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Chapter 1

1st Order Differential Equation

1.1 Differential Equations

Many natural laws in Physics, Chemistry, and Engineering are expressed by means of
differential equations. Among many natural laws, we treat Newton’s 2nd law, Newton’s
cooling law, Kirchhoft’s 2nd law, Fourier’s law of heat transfer, wave equation, chemical
equation.

A differential equation is a relation between an unknown function and derivatives of
the unknown function. Differential equations we treat are the ones that can be solved by

quadrature.
A relation among an independent variable x, and a function y(z), ¥/, 9",...,y"™) ex-
pressed in
F(z,y(x),y (x),...,y" () = 0
is called the ordinary differential equation in y. ,
We give some examples of differential equations. Note that ¢ = ﬁ, y" = %

(@y =2 W)y =22"+y (c)ay +y =0

d) W)=z (e)y"+ayy =z (f) xy’ —siny =2

Order

The order of the differential equation is the highest order derivative present in the
differential equation.

Differential equations (a), (b), (d) are the 1st order and the rest is 2nd order. The
natural laws we mentioned above are formulated as the 1st order or the 2nd order differ-
ential equation. In this book, we deal mainly with the 1st and the 2nd order differential
equations.
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e Linear ~
A differential equation is called linear if the equation is expressed as an unknown
function and it’s derivatives. Otherwise it is called non linear. Thus, nth order
linear differential equation is expressed in the following form.

any™ + a1y + - + a1y’ + agy = b(z),
L J

NOTE From the definition above, differential equations (a) — (¢) are linear, (d) — (f) are non linear.

Solutions of Differential Equations
4 )

If a function saitisfies the given differential equation on some interval, then the
function is called the solution of the differential equation. To find a solution of the
given differential equation, we say solve the differential equation. A solution may
not be in the form of y = f(z). It sometimes given by implicit function such as
G(z,y) = 0.

NS J

Example 1.1 Show the functions ¢**, ce?” are solutions of 4/ = 2y. Show the functions ¢®, ¢® + ¢ (c # 0)
are not solution of y' = 2y.

SOLUTION The derivatives of €** and ce?® are 2¢** and 2ce®” respectively. Thus these satisfy y' = 2y.
Since (%) = e® # 2%, (e* + ¢)' = e® # 2e” + ¢ (¢ # 0). Thus they are not the solutions of 3’ =2y B

Example 1.2 Show that y; = 2® + 2% and y2 = 2® are solutions of ¢’ = 2(y/z) + 2.

SOLUTION y} = 2z +32% and 2(y1/x) + 2% = (222 +2%)/x + 2® = 22 + 322, Thus, y1(x) is a solution.
Similarly, y5 = 32% and 2(y2/x) + 2® = 22% /2 + 2® = 32®. Thus, y2(z) is a solution W

As you can see from this example, solutions of a differential equation may not be unique. In general,
any nth order differential equation has n different solutions.

General solution
é N
We say a linear combination of n independent solutions of n constants the general
solution.
J
Particular solution
4 )

Any solution derived from substituting a particular value into the general solution
is called the particular solution.

N J

For example, y = ce” is the general solution of ¥ = y and y = e” is the particular solution.

Singular solution
\

A singular solution is a solution which can not be derived from substituting a
value into the general solution.

J
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Example 1.3 Show that l%y = ce” is the general solution of 3y = y(1 — y). Then show no matter what

value you choose for ¢, y = 1 can not be obtained. Show y = 1 is the singular solution.

SOLUTION Differentiate # = ce” with respect to z. Then

L e
(I—-y)?
Since ce® = 1%1/, we have
: . Ly
-9’ "1y
Then Y
r_ _Jd _ 2 — _
Y _lfy(l y) =y(l-y)
Thus, %y = ce” is the general solution. Now y = 1 can not be derived from the general solution. Thus
y = 1 is the singular solution.
s Solution curves \
Note that the general solution of a differential equation forms curves. A each curve
is called the solution curve or the integral curve.
N J
Initial conditions, Initial value problem
a P )
In a differential equation F(z,y,y/, - - ,y(")) = 0, initial conditions are values of
the solution and its derivatives at specific points such as
_ / _ (n—1) _
y(w0) = Yo,y (T0) = Y1,---,¥ (T0) = Yn—1
The problem of finding a solution to the differential equation with the initial con-
dition is called the initial value problem
N J
Boundary condition, Boundary value problem
( Yy Yy p \
In a differential equation F(z,y,y/,---,5"™) = 0 on [a,b], the condition must be
satisfied by the solution or the derivatives of the solution is called the boundary
conditions. The problem of finding a solution to the differential equation with the
boundary conditions is called the boundary value problem
N J
1.1.1 Exercise
1. Show that e®,xe”, ci1e® + coxe” are solutions of the differential equation 3" — 2y’ +y = 0. For

y(o) = ]'a y,(o) - _1, find C1,C2.

2. sinz,cosz and their linear combinations are solutions to the differential equation " +y = 0. What

can you say about the vector space spanned by sin x, cos z.
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1.2 Separation of variables
The first order differential equation is expressed as

Y = f(z,y)

or
M(z,y)dx + N(z,y)dy =0

The latter equation is called the total differential equation. Now consider

’

y :—%, xdr +ydy =0

Both equations are the same except at x = 0. Thus we formally treat both equations as the same equation.

Separable Differential Equations
4 )

If the differential equation y’ = f(z,y) is expressed in the form

we express y'(x) as %, and then write

dy = x)ax
oy ~

Now integrate both sides with respect to = to obtain

| o= [ Py
N J

Example 1.4 Find the general solution of 3 = %

SOLUTION We can rewrite this differential equation as

—1)d
(y—Vdy _ .
Y
This is separable and integrate both sides to obtain

$2
y—log|y|:3+c

This is an implicit solution. Now let ¢; = logec. Then

y —log(cry)® = 2
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Note that y(x) = 0 is a solution. But no matter how you choose c1, it is impossible to obtain y = 0. Thus
y = 0 is a singular solution. As we noted above, when we are asked to find the general solution, we solve
the differential equation by quadrature. Thus do not worry about a singular solution.

Newton’s law of cooling

Let T7 and T5 be the temparature of two objects facing each other. Then the heat
transfers from warmer body to cooler body in the time dt is given by d@ and

dQ = k(Th — Ty)dt. where k is constant

Example 1.5 Let the iron ball be heated to 100°c. Then submerge the iron ball into the water whose
temparature is kept at 10°c. After 4 minutes, the temparature of the iron ball is 60°c. Find the time when
the temparature of the iron ball is 20°c.

SOLUTION We formulate this problem by using Newton’s law of cooling. Then

dr
i —k(T — 10), T(0) =100, T(4) = 60,
where T'(t) is a temparature of the iron ball after ¢ minutes later. Since this differential equation is
separable, we obtain
dT
T_10°" —rKdt
Integrating both sides with respect to t. Then

log|T — 10| = —kt + ¢

and
T(t) = ce " + 10
Now by the boundary conditions, T'(0) = 100 and T'(4) = 60, we have
1 9.1 .
c=90and k = 1 log 5= 1(2,1972 —1.6094) = 0.147
Thus,
T(t) = 90e™ M7 1 10.
Now we find to satisfying T'(¢) = 20.
20 = 90e~ %M 110
and
. log9

0147 =149 min W

to

1.2.1 Exercise

1. Find the general solution of the following differential equations.
(a) (sinz)y + (cosz)y =0 (b) y ="
() v = =5 (@) y' = (1+22)(1+%)
2. Solve the following initial value problem
(@) A+e”)y =y, y(0)=1 (b) ¥ +ysinz =0, y(r) =3
(@ ayy —y* =1, y@ =1 (d)y =250 y(2) =2
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3. The body heated at 70°c is put outside whose temparature is 20°c. Suppose that the temparature
becomes 50°c after 15 minutes

(a) Find the temparature of the body after 30 minutes.

