (a1 + b17a2 + bg,ag + bg) S ]‘3d



82

f+$% A Solution

A+B: (a1+b1,a2+b2,a3+b3)
= (b1 + a1,b2 + a2, b3 + a3)
=B+ A.

(A+B)+ C=(a; +by,a2 +bo,a3 + b3) + (c1,¢2,¢3)
= ((a1 + b1) + c1, (a2 + bz) + c2, (a3 + b3) + ¢3)
= (a1 + (b1 +c1),a2 + (ba + ¢2), a3 + (b3 + ¢3))
= (a1,a9,a3) + (by + c1,ba + c2,b3 + ¢3)

=A+(B+C).
Suppose0 = (0,0,0) Then A +0 = A.

A* = (—ay, —as, —a3) implies
At A" = (o1 4 (o) () + ()

aA = (aay, aas, aas) € R

a(BA) = a(Bay, Baz, Bas)
= (aﬂalaa/ﬁa@?a/@a@)
= af(ai,az,as)

= aB(A).
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(9)
1A = l(al, as, a3)
= (a1, lag, laz) = (a1, az,a3) = A,
0A = O(al, as, a3)
= (0(11, 0@2, Oag) = (O, 0,0) =0
a0 = «(0,0,0)
= (a0, a0,a0) = (0,0,0) =
6. For ||A|| = ||BJ|, A + B is a diagonal vector bisecting the angle between A and B. For

|A]l # ||B||, Multiply B by some scalar so that ||A| = ||aB||. Then A + aB is a vector bisecting
the angle between A and B.
7.

x(1,1,1) +y(1,1,0) + 2(1,0,0) = (x,z,z) + (y,y,0) + (2,0,0)
= (x+y+z,x+y,x) = (27*234)

implies that x + y + 2z = 2, x +y = —2,2 = 4. Now solve this equations from the backward.
r=4,y=—-"7,2=2>5.

Exercisel.4.1

1.

(a) ||B||—<B B)!/? = (22 4+ 47 4 (-3)2)/? = /20,
(b) A-B=(-1,3,1)-(2,4,-3)=—2+12-3=T1.
(c) A-B=|A][B]cosd &b

A-B 7 7
cosf = = =

JA[IBI  \/(—1)2+32+1,/22 +42+ (=3)2 V1129

Jiofe—cos_l(\/;m)

(d) A unit vector can be obtained by dividing the magnitude of itself.

A (-1,3,1)
Al Vi1

2. every element of an orthogonal system is orthogonal to each other.
every element of an orthonormal system is unit element and orthogonal to each other.

(a) Since (1,3)-(6,—2) =6 — 6 = 0, we have (1,3) L (6,—2).

(1,3) (6, 2)}
V107 24/10

(b)
(1,2,2) - (=2,2,—-1) = —2+4—2 =0,

(1,2,2)-(2,1,-2) =2+2—4 =0,

(—2,2,—1)-(2,1,-2) = —4+2+2=0.
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Thus, (1,2,2) L (-2,2,-1), (1,2,2) L (2,1,-2), (—-2,2—1) L (2,1,—2). Change to otthonormal
122) (=2,2,—1) (2172)}
3

system, we have {
(¢) i—2j+3k-2i— §j — %k =2+ 1—1 7 0 implies that non orthonormal system.
3. Let (z,y,2) be an arbitray point on the plane. Consider the vector with the initial point
(5,—1,3) and the endpoint (x,y,z). This vector (x — 5,y + 1,2 — 3) is on the plane. Thus,
orthogonal to the vector (2,1, —1). Then the inner product is 0. Hence,
(x—=5,y+1,2—-3)-(2,1,-1)=2(x —5)+y+1—(2—3)
=2r+y—z2—-6=0.

4. For all 0, |cosf| < 1 implies

|A - B[ = [[A] [BI[|cos 0] < [|A]| [|B|

5.
|A-B|*> = [|[A-C+C-B|?
= (A-C+C-B)-(A-C+C-B)
= (A-C)-(A-C)+2(A-C)-(C-B)
+ (C-B)-(C-B)
= [[A-C|*+2|A-C] ||C~BJcosé +|C - B>
< [A-C|*+2|A-C||C~-B|+]|C-B|?
<~
a kD
= (JA-cC||+[C-BJ|)*
Thus,
|A-B| <[|A-C|+]C-B|.
6.

0<(f=2A)l? = (f = Ag, f — Ag)
= [£I> = 2X(f, 9) + X*[lg]I*.

This is the second degree equation in A and greater than 0. Thus the discriminant A is less than

or equal to 0. Hence,

= (£, 9 =17 lgll* <o0.

Therefore,
(£l <11 Hlgll-

7. (a) Ifll = {Jg 22da} > = (£} =\ /3.
(b)

”f” = {/ SlIl’]T{E dx}l/Q {/ COS27Txd }1/2

_ {7 B sm2mc‘ }1/2 L
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(c)
2 21+ cos 2z
191 =4 [ leosmafary/? [ ZEE  gqyi
0 0 2
T sin2wx , 1/2
={-4+ — =1.
G+ 200
8.
1 1‘2
(PO,Pl):/ rdr = — | ,=0.
1 2
1 9.2 3
3z —1 T° —
Py, Py) = dr = L =o.
( 0 2) /_1 ) z 9 ‘—1
1 2 4 2
3r°—1 3z x
P, P) = de =" - ', =0.
(Pr, P) [1$ 9 €z 3 4 |24
Exercisel.6.1
1.
(a)
AxB=(1,2,-3)x(2,—1,1)
ioj ok 2 31 2
|2 s 12
2 -1 1
=(2-3,-6-1,-1—4) = (—1,-7,-5).
(b)
Cx(AxB)=(4,2,2) x (-1,-7,-5)
i j k
-1 -7 -5

= (=10 4 14, —2 + 20, —28 + 2) = (4,18, —26).

(c) C-(AxB)=(4,2,2)(~-1,-7,—-5) = -4 — 14— 10 = —28.

or

C-(AxB)=(4,22)((1,2,-3) x (2,-1,1))

4 2 2
2 -1 1

2. Let I' be the plane with the sides i 4+ j — k and 2i + 3j + 2k. Then the normal vector of I" nr is
orthogonal to i + j — k and 2i 4 3j + 2k. Therefore,

1 —

ne=(LL-1)x(232)= 4 5 5 5 =641
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Next the plane is parallel to I'. Then nr is also orthogonal to the plane. Then let (z,y, z) be an
arbitrary point on the plane. Then (z —1,y,z — 1) is orthogonal to ny. Thus, the equation of the

plane is
nr-(z—1,y,2—1)=(5,-4,1)- (z—Ly,z2—1)=bzx—4y+2—6=0.

3. Let I' be the plane perpendicular to the palne z — 2y + 3z —4 = 0. Then the normal vector n =
(1, —2,3) of the plane  — 2y + 3z —4 = 0 can be thought of being on the I'. Also (2,0,—-1),(3,2,1)
go through the required plane. Thus the vector (3 —2,2—0,1+ 1) = (1,2,2) is on the required
plane. Now take the cross product of these two vectors, we have the following normal vector of I'

such as
-2

5 | =(-10,1,4)

-2 3 1
nr = (17 _273) X (17272) - 2 2 1
Here if we take an arbitray point (z,y, z) on I' and make vector (x — 2,y,z + 1). Then the vector

is orthogonal to np. Then the equation of the required plane is

nF'(Z’—Z,y,Z—Fl):(—10,1,4)'(.13—2,:1./,2’—"-1)
=—-10z+y+42+24=0.

4. The area of the triangle is the half of the parallelogram with the sides A B.

1 1 1 5vV2
SI3,-1) x 2.1, 1)] =S4, -3, -5)|| = 5VI6+ 9+ 25 = 2

T2 2
5. m=rxF=(-21,-1)x(1,3,1) = (4,1, 7).

6. v=(1,22) % (1,-2,3) = (10, -1, —4).

7. The area of parallelogram with the sides B and C is given by ||B x C||. Let the angle between
the vector B x C and A be . Then the height of the parallelpiped with A, B, C is ||A|| cos6.
Thus, the volume of the parallelpiped with the sides A, B, C is given by

IB x CJ ||A]cos® = ||[A||cosf |Bx C|] =A-(BxC).

8. The cross product of vectors itself is 0. Changing the order of multiplication changes the sign.

A x B = (2e; +5ey — e3) X (e; — 2ey — 4ej)
= (2e1 + 5es —e3) X €1 — (2e1 + bey — e3) X 2eq
— 4(2e1 + 5es —e3) X e3
=5(ex xe1) —(es x e1) —4(e1 X e2) +2(e3 X e2)
— 8(e1 x e3) —20(e2 X e3)
=5(—-i)+j+k—-(i—-j)—-20+k)—8(+k) —200+k)
— —36i—j — 29k.
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9. Using the scalar triple product.

4 -3 1
(4,-3,1)- ((10,—3,0) x (2,—6,3))=| 10 -3 0
2 -6 3

4(—-9) + 3(30) + (—54) = 0.

Thus by the theorem 1.3, it is linearly dependent.

10. (a) Set ¢1 + cox + c3z? = 0 and differentiate with respect to = twice. Then we ahve

co+2c3x =0, 2c3=0

Thus, ¢; = ¢z = c3 = 0 and {1, 2,22} is linearly independent.

(b) Set c¢1sinx 4 ¢z cosx = 0 and differentiate with respect to . Then we have

cicosx — cosinx = 0.

Solve this equation, we have ¢; = 0,¢co = 0. Thus it is linearly independent.
11. Suppose A,B is linearly independent. Then show A x B # 0. (Using contraposition, for
A x B =0, show A, B is linearly dependent. )

Suppose that A x B = 0. Then A and B are parallel. In other words, there exists some real

number A # 0 so that A = AB. Thus,
A-)XB=0

Therefore, A, B is linearly dependent.

Next we show if A x B # 0, then A, B is linearly independent. (Using contraposition, we show
if A, B is linearly dependent, then A x B =0. )

If A, B are linearly dependent, then there exists ¢; # 0 or ¢o # 0 so that

ClA -+ CQB =0
Then A = —%B. Thus, A and B are parallel. Therefore, A x B = 0.
Exercisel.8.1

1. Let wy,ws be elements of W. Then we can write w1 = (x1,¥y1,1),wa = (z2,y2,1). To be a
subspace, it must satisfy the closure property in addition and scalar multiplication. We first show
for an addtion. wy +ws = (z1,y1,1) + (x2,y2,1) = (1 + T2, y1 + Y2, 2). Since z- component is not
zero, wy + wo is not element of W. Therefore W is not a subspace of R3.

2. Suppose wi,ws € W. Then
wy = (v1,Y1, =371 + 2y1), w2 = (T2, Y2, —3T2 + 2y2)
Thus,

wy +wy = (T1,y1, =321 + 2y1) + (22, Y2, =32 + 212)
= (z1 4+ x2,y1 + Y2, —3(x1 + 22) + 2(y1 + y2)) € W.
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Also,
awy = (axy, ayr, —3axy + 2ay;) € W.

Therefore W is a subspace of R3.
3. Let w be an arbitray element of W. Then w = (x,y, —3z + 2y). Now express w using i, j, k.

Then we have

w=(z,y, -3z +2y) = zi+yj+ (-3 +2y)k
=xi—3zk +yj+ 2yk
=z(i—3k)+y(j + 2k)

Thus, every element of W is a linear combination of i - 3k and j + 2k. Also, i - 3k and j + 2k are
linearly independent. Thus, i - 3k and j + 2k is the basis of W . Therefore, dim W = 2.
4. Put e1(i+]j)+ 2k +c3(i+k) =0 . Then

(Cl + Cg)i —+ Clj —+ (CQ —+ Cg)k =0.

Thus, ¢; = ¢2 = ¢3 = 0 and hence linearly independent.
Next let (a1,az,a3) € R®. Then
(al, as, ag) = a2(i +j) + (a3 —+ ag — al)k + (CLl — QQ)(i + k)
Thus, (i+j,k,i+k) = R3.
5. Let V be the subspace generated by {3,z — 2,2 + 3,22 + 1}. Then
V=08x-2z+3z>+1)
= {3¢; +ca(x —2) +c3(x + 3) + ca(z® + 1) : ¢; real}
Here, let v be an element of V. Then

v =3c1 + co(x —2) + c3(x + 3) + ca(z? + 1)
= (3c1 —2co+3c3 +¢4) + (c2+c3)x+ caz?.

We have shown that {1, x, 22} is linearly independent in Exercisel.3. Thus, {1, , 2%} is a basis of
V. Hence, dimV = 3.

6.
v _ X1 (1,1,1)
F Il V3
Now
B - ((1L,1,1)(1,1,1)
X9 — (XQ,Vl)Vl = (0, 1, 1) ((07 1, 1) \/g ) \/g
B 2 (1,11

1
=-(=2,1,1
3( 77)
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implies that

X — (XQ, V1)V1

Vo =
’ l[x2 — (x2,v1)vi]|
3(=2,1,1)
I5(=2,1,1)]
i(-2,1,1 1
_ 330D —(~2,1,1).
e V6
Lastly,
1,1,1) (1,1,1
o = (xa Vv = (i va)va = 0,0.1) = (0.0, 1) £ B0
(723171) (72,1,1)
- ((0,0,1) -
(( ) NG ) 7
(1,1,1) (—=2,1,1)
=(0,0,1) — —
(0,0,1) 3 6
11 1
=(0,-=,=)==(0,-1,1
(0.-5:5) = 50.-1.1)
implies that
X3 — (x3,v1)vi — (x3,V2)Vv2
V3 =
l[xs — (x3,v1)vi — (x3,v2) V2|
_ 30,-1,1) _ 3(0,-1,1)
1
= —(0,-1,1).
\/ﬁ( )
Therefore the required orthonormal system is
(1,1,1) (=2,1,1) (0,—1,1)
vy = , Vo = , Vg = .
{v1 75V 7 3 7 }