(b) Find the time when the body temparature becomes 32°c.

1.3 Homogeneous Differential Equations

Using substitution, we often can transform a differential equation into simpler form. Here we consider how
to transform the homogeneous differential equation into separable differential equation.

Homogeneous
4 )

If a 1st order differential equation y' = f(z,y) is put into the form
——
y =f)
then we say the differential equation is homogeneous. Now put

_Y
p=Z
7

Then y = vz and v/ = v’z + v. Substitute these into the above equation, we have

vV +v = f(v)
and p ]
v
ORI

This is separable. Thus integrate both sides

dv
/f(v)_v:logx—l—c

Finally, substitute v = ¥ to get the general solution.

Homogeneous functions

If a function M(x,y) satisfies M (tx,ty) = t"M(z,y), then we say M (z,y) is the
homogeneous function of degree n.
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/— How to find the given differential equation is homogeneous or not ﬁ

Given M(z.y)
L,y

M(z,y)dz + N(z,y)dy =0, 3y = ———=~

(z,y) (z,y) Nz.y)

if M(z,y) and N(z,y) are the homogeneous functions of the same degree, then the
differential equation is homogeneous.

N J

r—y

Example 1.6 Find the general solution of 3y’ = el

SOLUTION M /(z,y), N(z,y) are the homogeneous functions of the same degree 1. Divide the numerator
and the denominator by x. Then

1-(y/z Yy
v = D g
1+ (y/x) x
Let y = vx. Then ¢y = v’z + v and
1—v
VI +v= Tt
Simplifying
v'az—l_v— 1—v—v—22
T 14w 14w
or 1+
v
dv=—=d
v24+20—1 .
Integrate both sides
1
510g|v2+2v7 1] =—logz + ¢,
Multiplying 2 to both sides to get
log |v? +2v — 1| = —logz” + c.
Now take e as base to get
elog\v2+2v—1| —e log zzc

(W +20-1)z*=c.

Finally replace v = y/x to obtain the general solution
y2+2xy7m2 =cil

z—y+1
rz4+y—1"

Example 1.7 Find the general solution to 3y’ =
SOLUTION This is not homogeneou. But once we can get rid of the constant term, it becomes
homogeneous. The intersetion of two lines

r—y+1=0,z+y—1=0

is (0,1). we move the axis so that (0,1) is the origin. Let X =0,Y =y —1. Thenz =X +0,y =Y +1

and
dy dydY dX dY

de ~ dY dX dz  dX



8 CHAPTER 1. 1ST ORDER DIFFERENTIAL EQUATION

Thus we have
ay X-Y

dX ~ X +Y
This differential equation is solved in example 1.6. Thus the general solution is

Y2 42Xy - X2 =c.

Since Y =y — 1, X = z, we have
(y—1P2+2y—z—a=ch

Example 1.8 Find the general solution of y' = iigﬁ

SOLUTION Let u=2x+v. Then y =u —z and y = v’ — 1. Put this back into the original differential
equation to obtain

o — _u—l
a4 1’
, u—1 u—1+u+1 2u
= 1= =
v u+1+ u+1 u+1’
1
UL = 2da.

Integrate both sides
u+ log|u| =2z + c.

Then the general solution is
y—xz+loglz+yl=cll

1.3.1 Exercise

1. Find the general solution of the following differential equations.
(a) y' = a:jgfyz , )y = ﬁ
() y = 2= (d) (@ —yPev )y =y

(e) y' = fcigz:t; Ny = ;:31182
2. Solve the initial value problems.
(a) (y — Va2 +y?)dz — zdy = 0, y(v3) =1
() (y* — a®)de — zy’dy = 0, y(1) =2
3. Give a reason why the example 1.8 can not be solved by the technique shown in example 1.7.

1.4 Exact differential equations

s Total differentials p\
The total differential of u(z,y) is

du = ugdz + uydy

Thus if we know the values of u,, u,, then we can find du. On the other hand, if we
know the total differential du of a function u, then we can determine the function
U.

N J
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Example 1.9 The total differential of u(z,y) is given by

du = (2zy — coszdz + (> — 1)dy
Find u(z,y).
SOLUTION Since du = uzdz + uydy, we have

Uy = 2TY — COS T, Uy = 22— 1.
Integrate the first equation by x to obtain

u(z,y) = /(2my — cosz)dx = 2°y — sinz + ¢(y)
Note that c¢(y) is an arbitrary function of y. Now differentiate with respect ot y,
Uy = o? + d(y)
Now uy obtained and the u, given above must be the same. Thus
uy =z + ' (y) =% — 1.

From this we have ¢’(y) = —1 and c(y) = —y + C. Therefore,

u(z,y) = #?y —sinz —y+C N

- General solution of exact differential equations N

Definition 1.1 The left-hand side of the 1st order differential equation
M(z,y)dx + N(z,y)dy =0

is the same as the differential du of some function w. Then the general solution is
given by
u(z,y) =c

N J

Example 1.10 Find the general solution of (2zy — coszdz + (z® — 1)dy = 0.

SOLUTION In the example above, we found the function u so that du is equal to the left-hand side of
equation. Thus the general solution is

:czy—sin:c—y:cl
5 Necessary and sufficient conditions for exact differential equations ﬁ
Theorem 1.1 Let M(z,y) and N(x,y) be the class C! on {(z,y) :a < x < b,c <
y < d}. Then the followings are equivalent

(1) M(z,y)dx + N(z,y)dy = 0 is exact
(2) My = N,
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Proof (1) = (2)
If the differential equation is exact, then there exists u(z,y) satisying du = M (z,y)dz + N(z,y)dy. Thus
we have

M =ug, N = uy

Now partially differentiate M with respect to y and partially differentiate N with respect to z. Then
My = tey, No = uya

Since My, N, are continuous, ugy, Uy, are also continuous.Thus by Schwarz lemma, u;, = uy, and
My = N,.

(2) = (1)

Let (zo,y0) be a point in the domain of M, N. Consider

x y
u(z,y) = / M(z, y)de + / N, y)dy
o Yo

Then u,(z,y) = M(x,y). Since My, = N,

T

uy@y) = [ My y)de+ N(zo,y) = / No(z, y)dee + N(zo, )
z0

zo

(N(x,y) - N(x07y)) + N(l‘o,y) = N(‘Tvy)

Therefore,
du = M(z,y)dz + N(z,y)dy

and M(z,y)dz + N(z,y)dy = 0 is exact differential equation. B
In the proof above, the general solution of u(z,y) is given.

x y
u(x,y) = / M(z,y)dz +/ N(zo,y)dy = ¢
o Yo

Example 1.11 Find the general solution of the following differential equation

(ycosz —siny)dz + (sinz — x cosy)dy = 0.