7. By example 1.4, U + W, U N'W are subspaces of V. Then set

dimU = n,dimW = m,dim(UNW) =r,

{v1,v2,...,v,} is the basis of U N W,

{v1,v2,...,Vp, U1, ..., Up—p} is the basis of U,
{v1,v2,...,Vp,w1,..., Wy} is the basis of W. If we can show that
{Ula ey Upy Uty e ooy Up—py W1,y e e awnz—r}

is the basis of U + W, then

dm(U+W)=r4+n—-r+m—-r=n+m-—r

and
dim(U + W) =dim U + dim W — dim(U N W)
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So, set civ1 + -+ cpvp FCfur + -+ ¢ Un—r w1+ -+ ¢ Wm—r = 0. Then

vt vt ciur g = —(c]Twr - E W)

Note that the left-hand side is element of U and the right-hand side is element of W. Thus it is in

U NW. Therefore it can be shown by the linear combination of {vy,vs,..

cui+ -t cn_ Uy =div1 + ...+ dypvy
ok
rwr O Wiy = €101 + ... ey

k. >k k

Thenci =---=¢}_, =0, ci"=---=cy . =0and we havec; =--- =

n m
{v1,V2, .o UL,y oy Uy Wy e oy Wiy }
is linearly independent. Also, {vy,va,...,Up,t1,...,Up—y} spans U and
{v1,v2,...,Vp, w1, ..., Wy_} spans W. Thus,
{V1, s Uy ULy e oy Uy Wy ey Wip—p }
spans U + W.

., r}. In other words,

¢, = 0. Therefore

8. Let (CL11, a2, alg), (agl, asa, a23), (CL31, asa, a33), (a41, a42, CL43) be 3D vectors in 3D vector space.

Take a linear combination of those vectors and set it to 0. We have

ci(ai1,a12,a13) + c2(as1, azz, azs) + c3(asy, asz, ass) + ca(aar, as2, as3) =0

Write this equation using components.

cra11 + caa1 + c3a31 + cqa41 =0
cra12 + Caa22 + €3a32 + c4a42 = 0

c1a13 + c2a23 + c3a33 + caa43 = 0

This system of linear equations has 3 equations and 4 unknowns. Thus solutions ¢y, ¢z, c3, ¢4 need

not to be 0. In other words,

{(an, a12, a13)7 (a21, a22, a23)7 (a31, a32, a33)7 (a41, 42, a43)}

is linearly dependent.
Chapter 2
Exercise2.2.1

1.

2 -3
(a) A sum of matrices is the sum of corresponding components. A 4+ B = ( > +

12\ [(2-1 3+2)\ [1 -1
30/ \4+43 240/ \7 2)°

4 2
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(b) A scalar multiplication of matrix is the multiplication of every components.
2 -3 -1 2 4 —6 -3 6
o235 )-5(5 0 )= (5 1) (9 0)
_(4+3 —6-6\ _ 7T —12
T\ 8-9 4—-0 )  \ -1 4 |
(¢) A product of matrices is the inner product of corresponding rows and columns.

2 -3 -1 2 -2-9 4-0 —-11 4
AB: = = .
(4 2>< 30) (—4+6 8+0> (2 8)

BA:<—1 2)(2 —3>:<6 7)
30 4 2 6 —9
2.
2 -3
31 7
AB:(5 2 4) Z f)
:(3(2)+1(3)+7(4) 3(—3)+1(6)+7(1)>:<37 4>
5(2) +2(3) — 4(4) 5(—3) +2(6) — 4(1) 0 -7
2 -3
31 7
bA= i f)(5 2 —4
2(3) =3(5) 2(1) =3(2) 2(7) —3(-4)
=| 3(3)+6(5) 3(1)+6(2) 3(7)+6(—4))
A(3) +1(5) 4(1)+1(2) 47)+1(—4)
-9 —4 26
= 39 15 -3
176 24)
3.

A% —B5A+6I = (A—2I)(A-3I)

2 30 2.0 0 2 30 300
=141 |=[020 141 ]-(030]
2 0 1 00 2 2 0 1 00 3
03 0 -13 0 3 3 3
=112 1 11 1 350 |.
2 0 -1 2 0 -2 4 6 2

4. A and B are symmetric matrices. Then we have A* = A and B! = B. To show A + B is
symmetric, it is enough to show (A + B)! = A + B. Now

(A+B)!=A"+B"'=A+B.

5. For n-square symmetric matrices A, B, (AB)! = BtA* = BA. Then to show AB is symmetric,
we have to show AB = BA. In general, AB # BA. So, the answer to the question AB is always
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1 0 0 1
symmetric is not true. In fact, let A = < ) ,B = ( ) ) Then A, B are symmetric

0 -1

=y ) 3)=(3 1)

Thus, (AB)! # AB. Therefore, AB is not symmetric.
Next we find the necessary and sufficient condition so that AB is always symmetric.

Since for n-square symmetric matrices A, B, we have (AB)* = B'A* = BA. So, to make the

matrices. But

matrix AB is symmetric, it is enough to be AB = BA. Suppose first that AB is symmetric. Then
(AB)! = AB implies that AB = BA.
Suppose that AB = BA. Then since (AB)! = B'A' = BA, we have (AB)! = AB. Thus, AB is

symmetric.
6. (A%) = (A A)t = At At = (—A)(—A) = A%
aa 0 0 b1 bz bis
7. Let A= 0 ay O |bethematrizxandB = | by; byy bes | be the matrix commutable
0 0 as b31 b3z b33
with A. Then AB = BA implies that
ap 0 0 bir b2 bis bir bz bis ap 0 0
0 az O bar baz baz | = | bar bax bo 0 az O
0 0 a3 b31 b3z bas b3 b3y b33 0 0 a3
arbir arbiz  aibis arbin  asbiz  asgbis
aoba1  agbay  a2bos = a1bar  agbaa  agbos
azbs1 aszbza asbss aibs1  asbza  asbss

Note that the corresponding components are equal. Then
aibiz = asbi2,a1b13 = agbis,
azba1 = ai1bar, azbez = agbas,

azbsz1 = a1b31, azbzs = azbso

We also note that aq, as.az are different real numbers. Thus

big = b1z =bo1 = baz =b31 =bza =0

Thus, B is
b11 0 0
0 bo2 0
0 0 bss

and it is a diagonal matrix.

8. (A— AN = A" — (A" = A" — A = —(A— A"). Thus A — A® is skew-symmetric. Also,
(A4 At = At + (AN = A + A= A+ A'. Thus, A+ A! is symmetric. Now let

A+ AN A A

A
5 T3
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Then A is a sum of skew-symmetric and symmetric matrices. Next suppose that B is symmetric

and C is skew-symmetric and A = B 4+ C. Then

A =B'4+C'=B-C.

Thus A + A* = 2B, A — A* = 2C. Therefore,

)

implies that

414 -1\ (00 21 4 1 2 0
AB = -1 5 5 -2 00 0 0 = -1 5 5 -2
(-1 =2 =3 1)+(0 0 -4 2) -1 -2 -7 3
Exercise2.4.1
1.
1 -2 3 -1 1 -2 3 -1
2 -1 2 2 |79 3 4 4
3 02 3 30 2 3
1 -2 3 -1\, (1 -2 3 -1
733i)+R3 0 3_4 4 3*; 0 1_% %
0 6 -7 6 0 6 -7 6
1 -2 3 -1\, 1 -2 3 -1
—6R- s R3+R2
e I R 0 S B R
0o 0 1 -2 0 01 -2
Srn 1 00 %
A0 Lo 10 -3
00 1 -2
2.
(a)
2 4 1 =2 gxk 12 3 -1
-3 —6 2 —4 -3 —6 2 —4
3Ri+R., (1 2 L —1
(o001 )
Ixry (1 2 3 -1
— (oo 1 -2 )
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Therefore, rank = 2.

(b)
2 -1 3 1 2 -3
A = 1 2 -3 |l o o1 3
3 4 9 3 -4 9
1 2 - 1 2 -3
TrduEt g 5 g | TR g 5 g
3 -4 0 —10 18
—lxRy+R 1 2 - —1lxRy+R 12 =3
Tl 1 =2 S VI
0 —10 18 00 0

Therefore, rank = 2.
(¢) By Exercise2-4-1.1, we have rank = 3.

3. An elementary matrix can be obtained by applying an elementary operation on the identity

matrix.

—1xR, ( =1 0\ _
) ()=
1

0 ) = I1I,

—Ro+Rq ]. _1 -
e (3 2)

Next to express a identity matrix as a product of the matrix A and the elementary matrices,

7N
O =
o = O = O = O
N——
&
X
1=
+
=
M
7N
|
w
—

multiply elementary matrices I, I, I1I, IV to A from the left. Then

(oY)
G )G )6 )
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100)

2 -3 010
1
2 -1 001

I can be found by the following steps:
-3

110 0

4. The product of matrices P satisfying PA

— /\I/

o O - .
oo O It
ey s O - ~
I~
- ; 147%%7%1,41,41,4
|
S —H O O~ T 17857%78
1] [
; ; 09_;71;7 B
9ﬂ78 o~ ||
I Q_u01 ;7;7
24% N - O o o —
N - O
— oo — OO o — o
— O O
~ S S~— — O O
@ SN———
) & ~——
a -
ﬁ% ) x &
© s +T +
™ ~f ) 2\_/
| & ot
7 N (o}
P RS
o O - !
oo - S O It N
-0 ol <
— O I 12,7%%
I HY = o
S 2 IR
oo I S _
_7;7
M~ M - 0 ﬁ?ﬂ?i?
| , (. 0\_u4l_.1
AN~ AN AN~ <H oo
| | N — O A — O

(BN

-
—

bl imlisnl iy

~[ G| Z2IR

o
I D D=

(I
(

|
A

|

1

3
1

-1 1 0
Ri<R2 2 -1 1
4 -1 3 11
) (2 3 1
—2R1+R2

Exercise2.6.1

—

—2R2+Ry

A\
V3
Vi

5. By the theorem2.2, the dimension of the row space is the same as the rank of the matrix, it is
Vi

enough to find the rank of matrix with the row vectors are given by vi,va, v3, vy4.

£ - T dim = 3.
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EoT

)-(%)

—Ri1+R>

M A ™ AN~
— — A S O~
— = — — O
— O O — O O

o o
& LS
+H ++H
i e )
A
[2p B I jNe) N AN~ o~
— AN M — o [ecBN el ol
— O N — O O — O
— — o O — OO
) 3
I kS kS
N
e)
=
"
=}
=
=

—Ri+Ro

~// T
— — 0 — o —
|
— M 10
- N — o™
— — - |
— O 00
— M M o
— - M
— A — o - O
— O O
~ A O o<
(
o0
< — O O nm.
Lo~ 1
o
< > &
I ~ |
Iy
— — ~~
-~ ~~ o~ -
— AN O |
— — A
— <f © [\ B e an]
— == M O |
— MO — AN oS O
—. AN O — — O
— - - - O O — O O
(] l
o S
T+
I & 2 o
TS
|
=)
=

[

=

+

a0

S|

B

=

=

Q

=

)

=

~

g

Q

~

=)

)

=

=

[8)

0

o]

2

=] 1_I_A_l

=)

g

e [

M < <

= 8 8 7

3 e

E o+
|8 OO ™

- ] 8

n

= N—_——

S

I

=)

=

~—

d

=]

]

~

following system of linear equations:

Note that rank(A)
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Here the degree of freedom is =4 — 3 = 1. Thus we let 4 = a. Then

X1 1 1
i) _ —1 3
I3 o 1 to -3
T4 0 1

2. Ax = b has a solution if and only if rank(A) = rank([4 : b]).

—3R1+R2
1 2 3 7\ —sm+mrs (1 2 3 7
[A:b] = 32 5 9 — 0 —4 —4 —12
5 2 7 k 0 -8 -8 k—35
i 1 2 3 1 2 3 7
22 lo 11 3 | ¥t o 1 1 3
0 -8 —8 k—35 00 0k—11
10 1 1
“2RaAg g g 3
00 0 k—11

Note that rank(A) = 2 implies that rank([4 : b]) is also 2. Thus, if k—11 is not 0, then this system
of linear equation has no solutoin. Thus, k£ = 11. Moreover, for k = 11, 1 + 23 = 1,22 + 3 = 3.

Therefore, let 3 = a. Then

I 1 -1
To = 3 + « -1
I3 0 1

3. Let A be n-square normal matrix. Then we have < rank(A) =n < Ag = I,,.

(a)

2 3 4 1 0 0 1 2 3 01 0
1 23010 ™ 234100
-1 1 4 0 0 1 -1 1 4 0 0 1
—2R1+R> —1R2
R1+Rs 1 2 3 0 10 3Ry+Rs 12 3 0 10
— 0 -1 -2 1 -2 0 — 01 2 -1 2 0
o 3 7 0 1 1 0 0 1 3 -51
—2R3+R2
—3R3+R: 1 2 0 -9 16 -3 1 0 0 5 -8 1
— 01 0 -7 12 —2 |7223% o 1 0 -7 12 -2
0 01 3 -5 1 0 0 1 3 -5 1
5 =8 1
Thus, A is regular and A~' = | —7 12 -2
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(b)
[A: 1] =

R] <—>R4
R2<—>R3

—

0 0

. 0 0

Thus A is regular and A=! = 01
10

4. A is n-square regular matrix < rank(A)

2
A = 1
5

—5R1+R2
—Ri1+R3 1
— 0
0
1
Ratls 0
0

32 1
Note that rank(A) = 3 if and only if a + 3 # 0. Thus, a # ——.