SOLUTION 5
M, = a—y(ycosx —siny) = cosx — cos y,
N, = g(sin:}: — T COSY) = CcoST — COS
YT Oz v= Y
Thus it is exact differential equation. Then set (zo, yo) = (0, 0) to have

u(z,y)

© y

| MGzt [ N©w
0 0
x Yy

/ (ycosx — siny)dz + / 0dy
0 0

= ysinz —zsiny

Thus
ysinz —xsiny =c B
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Example 1.12 Solve the initial value problem.

(2zy — 3y)dx + (4y° + 2° — 3z + 4)dy = 0, y(0) = 1.

SOLUTION Note that M, =2z —3 = N,

/Mxydx+/N0y

= /(2xy 3y)dz+/ (4y° + 4)dy

0 0
= x2y - 3azy+y4 + 4y.

Thus the general solution is
2Py —3zy+yt +4y=c
Since y(0) =1, we have c=5 W

Instead of using the formula u(z,y) = [ M(z,y)dz + [ N(zo,y)dy, we introduce a simpler method
called grouping method.

Example 1.13 Find the general solution of (2z + 3y)dz + (3z + y* + 3)dy = 0.

SOLUTION Note that M, =3 = N,. Thus it is exact. Now we write M (z,y), N(z,y) as

2zd d d 2 dy =
2udz, + (Bydx + 3zdy) + (y° + 3)dy 0

function of = function of z,y function of y
Now we write these by using the total differentiation.

d(x )+d(3wy)+d( +3y) d(c).

Then,
3

x2+3xy+%+3yzc.

1.4.1 Exercise

1. Determine the following differential equations are exact or not. If exact, find the general solution.
(a) (2% + y*)dz + 2zydy = 0 () (ye®™ + 2xy)dz + (ze™ 4+ 2%)dy =0
() (1+zy?)de + (®y +y)dy =0 (d) (y* — 2°)dz + 2xydy = 0

2. Solve the initial value problem.

(a) 2?dzx + ye¥dy = 0, y(0) =1

(b) (e®y +siny)dx + (e + xcosy)dy =0, y(0) = 1

(¢) (cosxsinz — xy?)dx — y(z? — 1)dy = 0, y(0) =
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1.5 Integrating Factor

Integrating factor

-

N

Suppose that M (x,y)dz + N(x,y)dy = 0 is not exact differential equation. If

w(z,y)M(z,y)dz + p(z,y)N(z,y)dy =0

is exact differential equation provided u(z,y) # 0, then u(x,y) is called the inte-

grating factor.

y

In general, an integrating factor is not unique. For example, a function =2 and y are the integrating
factor of the following differential equation

22
2xdx + —dy = 0.
Yy

Now the question is how to find a integratin factor. Suppose that

p(z, y)M (2, y)dx + p(z,y)N(z,y)dy =0

is exact. Then

Jy ox

Rewrite this to get

o o OM 0N
Naac 8y7u(8y 6$)

This partial differential equation is hard to solve. Thus we concentrate on the special cases.

-

p(z,y) = p(x)
For pu(z,y) = pu(x), Mg—’; = 0. Thus,

op  ,OM  ON
N%_'u(ﬁy B Bac)

Then 1 1 0M ON
—dp = —(— — —)dz.
7 4 N( dy 81') .
Note that if

1.0M 0N

N(Ty_%)

is a function of = only, then the integrating factor is given by

p(x) = exp{/ %[My — N,|dz}
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N
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w(z,y) = p(y)
For pu(z,y) = pu(y), N9 = 0. Thus,

o oM  ON
_M2E 2
dy A oy ox )

Then

Note that if

is a function of y only, then the integrating factor is given by

() = exp{~ [ 37 (M, - N.ldy}

Note that since we are looking for one integrating factor, we ignore the constant.

Example 1.14 Find the general solution of (2z% — y)dz + (z%y + z)dy = 0.

SOLUTION Note that My, = —1, N, = 2zy + 1. Thus, this differential equation is not exact. Then we
calculate (1/N)[My — N].

1 2(zxy +1)

1
~ My = No] = m[*1* (2zy +1)] = T2y 1)

This is a function of x only. Then the integrating factor is

2 1
p=exp(~ [ 2de) = exp(-2loglal) =

Now multiply this to the original differential equation to obtain

Y 1

This is exact differential equation and we solve by the grouping method.

1
2dx — (%daz - Edy) +ydy =0

Thus the general solution is

Example 1.15 Find the general solution of (4zy* + 6y)dz + (5z%y + 8z)dy = 0.

2
2:r+y+y—:cl
T 2

SOLUTION Since M, = 8zy + 6, N, = 10zy + 8, the given differential equation is not exact. Now
M, — N, = —2(zy + 1). Thus neither (1/N)[M, — Ng] nor (1/M)[M, — N.] is a function of z only or y
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only. Then we must find an integrating factor by the different method. M, and N, are polynomials. Then
we let p be x™y™. If z™y" is an integrating factor, then

(4xm+1yn+2 + 6.’Emyn+1)dit + (5xm+2yn+l + 8$m+1yn)dy — O

must be an exact differential equation.

8M m n m_n
= = A +2)z™ My 4 6(n+ 1)a"y

= 5(m+2)z" "y T 4 8(m+ )"y = %Z

Compare these equations to get

4n+2)=5m+2), 6(n+1)=8m+1)

Solving the system of equations to get n = 3, m = 2. Thus

(4z3y® + 62y*)dx + (5z*y* + 82y )dy =0

is an exact differential equation, and the general solution is

x4y5 + 2x3y4 =cll

1.5.1 Exercise

1. Find the general solution of the following differential equations.
(a) (x —y?)dz + 2xydy = 0 (b) (5wy + 4> + 1)dx + (2 4 22y)dy = 0
(¢) (2zy® +y)dx + (2y° —x)dy =0 (d) (22 + tany)dz + (z — z* tany)dy = 0
2. Find the general solution of the following differential equations.
(a) (2y® — wy)dx + (222 — 3zy)dy =0 (b)) (v* + 22%y)dz — (z* 4+ 229®)dy = 0
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1.6 Linear Differential Equations

-

N

Linear differential equation \

Given a 1st order linear differential equation in the normal form
Yy + P(z)y = Q()
Write in the differential form
(P(z)y — Q(x))dz + dy = 0

Then
M, = P(z), N, =0

and (1/N)[M, — N,| = P(z) is a function of « only. Thus,
)= of P@is
Now multiplying u(z) = el P(@)dz ¢4 the normal form v/ + P(x)y = Q(x) to get
yed P | p(gyyel P@ds _ 0ol P@)d

The left-hand side is the derivative of yef P(z)dz Thug
yel P@)dz /Q(:):)efp(x)drdx +c.
Therefore the general solution is given by

y = e—fP(:L‘)dr(/Q(l_)efP(x)da}dx + C)

J

easier to use the integrating factor e

The 1st order linear differential equation can be solved by using the above formula. But it is much
[ P(x)dx

Example 1.16 Find the general solution of 3 + %y =zx.

SOLUTION We find the integrating factor.

- 2 .
= 21 2
M:ejwd;p:e 08T — p=.

Now multiplying the integrating factor to both sides.

z2y' + 2zy = z°.

Now
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Integrating both sides to get
4
xzy:/dex: % +c.

Thus the general solution is

1‘2 &

y=—+5 1

4 2

( RLS circuit \

In a RLC circuit, the volatage drop by the circuit current 7 at the resistance R(Q ), at the inductance
L(H), and at the capacitance C'(F) is given by

l.vp = Ri
2. vL = Lﬂ
1 .
3. v = Vol / idt
R

T

(m)
\_/
1
1

Figure 1.1: RLC AC circuit

Then by Kirchhoff’S 2nd law,
vr +vr +ve = FE.

L— +R+O/zdt

N J

Example 1.17 Find the value of corrent i runs through the RL circuit, where R, L, E are constant,
1(0) = I

or

SOLUTION By Kirchhoff’s voltage law,

di
L— 4+ Ri=FE.
dt +
Write in the normal form
di R._E
dt L L

Now the integrating factor u is eftt/L . Then multiplying p to both sides of the equation.

Rt/L(Ldt+R) %eRt/L.
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Note that the left-hand side of the equation is the derivative of the integrating factor times the independent
variable 7. Thus

d(e™/ ) = %eRt/Ldt.

Thus the general solution is

Now using the initial value ¢(0) = Io, we have ¢ = Iy — (E//R). Therefore,

1.6.1 Exercise

Find the general solution of the following differential equations.

(a) y' cosz —ysinz+e* =0 (b) vy + 2zy =2z

(c) vy’ +y = zsinz (d) vy’ + (1 +x)y = e “sin2z
Solve the following initial problems.

)y + (cosa)y = e =", y(0) = 2

) (zlogz)y’ —y =logz, y(e) = —1

) 1, 0<z<1

Oy +y = 1@, ¥(0) =0, f(x):{ Loose
(d) v + (tanz)y = cos® z, y(0) =
3. Find i(t), WhereRzloQ,E:20V,L:{ o

2.
(a
(b
(

—t, 0<t<5 P
0. 5<t closed cicuit with #(0) = 0.
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1.7 Bernoulli, Riccati Equation

Bernoulli equation
4 4 )

If a differential equation is written in the form

Y + P(x)y = Q(z)y* (a#0,1),

then it is called the Bernoulli’s equation. we first get rid of y* by multiplying
y~“ to both sides of equation.

y~*y + P(2)y™ = Q(z)

Now let
o= y(l—a)

Then u =y~ o/ = (1 — a)y~*y implies
! v + P(z)u = Q(x)
(1-a) - '

Note that this is a 1st order linear.

N J

Example 1.18 Find the general solution of 3 + %y = —z%y%

SOLUTION This is a Bernoulli’s equation. Then multiply y~2 to both sides of equation.

_ 1 _ :
y 2y/ + —y 1 _ 71,3
x

Now let u = y~'. Then v’ = —y 2y’ and
3

!
U + —u=-
T

This is a linear differential equation in w. So, rewrite this into the normal form.

Then p=e~ J1/wde — g—logo — 1/x. Multiplying 1 to both sides of the equation and noting the left-hand
side becomes the derivative of the integrating factor times the independent variable u. Thus we have
U 2
d(—=)=2a"dt
&)=z

Integrating both sides to obtain the general solution.

4

U=y :%+cxl
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df (y) dy z _ =
4 dy ©+P@)f(y) =Q(z) \
Given i) d
y) dy 3
LLL 1 P@)f) = Qo).
let u = f(y). Then since % = %f%?
du
Ir + P(x)u = Q(x)
D )

Example 1.19 Find the general solution of cos yj—g + %siny =1.

SOLUTION Let u =siny. Then 3—; = cos y%. Thus the given differential equation is expressed in the

form

du + lu =1
de =
This is a linear differential equation in u. Then the integrating factor pu = fe% de = €°8® = z. Now
multiply p to both sides of the equation to get
d(zu) = zdx
Then zu = %xg + ¢. Solve for u to get
1 -1
u = 236 +cxr .
Since u = siny,
1 _
siny = §x+cx 'm
e Riccati’s equation \

The differential equation expressed in the form

dy _

0 A(z)y® + B(z)y + C(x)

is called the Riccati’s equation. If a solution f(z) is found, then we let y =
f(z) ++. Now % = f'(z) — u%g—z. Thus

F(@) = 2 = A@)(7(@) + 1)+ Ba@)(f(a) + )+ Cl)

w2dr U

This is a linear differential equation in u.

N J

Example 1.20 Solve the following differential equation provided a solution f(z) = 1.

y=0-a)y" +(2z-1)y—z
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SOLUTION This is a Riccati’s equation. Since f(z) =1 is a solution to the equation. Thus let
y=1+—.
U
Then 3 = —u/u?®. Substitute this into the differetial equation.

— (1—2)(1+ %)2 +(2e—1)(1+

Cu?
Now simplify the equation. Then we have

W4u=1—z

Multiply p = el = ¢* to both sides of the equation to get

d(e’u) = e* (1 — z)dz.

Integrating both sides,

e“u=¢e" —xe® +e" +c=2e" —ze” +c

Simplifying to get

u=2—x+ce .

Since y = 1 4 1/u, we have

T
y +2—:r—|—ce—x

1.7.1 Exercise

1. Find the general solution of the following differential equations.
(a) 2y’ —y = -y (b) 2y’ +y =y’ logx
(¢)y —ycosz +y?cosz =0

2. Solve the following differential equations.
(@) yy +y* +4z(z+1) =0 ) (y+1)y +z(*+2y) ==z

3. Solve the following differential equations.

(a) %y = —x?y? — 4xy — 2, provided a solution f(z) = —2/x

(b) xy' =y —ay® + 2°
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1.8 Clairaut’ equation

e Clairaut’s equation

In mathematics, a differential equation of the form
y =y + f(y)

is called the Clairaut’s equation. To solve such a problem, we differentiate with
respect to x, yielding

y =y +ay" + f' )y
Then (z + f'(y"))y” = 0. Thus, either ¢y = 0 or z + f’(y/) = 0. In the former
case, iy = c for some constant. Substituting this into the Clairaut’s equation, we
have the family of straight line functions given by y(x) = cx + f(c). The latter case

- z=—f(t)
z+ f'(y') =0. Welet{ y=—tf(t) + f(t)

, where t is a parameter. Then
d
dy G _ —tf"(t) _

g _ =—t
de ~ 4z = f(h)

Thus, y = —tf'(t) + f(t) = %x + f(fil—g) = 2zp+ f(p). Then this is a solution to the
Clairaut’s equation. If x = — f/(¢) has a solution ¢ = h(x), then y = zh(x)+ f(h(z))
and a singular solution to y = zp + g(p).
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d’Alembert’s equation
4 )

A differntial equation of the form

y=xzf(y")+9),

where f and g are function of ¢/, is called D’Alembert equation. To solve the
D’Alembert’s equation, we differentiate with respect to x.

y =) +zf )y + 9 )y
Rewriting
y =) =@f)+d@)y"
Now write this equation as
dr_ f'() N J)
dy Y =) v -1
Then this is a linear differential equation with dependent variable x and independent
variable in y.

N J

We use the following symbol for simplicity.