0
1
0
0

0 0 0 11
0 01 0 O
01 0 0O
10 0 0 0
10 0 0 O
01 0 0O
0 01 0O
00 0 11
1
0
0.
0
=N
iR
_3 RQHRg
a —
4
_3
3 | 3R
s
CL+§
_3
23
6
32
a-i-@

o = o o SO = O
o O = O o~ OO

—_ Ul =

6
3

_ O O O

O OO

Q Wl

)
carolw

IS
+
w1

. Thus, we make a so that rank(A4) = 3.

5. To show A as a product of elementary metrices, we start with an identiry matrix, then apply

elementary operations. We then multiply the elementary matrices coming from the elementary

operations to the identity matrix.

2 -1 0
A = 4 3 2
301
1 50
73R133052
3
0o 21
—1
ry (L2 )
— 0 1 £
0 0 1

—1
1R, 1 30
— 4 3 2
3 01
1 =L o0
el 72
0 3 1

1 =L

2Rs+R 2
EEEM 0
0 0

0
1
0

N ©

= O O

Thusm A is regular. Next we reverse the elementary operations, then multiply the elementary

matrices coming from the elementary operations.
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2 00 1 0 0 1 00 1 0 0
A=1 0 1 0 4 1 0 010 0 5 0
0 0 1 0 0 1 3 01 0 0 1
100 100 100 1 -3 0
0 1 0 01 0 0 1% 0 1 0
0 3 1 00 2 00 1 0 0 1
* *
6. Suppose A = * . Then for any matrix X,
0 0
* * i - Tin * *
AX = * =

= * #* 1,

o

o
o
o

Tnl e Tnn
Thus A is not regular.
Alternate Solution Let A be n-square matrix. If every element of some row of A is 0, then

every element of one row of Ag is 0. Then rank(A) # n and by the theorem2.3, A is not regular.
7.

(AB)(B'A™)Y = A(BB YA ' = ATA ™' = AA™ =1
Thus, AB is regular and (AB)~! = B~tA~L

Exercise2.8.1

1.

(a) We use the cofactor expansion with the 2nd row.

2 -3 1
1 0 2|=(-1)* _i’ } ‘+0+(1)2+3(2)H _i"
1 -1 1 B B

= —(=3+4+1)—2(-2+3) =0.

(b) We use the cofactor expansion with the 1st row.

2 4 0 5
1 -2 -1 3
1 2 3 0
3 3 —4 -4
-2 -1 3 1 -1 3

=2 2 3 0[+(-4|1 3 0]+0
3 -4 —4 3 -4 —4
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1 -2 -1
2 3 -2 -1
+(=5)| 1 2 3 | =2{(3) + 0+ (—4) }
3 —4 3
3 3 —4
cofactor expansion with 3rd column
1 3 1 -1
+(—4 +(—4
={ ) _ (—4) L3 ¥
cofactor expansion with 3rd column
2 3 1 3
+(=5 — (-2 + (-1
L e, e, ]

cofactor expansion with 1st row
=2{3(—17) —4(—4)} + —4{3(—13) — 4(4)}

H(=5){—1T+2(—13) — (=3)}
= 2(—35) — 4(—55) — 5(—40) = 350.

()
0 0010
01 0 0O
0 0 0 01
1 0 0 0 O
0 01 0O
=sgn(4,2,5,1,3)1-1-1-1-1=—sgn(1,2,5,4,3) = sgn(1,2,3,4,5) = +1
3 5 1 —1
2 6 09 3 5 7 1
d|0 0 7 2 | = —6| = (18 — 10)(14 — 3)(—6) = —528 2.
(d) 5 6|3 2| | =( ) )(=6)
0 0 3 5
0 00 0 —6
—Ri1+R>
1 a? (b+¢)? | _goyr, |1 a? (b+c)?
(@1 ¥ (cta)? = 0 v —a®> (c+a)*—(b+c)?
1 ¢ (a+b)? 0 2—a? (a+0b)?—(b+c)?

1 a? (b+c)?
=10 (b+a)b—a) (a—Db)(a+b+2c)
0 (¢c—a)(cta) (a—c)(a+2b+c)
1 a? (b+ c)?
0 —(a+0d) (a+b+2c)
0 c+a —(a+2b+c¢)
a? (b+c)?
oL (o —b)e—a)| 0 —(a+b) (a+Db+2c)
c—b c—b

theor:em2.4 (a—b)(c—a)
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a? (b+c)?
=(a—0b)(c—a)(c=b)| 0 —(a+b) (a+b+2c)
1 1
1 a? (b+ c)?
22l (g —b)(c—a)(c—Db)| 0 1 1
0 —(a+bd) (a+b+20)
1 a? (b+c)?
@R (B e—a)b—c)| 0 1 1
0 0 2a+db+c)
=2(a—b)(c—a)b—c)(a+b+c).
(b)
Use factorization with the column.
b+ec b c c b c
a c+a ¢ | Tl —c c+a c
a b a-+bd a—2>b b a+bd
0 b c 0 b c
“hstlil 90 c4a c|l=-2lc¢c c+a c
—2b b a+b b b a+bd
0 b ¢
TPt ol e c+a 0| =—2{—b(ca)+ c(cb — bc)} = dabe.
b b a
1 1 1 1
a b ¢ d

(¢) By Vandermonde,

3.
Ra+Ry

1—=x 2 2 R3s+R, 5—x d—x dH—=x

2 2—z 1 = 2 2—x 1

2 1 2—x 2 1 2—=z

—2R1+R2

1 1 1 —2R1+R3 1 1 1
2rs-g)2 2-2 1 = (5-2)|0 -z -1
2 1 2—x 0 -1 —x

XoT,z=-1,1,5.

=(d—a)(d=b)(d—c)(c—a)(c=b)(b—a)

4. Vectors (z — a1,y — a2) and (by — a1, by — az) are parallel. Thus theie cross product is 0.
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. (by.bg)

“-.-.\\x.. ('EII ,32}

A.1 a line goes through two points

Thus,
i j k
(x —ai,y—az) x (b —ay,bp —az) = | x—ar y—ax 0 |=0.
bl—al bg—ag 0
Also,
i j k
r—a; yYy—ax 0 |= R =0

b1—a1 b2—a2 0

implies that

r—ay yYy—az 0 z y 1
a1 as 1 |=|a; ay 1 |=0.
bl — ax bg — as 0 bl bg 1

5. The normal vector given by N = (b; — ay,bs — as.b3 — asz) X (¢c1 — a1, 2 — as.c3 — az) and the

vector on the plane (z — a1,y — ag,z — a3) is diagonal and their inner product is 0. Thus scalar
triple product is

Tr — ap Yy — as Z — as
ay a9 as
b1—a1 bg—ag b3—(13
Ci —Qa1 Co—ay C3—as

r—a, Yy—as zZ—as
by —a1 by—ax bs—asz |=
Ci —ayp ¢z —a2 C3—das

SO = O

z y =z 1

| a1 a2 as 1 -0
by by b3 1 '
C1 C2 C3 1

6. Suppose that |A| # 0. Then the inverse matrix A~! exists. Ax = 0 implies that

AN (Ax)=A"0= (At A)x=A4""0=0.
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=0.