_ o _dy
p=y = iz

Then the Clairaut’s equation is expressed in the form
y=azp+ f(p)
and the D’Alembert’s equation is expressed in the form
y==xf(p) +g(p)
Example 1.21 Solve the following differential equation.
P’ + 2z —y*)p—23y> =0

SOLUTION We solve for p. By factorization, we obtain (p + 2z)(p — y*) = 0. This equation is satisfied
by either p + 2z = 0 or p — y> = 0. Note that the general solution of p + 2z =0 is y + 2° + C = 0. Also,
p —y? = 0 is separable differential equation. Thus we obtaine the general solution zy + Cy + 1 = 0. Form
this the general solution is

(y+2>+O)(zy+Cy+1)=0

Example 1.22 Solve the defferential equation zp? — 2yp = .

SOLUTION Solve for p. Then by the quadratic formula, we have

y+ vy t+a?
p="—"—
T
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Since p = %7 this is homogeneous. Let y = vz. Then v + xj—; =wv++1+v2. Thus
[PE—E
1402 T
log|v+ 1402 ==xlog|z|+ C

log |2 + 1+ (L)2| Flog 2| = C
X X

Therefore,

From this, we have the general solution

(—va2+y? = C)y+ Va2 +y>-C) =0
or
_¢-2 _Cc_=
Y= T2 ac
Example 1.23 Solve the differntial equation y = xp 4+ p~*, where y(1) = 2

SOLUTION This is a Clairaut’s equation. We first differentiate with respect to z.

_ dp  _odp _ —2,dp
p=pta—p o =pt(@—p )
Simplifying to get
—2,dp
_ 2 _ o
(@—p 7)o

From this, we have g—g =0 or & = p 2. For the first case, we have p = ¢ a some constant. Thus

1
Yy=1xC+ —
c

Since y(1) = 1, we have 2 =1+ 1. Thus
y=xz+1

2 into the original equation. Then

For the second case, put © = p
y=p ' +p-1=2p""

Rewrite this,

2
p=-
Yy
Thus
ydy = 2dx
2
% =2r+c
Thus,
y2 —4xr+c

Since y(1) = 2, we have 4 = 4 4 ¢. Therefore, the singular solution is

y2 =4z
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Example 1.24 Solve the differential equation yp? + 2zp = y.

SOLUTION We first solve for . Then x = y(ﬁ — £). Now differentiate with respect to y, Then

1 1 1 1.d
» :p(% - g) _y(ﬁ-f- E)i
Thus,
dp _ S _P
dy oy v
Simplifying to get 2 = —d—yy. Then log|p| = —log|y| + C, py = C. From this, we have yp* 4+ 2zp = y.
Delete p and we have the general solution
C? +2zC =4°

Example 1.25 Solve the differential equation z = 2p + log |p|.

SOLUTION We differentiate with respect to y.

1 dp 1dp 1.dp
—=2—+-—— 24 —-)—
P dy pdy = p) dy
Then
(2p+1)dp = dy
Integrate with respect y
P +p+C=y

Thus the general solution is given p as a parameter,

z=2p+loglp|, y=p*+p+C

1.8.1 Exercise

1. Solve the following differential equations, where p = Z—Z.
(a) p* —y* =0 (b) p* —5p+6=0
(c) y* +ayp —a”p* =0 (d) zy(1 —p*) = («* —y*)p
(e) (z+2y)p° +3(x + y)p° +Qr+yp=0
() p° -2+ 2y —2® — G)p-202y—2° — ) =0
2. Solve the followmg differential equations, where p = d—z
(a)2a: *:rp+p (b) y 4+ p? — bap + 522 =0
(c) x p —ap—y=0 (d)y=a=zp+logp’
(e) 2* =1+ p?

1.9 Numerical Solutions

We consider the 1st order differential equation y' = f(z,y). We can think of 3’ as the slope of the tangent
line at (z,y). Then consider the line starting at (xo,yo) with the slope f(zo,yo). To draw this as graph,
we first draw a curve f(z,y) = c. This curve is called isocline. Now we plot points on the curve, and at
each point we draw a short pointed line with the slope f(x,y). The collection of these pointed lines are
called direction field of the differential equation y' = f(z,y).
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Up to this point, we try to find the general solution. Thus we ignore the singular solution. In this
section, we treat the singular solution using the direction field. A general solutin with a singular solution
is called the complete solution.

Example 1.26 Find the complete solution of ¢y = /1 — y2.

SOLUTION We first find the general solution.

_dy / d
V1 —y?
sin* y=z+c
y =sin (z + ¢)
We note that the derivative of right-hand side becomes negative. Thus the derivative of left-hand side

1y’ becomes negative. But by the give differential equation, 3’ never becomes negative. Then we draw
directional fiels using isocline lines .

>

VONNNNNRNNNNN
VONNNNNRNNNNNLG
NONNNNRNNNNNNL

EOVNNNANNRNNNNNWWY
FOVONNNNNRNNNNNWWWY
EOVONNNNNRINNNNNWWY
FOVMONNNRNNNNNWY
FOVNNNROORNNNNNWWWY
Eraoavaaanat e e

FOVNANNNNTRNNN
EOVNNNNNRINNNNNLWY
EOVONNNNNRANNNNL
EOVONNNNNRINNNNNWWY
FOVNNNNNRNNNNNWWWY
FOVNNNNNRINNNNNWWWY

\ 4

X

Figure 1.2: solutio curve

From this, y = 1 and y = —1 are solutions. Also, y =10 y = —1lare connected with sin curve. Thus
the complete solution is y =1 or y = —1 or

We next consider the way to obtain numerical solution from the graph. The idea is to draw a line
with the slope f(xo,yo) at the starting point (zo,yo). Then the equation of line is given by

y = f(20,%0)(z — To) + yo.

Then take the next point as 1 = xo + h and y1 = f(xo0,y0)h + yo. Now with the point (z1,y1) and the
slope f(x1,y1), we get

y = flzr,9)(x —z1) + 1.
Repeat this until we reach the given value of z.
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Example 1.27 Civen y' =y + 22, y(0) = 1, find the value of y(3) provided h = 1.

SOLUTION Since (zo,y0) = (0,1), we have y = 1 + z. Now since (z1,y1) = (1,2), we have y = 3z — 1.
Finally, for (z2,y2) = (2,5), we have y = 9z — 13. Thus, y(3) = 14. Note that this differential equation is
linear. Thus we can find the general solution. y = 3e¢” — 2> — 2¢ — 2. Then y(3) = 3¢* — 17 = 43.3 W

As you noticed, the error by the approximation lines is large. To make the error small, we must use
smaller h. The smaller the h, the more calsulation for computation. Then we use computer to calculate.

( Euler’s methos \

The more useful technique is known as Euler’s method.
The approximated solution of

y' =f(z,y), yla) =0
can be obatinded by the following method.

To=a Yyo=>0
rr=a+h yi=yo+ f(xo,y0)h
xo=a+2h y2=uy1+ f(z1,51)h

Tn, = a+ nh Yn = Yn—1 + f(wn—hyn—l)h
\_ J

1.9.1 Exercise

1. Find the direction field and solution curve through the points (1,0), (0, 1), (1,1).

(a)y =y

b))y —zy+1=0

2. Find the approximated solution of the following initial value problem by using Euler’s method.
(a) For y ==z +y, y(0) =0, find y(3) provided h =1

(b) For y = 22, y(1) = 2, find y(4) provided h = 2

2



Chapter 2

Linear Differential Equations

2.1 Solution of linear differential equation

e nth-order linear differential equation N

The differential equation of the form
y™ + an 1@y + -+ ar(@)y + ao(2)y = f(x)

is called the nth-order linear differential equation. a;(z) is called the coeffi-
cient function. f(z) is called the input function.
If f(z) = 0, then the differntial equation is called the homogeneous equation.

N J

We denote the left-hand side as L(y). Then the differential equation is expressed as

L is called the differential operator and has linearlity. That is for any solutions yi,y> and constants
Cc1,C2,

L(ciyr + c2y2) = e L(y1) + c2L(y2)

Theorem 2.1 The solutions of homogeneous differential equations form a vector
space.

We review the vector space.

27
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-

Vector space ~N

A sum of two vectors A and B is expressed as A + B and is equal to the diagonal
of the parallelogram formed by A and B.

2C

-C

Figure 2.1: vector addition and scalar multiplication

1. A sum of two vetors is a vector (closure)

2. For any vectors A and B,A+B = B+A (commutative law)

3. For any vectors A,B,C, (A+B)+C = A+(B+C) (associative law)

4. Given any vector A, there exists a vector 0 satisying A+0 = A (existence of
Z€ero)

5. Given any vector A, there exists a vector B satisfying A+B = 0 (existence of
inverse)

6. A scalar multiplication of a vector is a vector

7. For any real numbers a and 3, a(BA) = (af)A (associative law)

8. For any real numbers a and 3, (o + f)A = aA + BA and for any vectors A
and B, a(A+B) = aA + aB (distributive law)

9. 1A = A; 0A =0; a0 = 0 (1 is multiplicative identity)

J

N

piecewise continuous function ~N

Let C(a,b) be the set of continuous functions on the interval (a,b). Let PC(a,b)
be the set of piecewise continuous functions on (a,b), ¢

“A function f(t) is said to be piecewise continuous on the interval [a, b] if the function satisies
the following conditions: (i) f(¢) is continuous on the intervval [a,b] except at finite number of
points.

(ii) The left-hand limit and the right-hand limit exist at discontinuous point to of f(¢).

J

C(a,b) = {f(z) : f(z) is continuous on (a,b)}, PC(a,b) = {f(x) : f(x) is piecewise continuous on

(a,b)}.

For f(z) and g(z) in C(a,b) or PC(a,b), we define the addition on the scalar multiplication as follows:

1. f+ g is a function of z whose value is equal to f(z) + g(x).
2. af is a function of z whose value is equal to af(z).



2.1. SOLUTION OF LINEAR DIFFERENTIAL EQUATION 29

Example 2.1 Given f(x) = z,g(z) = 22, find f + g, %f, 29.

SOLUTION (f + g)(z) = f(z) + g(z) =z +2°
(3N)(@) = 3f(2) =
(29)(z) =29(x) =2

vector space

Theorem 2.2 (/(a,b) with the operation defined above is a vector space. Then
the function f(x) belongs to C(a,b) is called a vector.

Proof The solutions of a homogeneous differential equation are differentiable. Thus, the set of solutions
are the subset of continuous functions. Then to show C(a,b) is a vector space, it is enough to show the
linear combination of the solutions y1 and y2 is a solution. Let L(y1) = 0, L(y2) = 0,y3 = ciy1 + c2y2-
Then

L(ys) = L(cay + ca2y2)

L(ciyr) + L(c2y2)

= al(y) +c2L(y2)
0

Thus ys3 is again a solution. W

The set of solutions of homogeneous equation becomes a vector space. So, we call this solution space.

Theorem 2.3 The basis of the solution space is a set of n independent solutions
of homogeneous differential equation.

e Wronskian determinant
The determinant of the following matrix is called Wronskian determinant. Let yi1,y2 be the
solutions of the differential equation. Then
Y1, Y2, s YUn
Y, Ya, L Y
W(y17y2,---7yn): : : :
y§n71)7 yénil)a Tty yT(’Lnil)
N\ J
Theorem 2.4 If yi,4o,...,y, are the solutions of the homogeneous equation on
the interval [a, b], then W (y1,y2,...,yn) is either 0 or never 0 On the interval [a, b].

NS J
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Proof For n = 2 Since y1 and y» are solutions of L(y) =y + a1y’ + aoy = 0, we have
/ !
I M A A A I
_ ' a1 Y2
| —ayr — a0y —aryh — aoye
= —aitW(y1,y2).
Thus

d
%W(yl,yz) + a1 (x)W (y1,y2) = 0.

This is a linear differential equation. Thus the integrating factor u(x) = exp(ffO a1(t)dt). Multiplying p
to get

d

— w =0

L )W (51 2))
Integrating

W (y1,y2)(z) = cexp(—/ a1(t)dt) (c: constant).
EN)

Now let = zg. Then ¢ = W (y1,y2)(zo) and

W@wmm=wmmemme/%ww>

zo

This becomes 0 or not is obvious l

Theorem 2.5 If y1,%9,...,¥y, are solutions of the homogeneous differential equa-
tion on [a, b], then the following conditions are equivalent.
(1) {y1,92,-..,yn} are linearly independent on the interval [a, b].

(2) Wy, yn) #0, (z€1)

Proof For n = 2, let the linear combination of y1 and y2 be 0. Then
c1y1 + c2y2 = 0.
Differentiate with respect to . Then
eyl + coys =0
Now using Cramer’s rule to find ¢; and cs.
0 0
Cl = —5———, Co2 =

Wiy g2) © Wiy,ye)

If {y1,y2} are linearly independent, then ¢; = ¢z = 0. Thus, W (y1,y2) # 0. Conversely, if W (y1,y2) # 0,
then ¢1 = ¢2 = 0. Thus,{y1,y2} are linearly independent B

Example 2.2 Find the general solution of y(4) =0.

SOLUTION The dimension of the solution space is 3. y1 = 1,y2 = z,y3 = 2,94 = ° are solutions of
the differential equation. So, we need to show they are linearly independent.

1 z 22 x>
2 3y _ |0 1 2z 3a? _
W, z,z°,2°) = 00 2 6z =12.
0 0 O 6
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Thus, Wronskian is not 0 and therefore linearly independent. The general solution is

2 3
y=-c1+cex+czz’+cax” B

Example 2.3 Suppose that y = ™ is a solution of L(y) = y” + 3y’ +2y = 0. Then find the fundamental
solution.

SOLUTION Since

L™ = m’e™ + 3me™ + 2™
= ™(m®+3m+2)
= e™(m+1)(m+2),

m = —1, —2 implies that L(e™") = 0.
W(€7w7672:];) _ _m _ _67230 75 0

Thus, {e”%, e 2"} are fundamental solutions. M

Theorem 2.6 Suppose y, is an particular solution of nthe-order linear differential
equationL(y) = f(z) and y. is the general solution of L(y) = 0. Then y(z) =
ye(x) + yp(x) is the general solution of L(y) = f(z).

Proof By the assumption, L(yp,) = f(z), L(y.) = 0. Now by the linearlity of L, we have

L(ye + yp) = L(ye) + L(yp) = f(2).

Thus y. + yp is a solution of L(y) = f(z). Since y.(x) contains n constants, y.(x) + yp(x) is the general
solution. W

ye(z) is called the complementary solution. By this theorem, if an particular solution of L(y) = f(x)
is found, then to find the general solution, it is enough to find a complementary solution of L(y) = 0.

Example 2.4 Show x — 1 is an particular solution of 3" + 3y’ + 2y = 2z + 1. Then find the general
solution.