Therefore, x

— | —

Il
MO O [~ AN M
— AN AN~ AN
— o=

Chapter 3

Exercise3.2.1

1. For v,w € R3, we check to see
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X1 Xy
Let v,w € R®. Then we can write v= | x5 [, w=| 24 |. Then
x3 xh
X x} x1 + )
3+ 2h
T z2 |+ | 25 |]=T1| 22+25 _( ; /
T3 x4 x3 + 24 LI F T2 AT
/
_ T3 T3
(% )+ (%)
1 x}
= Tl i) + Tl SC/2
T3 xh
Also,
I axy ar
T = T = 3
(e iQ ) ! Z? ( axy + axs )
3 3
Ty
xIs )
= = OéTl X2
( xr1 + T2 5
Thsu, 77 is a linear mapping.
1
Next we check to see T5. Supposev=1| 2 |,w=| 0 |. Then
3 0

a+p
Tyav+Bw) =T, | 20 (‘”5“).

30 2a 4+ 3a
Also,
a B
TQ (OZV) + TQ (IBW) = T2 2 + TQ 0
3o 0

_( atl o\ B+1\ [ a+B+2
T\ 20+ 3« 0+0 ) 204+ 3a )
Thus, To(av + fw) # Ta(av) + To(fw). Therefore Ts is not a linear mapping,.

2. Let v € V. Then {vi,va,...,v,} is a basis of V. Then we can express v uniquely as

V=0o1Vy+ -+ oa,vy

Here, the image of T, T'(v), is an element of R™. Then we can write

T(v) = Bie) + -+ Bnen
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But T'(v;) = e; implies that
T(vi) = prer+ -+ Bnen, = e;.

Thus for ¢ = 1,2,...,n, ; = 0 implies B; = 0. Also, a; = 1 implies 5; = 1. Thus, o; = f;.

Therefore,
T(v) =aje; + - + ape,.

Next we show T is a linear mapping.
Suppose v,w € V. Then
V=01V + -+ QpVp,

W:BIW1++Ban

Thus,

T(av + pw) = T(aayvy + -+ + aapy v, + BB1vi + -+ BBnva)
=T((aay + BB1)VL + - + (e, + BBn)Va)
= (aaq + BB1)er + -+ + (o + BBn)en
= (aaier + -+ + aaye,) + (BB1e1 + -+ - + BBnen)
=a(aje; + -+ ape,) + B(Bre1 + - + Bren)
=aT(v)+ BT (w).

Hence, T is a linear mapping.

3. (a) = (b)

If T is isomorphic, then by the theorem3.1, there exists isomorphic mapping S = T~! such that
ToS=1.

(0) = (a)

Suppose that T(S(z)) = T(S(y)). Then T o S = 1 implies that S(z) = S(y). Thus for some z,y,
we have z = y. Also, x = y implies S(z) = S(y). Thus T is injective. Next we show IZ T is
surjective. Since T o S = 1, for y € R", there exists z € R™ such that y = T(S(z)). Also, S is a
mapping from R™ to R". Thus for some x € R", we have © = S(z). Therefore, y = T'(x).

4. ker(T) = {v € V : T(v) = 0} implies that for vy, vy € ker(T'), we have T'(vy) = 0,T(vz) = 0.
Thus for any real numbers «, 3, we need to show that av; + fvs € ker(T). In other words, we

have to show T'(avy + Bva) = 0. Note that

T(OlVl + ﬂVQ) = OéT(Vl) + ﬂT(Vg) =0

Thus, avy + Bva € ker(T') which shows that ker(T") is a subspace.

Next Im(T) ={w € W :w = T(v),v € V}. For some wy,wo € Im(T), T(v1) = w1,T(v2) =
wa. Then for any real numbers «, 8, we need to show aw; + fws € Im(T). In other words, we
have to show the existence of some v € V so that T'(v) = aw; + fws. Note that V is a vector

space, so avi + Bva € V. Also,

T(avy + Bva) = aT(v1) 4+ BT (ve) = awy + Swa
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Thus, aw; + fwe € Im(T'). Hence, Im(T) is a subspace.

5. Let m(T) be a matrix representation of 7. Then

m(T) =

N DN =
N — N
— W N

By the theorem3.l, dim R?* = dimker(7) + dim Im(T) and dimIm(T) = rank(7T). Thus,
dimker(7T) = 3 — rank(A4) = 0.

Exercise3.4.1

2. Let w; = p1v1 + -+ + pn;Vn. Then P = (p;;) is a transformation matrix from {v;} to {w;}.

Also, let vj = q1; W1 + -+ ¢n;Wy,. Then Q = (g;5) is a transformation matrix from {w;} to {v;}.

b1 - DPin qin - din
PQ= : R
Pni e Pnn dnl e dnn
P11qi1 + - +PinGn1 - Pi11qin T+ Dinlnn
Pn1dq11 + - +pann1 e Pni1dqin + - +pannn
0 0 1
3.
(a)
Du(t) = |A—tI| —' 3_f 1:1 ‘ =t —4t+4=0.

Then the eigenvalue of A is A = 2.
The eigenvector x corresponding to A = 2 satisfies (A — 2I)x = 0 and not 0. Solving the system

of linear equations, we have
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Thus,

Therefore, the eigenspace is

(b)
2t 1 0
DA(t)=|A—tl| = 0 1—-t -1 |=2-t){*-5t+6)=0
0 2 4t

Then the eigenvalues of A are A\ = 2, 3.

We find the eigenvector corresponds to A = 2.

0 1 0 010 01 0
A-2I=10 -1 -1 ]—1011|—1[0O01
0 2 2 0 0 0 0 0 0

Thus,

x=a| 0 ]| («#0).

Next we find the eigenvector corresponds to A = 3. Then

-1 1 0 1 -1 0 10 %
A-3I= 0 2 -1 ]—(0 13 |]—|01 3
0o 2 1 0 0 0 00 0
Thus,
~1
x=p3( -1 | (B#0).
2
Therefore,
1 —-1
VE)={af 0 |LVEB)={8| -1 |}
0 2
(c)
1—t 4 —4
Pty =|A—tl|=| -1 —-3—t 2
0 2 —1—t

=(1—t)(t? +4t — 1)+ (4t +4) = (1 —t)(t* + 4t + 3)
=1 =t)t+1)(t+3).

Then the eigenvalues of A are A = —3,—1, 1.