SOLUTION Sincey =z — 1,9 = 1,9 =0, ¥y + 3y’ + 2y = 2z + 1. Also, the complementary solution
of L(y) = 0 is given in example2.2. Thus

ye(z) = cre™" + coe ",
Therefore, the general solution is

y(@)=cie "+ X +z—1 M
——— N

Ye Yp

If f(x) is given as a sum of fi(z) and f2(x), then it is better to consider L(y) = fi(z) and L(y) = f2(z).



32 CHAPTER 2. LINEAR DIFFERENTIAL EQUATIONS

principal of superposition

fi(z), and yp, is a solution

Theorem 2.7 Suppose that y,, is a solution of L(y) = fi
= fi(x) + fa(x).

of L(y) = fa(x). Then yp, + yp, is a solution of L(y) =

Proof.
L(ypy + Ypa) = L(Ypy) + L(yps) = fr(z) + fa(z)
For example, to find the general solution of the differential equation

y" — 5y + 2y = sinz + 22,

find (1) yecofy’ —5y +2y=0
(2) yp, of ¥y — 5y’ +2y =sinz
(3) ypy of Y — 5y +2y = a®
and the linear combination
Y =Ye+ Ypy + Yps

2.1.1 Exercise

1. The following differential equations have the solution of the form e¢™”. Find the n independent solutions
and the general solution. Finally,show the n solutions are linearly independent.
(a) y" +y" =10y +8y =0 (b) y" +4y' +3y=0
(C) y// _ y/ -0 (d) y/// _ 8y// + 7y/ -0
2. The following differential equations have the solution of the form either cosmaz or sinmz. Find the
general solution.
(@) y" +4y=0 (b) y® +4y”" +3y=0
3. The following differential equations have the solution of the form ™. Find the general solution.
(@) 2%y +xy —4y =0 (b) 2*y” —xy —3y =0

2.2 Reduction of order

( Reduction of order \
Let
L(y) =y" + a1(2)y’ + ao(z)y = f(x)
Suppose that a solution yi(x) of L(y) = 0 is known. Then substitute y = u(z)y1(z) into L(y) = f(x).
(u"y1 4+ 2u'yy + uyt) + a1 () (w'yr +uyl) + ao(z)(uyr) = f(=).
or
yru” + (241 + aryn)u’ + (i + aryi + aoyr)u = f(z)

Since L(y1) = 0, we note that the coefficient of u is 0. Now let v’ = w. Then we have a 1st order
linear differential equation in w.

yiw' + (2y1 4+ aryr)w = f(w).

N y

Example 2.5 Using the i1 = €” is a solution of y"” — y = 0, find the general solution of

1 xT
Yy —y==zxe .
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SOLUTION Let y = uy; = ue®. Then 3y’ = v'e” +ue®,y” = u”e” + 2u'e” + ue”. Substitute these into
y” —y = ze”. Then
u’e” +2u'e” = xe®.

or
1 !
u +2u =zx.

Now let u' = w. Then we have the following linear differential equation in w.
w +2w=z
p=el 24 = ¢2* and d(e**w) = ze**dx. Integrate this with respect to z to get

2x 1 290_1 2x

ew = §xe 46 +c1
Thus,
w=cle ¥+ L 1
- 2 4
Now integrate with respect to x
w= [ wdr = -2 721+£—§+c
- T2 4 47
Since y = ue”, the general solution is
c1 2 oz
y= —56795 + coe” + (I — Z)ez |

Example 2.6 Using L(z?) = 0, Reduce the order of the following differential equation
2 1

L(y) =y" +22%y" —3zy' + 2y =0

SOLUTION Let y = ua?. Then ¢/ = v’z +2uz, vy’ = u"2? +4u'z + 2u, v = v 2%+ 6u"z+ 6u’. Thus
L(y) = L(uz®) = v + (22" + 62)u” + (52° + 6)u’ =0

Now let ' = w. Then
2*w” + (22 + 62)w’ + (52° + 6)w =0 W

2.2.1 Exercise

1. Solve the following differential equation by the reduction of order.
(@) y' =3y +2y =0, y1 =e** (b) 2°y" =32y’ +4y =0, y1 =a°
Oy —y=e* =" (d) y' +y=secx, y1 =cosz
2. Suppose y1(z) is a solution of "' + a1(x)y’ + ao(x)y = 0. Then an another solution yz(x) is given by
e~ [ai(z)dz
(@) = (o) [ e

vi

Also, show that {y1 and y2} are linearly independent.
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2.3 Higher order homogeneous linear differential equation

e Characteristic equation N

x

Note that y = ce™® is a complete solution of 3y’ = my. Then we use y = ¢™” as a candidate for the

solution of the following nth-order linear differential equation.
L(y) = any™ + an1y™ P+ +ary +aoy =0

Then since
L(e™) =a,m™e™ + Ano1m™ ™ 4 aime™ 4+ age™ =0
€™ is a solution of L(y) = 0 if and only if
P(m) = apm™ + an_1m™ '+ +arm +ap =0

The polynomial P(m) is called the characteristic polynomial, and P(m) = 0 is called the char-
acteristic equation. This way, we only need to solve the polynomial equation P(m) = 0 instead of
solving L(y) =.

J

Example 2.7 Solve the differential equation 3" + 3y’ + 2y = 0.

SOLUTION The roots of the characteristic equation m? 4+ 3m +2 =0 are m = —1,m = —2. Then e~
and e 2® are solutions and by example 2.2, these solutions are linearly independent. Thus, the general
solution is

y=cie " +ce M

Distince real roots

Theorem 2.8 Suppose that the roots of the characteristic polynomial P(m) = 0
of the nth -order linear differential equation are distinct real roots m = ry, 72, ..., 7y.

Then the set of solutions {e"'*, ™% ... ™%} is a basis for the solution space.
Proof. We show {e™%,e™* ... ™%} are linearly independent by using Wronskian. Then
GT]I? e’r‘gz . , eT7LI 1 1 . , 1
rie’t® roe"2% e rne’ % T T2 e Tn
2 2 2 rn 2 2 2
W = rie™” rae’?® rhem? — e 1T . T T T2 n
T{l716r1z T;L716T2I . r:lzflernz 7‘?71 T.;—l L. r%

Now this determinant is the Vandermonde determinant. Thus we have W = Il1<; j<n—1(r; — ;). Since r;
are distinct real roots, W # 0.

Example 2.8 Suppose the roots of the characteristic equation P(m) = 0 of the 4th-order homogeneous
linear differential equation L(y) = 0 are m = 1,2, 3,4. Then find the general solution.
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SOLUTION By the theorem above, {e”, ¢*®, ¢*”, e?*} is the basis of the solution space. Thus, the general
solution is the linear combination of {e, e, e3”, ¢**}. Therefore,

y=rcie" + c2e®® 4 3% + cie* W
Example 2.9 Solve the differential equation vy’ — 2y’ +y = 0.
SOLUTION The roots of the characteristic equation m? —2m 4+ 1 = 0 are m = 1,1. Then y; = €” is

a solution. Since this differential equation is the 2nd-order, we must have another linearly independent
solution. By exercise 2.2.1, y2 can be obtained by

B . e [ —2dx J
Y2 = e e
2z
= " —-dr = ze”
e

Thus the general solution is
Yy =ciy1 + c2y2 = c1e” + coze” M

e Repeated roots
Theorem 2.9 Suppose the roots of the characteristic equation P(m) = 0 are k-
fold multiple roots m = r. Then z"e"™, (n = 0,1,...,k — 1) are the solutions of

the differential equation L(y) = 0. Furthermore, the set of solutions {z"e™ : n =

0,1,...,k—1)} is a basis of the solution space.