)
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f+$% A Solution

We find the eigenvector corresponds to A = —3. Then

4 4 —4 11 -1 1
A+3I= -1 0 2 | —| 0 1 1 ]1—10
0 2 2 00 O 0
Thus,
2
x=a| —1 (a #0)
1
We find the eigenvector corresponds to A = —1. Then
2 4 —4 1 2 =2 1
A+I=| -1 =2 2 | —|1 0O O]—1|O
0o 2 0 0 1 0 0
Thus,
2
x=p[ 0| (840
1
Finally, we find the eigenvector corresponds to A = 1. Then
0 4 —4 1 4 =2 1
A-I=| -1 -4 2 | —] 01 1 ]1—120
0o 2 -2 0 0 O 0
Thus,
-2
x=v| 1| (v#0)
1
Therefore the eigenspace is
2 2
V(=3)={a| -1 |LV(=)={B| 0 |LV(L)={y
1 1

4. Let X be the eigenvalue of A. Then

Ax = Ax = A%x = A(Ax) = A(Ax) = MA(x) = \*x.

Thus we have A = A2. Therefore, A = 0, 1.

5. Let A; be the eigenvalue of A. Then Ax = \;x implies that
AmMx = A HAx) = AT (\x) = - = Ak,

3 1
6. A= ( L1 ) implies that

@A(t):det(A—tI):‘ -t 1 ‘

-1 1-¢

—_

—_

—_

=t>—4t+4=0.

—_

o
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Thus by Cayley-Hamilton’s theorem

Dy(A) = A% —4A + 41 =0.
Here, since A* = (A% — 4A + 41)(A? + 4A + 121) + 324 — 481, we have

4 B . 3 1\ 1 0
A* =324 481_32<_1 1) 48<0 1)

_ 9 32\ (48 0 _ 48 32
T\ 32 32 0 48 J  \ =32 -16 )°
Note that A% — 4A + 41 = 0 implies that A — 41 +4A~' = 0. Thus,
_ 1 1./4 0 3 1
R E S N —
A _4(41 A)_4((0 4) (—1 1))
_i(1
T4\1 3 )7
7. Note that X2 —3X +2I = 0 implies that (X —I)(X —2I) =0. Then X = I or X = 2[ satisfies

c d
we find X so that the characteristic equation ®,(t) = > — 3t + 2 = 0.

b
the equation. Next let X = ( “ ) Then by Cayley-Hamilton’s theorem, ® x (X) = 0. Thsu,

a—t b

By (t) = det(X — tI) = A

‘—tQ—(a—i—d)t—i-ad—bc.

Thus the required X satisfy the condition a + d = 3, ad — bc = 2.
Chapter 4

Exercise4.2.1

Thus the eigenvalues are A = +1.

For A\ = 1, we have to solve the equation (A — I)x = 0 for x # 0.
0 2 0 1
=r=(0 )= (00)

x:a((l)) (@ #0).

Thus, we have
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We next find the eigenvector corresponds to A = —1.
2 . 11
0 0 0

x=o( 7)) @0

O N

avr=(

Thus, we have

Therefore, the eigenspace is

vy =a( g Bven=u( )

Now the number of eigenvalues and the number of linearly independent eigenvectors are the same.

1 -1
By the theorem4.1, it is diagonalizable and for P = ( 0 ) > , we have

iy (10
par- (%)

2 1 1
(b) A= 1 2 1 | implies that
00 1
2t 1 1
Da(t) = 12—t 1| =(1—t)(t* — 4t + 3).
0 0 1—t

Thus the eigenvalues are A = 1, 3.

We find the eigenvector corresponds to A = 1. Then

1 1 1 1 1 1
A-I=|1 11 1] —110 00
0 0 0 0 0 0
Thus, we have
—a—f -1 _
X = B | =« 0 |+p 1
« 1
We find the eigenvector corresponds to A = 3. Then
-1 1 1 1 -1 -1
A-3I= 1 -1 1 1]—10 0 1
0 0 -2 0o 0 O
Thus,
1
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Therefore, the eigenspace is

-1 -1 1
V)={a| 0 )+8| 1 LV ={y|1 |}
1 0 0

Since the number of eigenvalues and the number of linearly independent eigenvectors are the same.

-1 -1 1
By the theoremd.1, it is diagonalizable and for P = 0 1 1 |, we have
1 0 0
100
P'AP=10 1 0
0 0 3
1 1
(¢c) A= -1 3 6 |. Then
1 -1 -1
1—t 1 6
DA(t) = -1 3—t 6
1 -1 —-1-t
=(1—t)(t* =2t +3) — (t —5) +6(t — 2)
= 24312 =5t +3 45t —T7=—(t2 -3t +4)
= —(t—2)(t+1)(t —2).
Thus the eigenvalues are A = —1, 2.
We find the eigenvector corresponds to A = —1.
2 1 6 1 -1 0
A+T = -1 4 6] —| 0 3 6
1 -1 0 0 3 6
1 -1 0 1 0 2
— 1 0 1 2] —1]10 1 2
0 0 0 0 0 0
Thus,
-2
x=a| —2
1
We next find the eigenvector corrsponds to A = 2.
-1 1 6 1 -1 -6 1 -1 0
A-2I=1| -1 1 6] —(0 O OJ|—1]0 00
1 -1 -3 0o 0 3 0 01
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f+$% A Solution

Thus,
1
x=p4| 1] (v#0).
0
Therefore, the eigenspace is
-2 1
Vi) ={af =2 ) LVE)={v| 1 |}
1 0

Thus,
dimV(-1)+dimV(2) =2 <3

and by the theorem4.1, it is diagonalizable. Now using

-2 1
X1 = —2 , X9 = 1
1 0

, we create the orthnormal basis {uj,us, uz}. Then

X1 1 —2
w= = 2,
Bl 3\ )
1
w, — X9o — (x2,u1)u1 - 1 1
2 — - ’
[x2 = (x2, w)w||  3v2 \ 4
u] X Ug 1 i
M= " = _
T lmxwf V2,
-2 1 1
3. 3vV2 V2
~ | =2 1 =1 - ~ ~
Therefore, letting U = 5 35 | U is a unitary matrix and
1 4 0
3 3V2
-1 0 O
ultau=1| 0 2 1
0 0 2

2. Note that if U + W is a direct sum, then we show U NW = {0}. Letac€ UNW. Thena € U
anda€ W. Thus,a=a+0=0+a. But U+ W is a direct sum, the expression is unique which
implies that a = 0. Thus, U N W = {0}. Conversely, if a € UNW = {0} and a € U + W is

expressed as

a=u +w =us+ws (u,us €U, wi,wy € W)

Then,
’U,l—UQ:’LUQ—’wleUﬂW:{O}
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implies that u; = us = w; = ws. This shows that the expression above is unique. Thus, U + W is
a direct sum.

3. By the theoreml.4, dim(U + W) = dimU + dim W — dim(U N W). Also, if U + W is a direct
sum, then U NW = {0} and dim(U NW) = 0. Thus, dim(U & W) = dim U + dim W.

4. We first show that U 4+ W is a direct sum. By Exercise4.1, it is enough to show UNW = {0}.
Let (z1,22,23) € UNW . Then

T —|—I2—|—I3:0, Tr1 = Ty = TI3.
Then 1 =29 =23 =0and UNW = {(0,0,0)}.

We next show that R?> = U@ W. Since U C R3, W C R>, U@ W C R3. Also, dimU =
2,dim W =1 implies that

dim(U e W) =dimU +dimW =2+1=3
Thus, R*=U & W.
5. Let A be the eigenvalue of the orthogonal matrix A. Then since A = A~!, we have

Ax = Ax = A 'x = A" Ix.

Thus, A2 = 1.
6. Since U = (uy,ug,...,u,), we have
u
uy
U* = .
u,
Thus,
ul.uil ul.u72 P ul.ui,n
U'U = : : =1
un'uil un'u72 un'u7n

Also, UU* = (U*U)* implies that UU* = I.

Exercise4.4.1

144 2 1474 2
diagonalizable by a unitary matrix.

1 1—4 1 1—4 .
1. Let A= ( ) Then A* = < ) Thus, AA* = A*A. Therefore, A is

1—¢t 1—1

— 42 _ _9_ _
L4i 2y | = 3tr2-2=1t(t-3)

B 4(t) = det(A — tI) = ‘

implies that the eigenvalues are A =0, 3.
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We find the eigenvector corresponds to A = 0.
1 1—14 R 1 1—4
1+7 2—4 0 o0 '

vo -t ')

We next find the eigenvector corresponds to A = 3.
-2 1— N 1 =
144 -1 0 O '

V<3>={ﬂ<122')}.

Now let the orthonomal basis of V' (0), V(3) be

(5) (%)
V3 NG

1—¢ 1—14
o-(4 )
Vi Ve

Thus,

Thus,

Then we can find the unitary matrix

and
1 s (0 0
U AU—UAU_<0 3 ]
1 0 -1
2. A= 0 -1 0 implies that A is a real symmetric matrix. Thus by the theorem4.2,
-1 0 1
it is diagonalizable by a unitary matrix.
1—-t 0 -1
D4(t) =det(A—tI) = 0 —-1-t 0
-1 0 1-—t

=1+t —2t+1-1)=1+t)(t)(t —2)

implies that the eigenvalues are A\ = —1,0, 2.
We find the eigenvector corresponds to A = —1.
2 0 — -2
A+1T = 0 0
-1 0
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Thus,
0
Vi-)={{a| 1 |}
0
We next find the eigenvector corresponds to A = 0.
1 0 -1 1 0 -1
0 -1 0O]—1 01 0
-1 0 1 0 0 O
£oT
1
vVo)y={s| 0 [}
1
Then we find the eigensapce corresponds to A = 2.
-1 0 -1 1 0 1
0 -3 0]—(010
-1 0 -1 0 0 0
Thus,
-1
ve)={s| o |}h
1

Next let the orthonormal basis of V(—1),V(0),V(2) be as follows:

1 =1
0 V2 V2
{Lr). o .1 o}
0 1 1
V2 V2
Then,
o L =L
V2 V2
P=11 0 O
o 1 L
V2 V2
is a diagonal matrix and
-1 0 0
P'AP =P'AP = 00 0
0 0 2

az
according to the theorem4.2. In other words, AA* = A*A .

_ 0 a 0 ao . 0 az 0 ay %
AA_(aQO)(al0>_<a10>(a20)_AA
aiar O . asas 0
0 a0 o 0 a1ay

0 a
3. A= ( ! ) is diagonalizable by a unitary matrix if and only if A is a normal matrix
0

Thus,
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This shows that |a1| = |az].

4. Express 27 + 223 — 323 + 22122 using matrix. We have

11 0 1
(x1,22,23) [ 1 2 0 T9
0 0 -3 T3
11 0
Here A=| 1 2 0 is real symmetric matrix. Thus by the theorem4.2, it is diagonalizable
0 0 -3
by unitary matrix.
1—t 1 0
Pat)=| 1 2—t 0 =(=3-t)(t* =3t +1)
0 0 -3t
implies that A = —3, 3i2‘/5. Thus,
3-V5 , 345

x'Ax = y'(P'AP)y = —3y? +

Y3 + Ys.

2 2

5.

Express 21277 + (1 — 4)x122 + (1 + §)za@y + 22925 using matrix.

(fhfz)( 1—11-2' 1; > < ii)

Here A is Hermitian matrix. So, by the theorem4.2, it is possible to diagonalize by unitary matrix.

1—¢t 1—2

1ai o_¢|=tE=3)

Pa(t) = ‘

implies that A = 0,3. Thus
x'Ax = y' (U*AU)y = 39y».
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augmented matrix, 29

basix, 18
bilinear form, 79

canonical form, 66
Cayley-Hamilton theorem, 68
characteristic polynomial, 67
characterisitic equation, 67
coefficient matrxi, 29
cofactor, 43

cofactor expansion, 43
complex quadratic form, 82
conjugate transpose, 73
Cramer’s rule, 43

cross product, 13

degree of freedom, 39
determinant, 43
diagonal matrix, 26
dimension, 19

direct sum, 18
distance, 11

eigenspace, 69
eigenvalue, 66
eigenvector, 66
elementary solution, 38

Fourier coefficient, 11

Fourier Series, 11

function space, 8

fundamental matrix, 31
fundamental row operation, 30

Gaussian elimination, 29
geometric vector space, 2
Gram-Schmidt orthonormalization, 21

Hermitian form, 82
Hermitian matrix, 73

identity matrix, 26
image, 57

injective, 58

inner product, 5, 78
inverse mapping, 58
inverse matrix, 40
isomorphic, 58
isomorphism, 58

kernel, 57

Kronecker delta, 20

linear combination, 14
linear mapping, 57

linear span, 17

linearly dependent, 15
linearly indenpendent, 15

m-component row vector, 24
mapping, 57

matrix multiplication, 24
matrix representation, 61
minor, 43

moment, 13

moment vector, 14

n-component column vector, 24
negative definite, 80

nilpotent, 28

normal matrix, 76

normal vector, 9

normalize, 10

normed vector space, 5

one-to-one, 58

order, 26

orthogonal, 8
orthogonal matrix, 74
orthogonal system, 8
orthonaormal system, 10

piecewise continuous function, 4
positive definite, 80
power, 27

quadratic form, 79

rank of matrix, 33

real vector space, 24

regular matrix, 40

row equivalent, 31

row reduced echlon matrix, 32
row space, 34

scalar multiple, 2

scalar triple product, 14
similar, 66

skew symmetric matrix, 27
solution space, 38

solution vector, 36

space vector, 2

square matrix, 26

117
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submatrix, 25
subspace, 17
surjective, 58
symmetric matrix, 27

three dimensional vector space, 2
trace, 26

transition matrix, 64

triangular, 73

trivial solution, 38

unitary matrix, 74
upper traianglular matrix, 32
usual basis, 61

vector triple product, 14

zero vector, 3