N

Proof Denote D = %. Then we can express

L(y) = any™ + an 1y 4+ + a1y + a0y

as

L(D)y = (anD" + an—1D" ' + -+ +a1D +ao)y
Since L(e™®) = ™ P(m), we have L(D)e™® = ¢™*P(m). Now evaluate D*(z"e™"). Then

Di (a:nemZ) — emz (D + m)ixn
Then
L(D)z"e™ =e™*P(D + m)z".

Thus for m = r is k-fold multiple roots, L(D) = (D — r)* and

L(D)z"e™ =™ DFz" =0 (n=1,2,...,k —1).
Next we show z"e"™ (n =0,1,...,k — 1) are linearly independent.

k—1 _rz =0

e’ +coxe” + -+ cp1xt e

Since r"* # 0, we have
2 k—1
c1+cx+ezx” +---+Ccp_1x =0.

Thus, c1 =co=c3=---=c,-1=0. A
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Example 2.10 If the roots of the characteristic equation P(m) = 0 of the 4th-order linear differential
equation L(y) = 0 are m = —3,—3, —3, —3, then find the general solution.

SOLUTION By the theorem 2.9, e ™37 2¢™3% 22¢ 3" 13 73" are linearly independent solutions of L(y) =
0. Thus the general solution is

-3 -3 2 3 3 -3
y=rcie " +coze " +czxe " +cazCe " M

Complex roots
4 )
Let the coefficients of L(y) be real. If a + bi is the root of the characteristic equation P(m) = 0, then
the conjugate a — bi is also a root. Thus,

_ e(a-‘,—bi)a:7 — e(a—bi)z

Y1 Y2

are solutions of L(y) = 0. Now by the Euler’s formula, ¢’ = cosf + isin, and the linearlity of
solutions

ys = Ty ; Y2 _ o cog bz,
Ya = Ny — Y2 _ ¢% gin be
21

are solutions of L(y) = 0. It is not hard to show {ys and y4} are linearly independent. Thus, the
basis of the solutions corresponding to k-fold multiple roots of complex numbers is

ax axr . ax ar . k—1 ax k—1 ax .
{e*” cos bz, e*” sinbx, xe™” cosbx, 2" sinbzx,...,z"° e’ cosbx,z” " e**sinbx}.

N J

Example 2.11 Solve the differential equation y"” + 2y’ + 4y = 0.

SOLUTION The roots of the characteristic equation m2+2m+4=0arem=—1=+1iy/3. Then
{e " cosV3x,e " sin 3z}
is the fundamental solution. Thus the general solution is
y=cie “cos V32 4 coe % sin V3z B

The mass of the object is m, the spring constant is k, The force loss due to friction of dashpot is
proportional to the speed of the object dy/dt. Then the forces acting on the object is given by

= ¢
I

N
L
<

[

\
t=0 \
t>tg

Figure 2.2: vibration of spring
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1. Fi = mg the gravitational force
2. F, = —ky the restoring force by the spring
3. F3 = —ad—?g (a > 0) force due to friction
4. Fy = F(t) the external force
Now using the Newton’s 2nd law, we have
2
Y _ dy
Mmoo 7mg—ky—aE+F(t).
or )
y dy
mﬁ—kaa + ky = F(t) + mg

Now note that when the external force F(t) = 0, kyo = mg. Then for y + yo, we have

d*y | dy
mos +aﬁ+k(y+y0) =F(t) +mg
Therefore, when the system is at equilibrium with gravity, we can ignore the gravity and
Py, dy
—= —~ +ky=F(t
mge tag TR =T

Example 2.12 Suppose that the massless spring is hanging from the ceiling. When you attached a small
object weighing 30g to its lower end, it stretched 2cm. From this position you have stretched the spring
5c¢m and release. Find the motion of the spring.

SOLUTION By Hooke’s law, we have the spring constant k¥ = 30/2 = 15. Then by the Newton’s 2nd
law, we have

d*y
30— 4+ 15y =0

ae T
This is the 2nd-order linear differential equation. The characteristic equation is

2 1
- =0.

m” + 3

Solve this to get m = :t%. Thus,
t .t
= €1C08 — + C28In —.
ymaes g Tei s

Now using the initial conditions y(0) = 5, y’(0) = 0, we have

t
=5cos— N
y \/§

2.3.1 Exercise

1. Find the fundamental solutions of the following differential equations.

(a) y" +9y =0 0)y" +y=0

() y" =3y —2y=0 (d) y® +18ym + 81y =0
2. Find the general solutions.
(a) The roots of the characteristic equation of the 4th-order linear homogeneous differential equation are
m=-2,1,1,1
(b) The roots of the characteristic equation of the 6th-order linear homogeneous differential equation are
m=0,0,—1+2¢,—1+2
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3. Solve the following initial value problems.
(@) y" —y=0, y(0) =1,9'(0) =1

17 ! !
(b) y' =6y +9y =0, y(0) =1,4'(0) =2
(¢) ¥ +7y" +19y" + 13y = 0, y(0) = 0,4'(0) = 2,4"(0) = —12
(d) y™ +2y" +10y” =0, y(0) = 5,4'(0) = —3,4"(0) = 0,4 (0) = 0

2.4 Method of undetermined coefficients

r How to find the particular solutions of L(y) = f(x) N

Suppose that f(x) is the solution of the homogeneous linear differential equation. Let D = %. Then
L(y) = any™ + an-1y" ™V + -+ a1y’ + aoy = f(=)
can be expressed as

L(D)y = (anD" + an—1D" "' 4 -+ a1D + ao)y = f(x)

Now since f(x) is the solution of the homogeneous linear differential equation, there exists a polynomial
H (D) satisfying H(D)f(x) = 0. Let yp be the particular solution of L(D)y = f(z). Then

H(D)L(D)y, = H(D)f(z) =0

Thus to find y,, all we need to find is solutions of H(D)L(D)y = 0 satisfying L(D)y = f(z). This
method is called the method of undetermind coefficient.

\_ J
flz) = 2™ = HD)f(z)=D""z™ =0
@) = ¢ = H(D)f(z) = (D - a)e =0
f(x) = e cosbr = H(D)f(x) = (D* —2aD + a® 4 b*)e"* cosbx = 0
f(x) = e sinbe = H(D)f(x) = (D* - 2aD + a® 4 b*)e* sinbx = 0

Example 2.13 Solve the differential equation L(y) =y’ — 3’ — 2y = 2¢3°.

SOLUTION The characteristic equation of L(y) = 0 is m?* —m — 2 = 0. Then the roots of characteristic

equation are m = —1,2. Then the complementary solution y. is
ye = cre” " + cpe®

Now we find the particular solution y, using the method of undetermined coefficients. Let D = %. Then
since f(z) = 2¢3*, let H(D) = D — 3. Then H(D)2e*” = 2(D — 3)e®” = 0. Thus v, is a solution of

(H(D)L(D))y = 2(D —3)(D* = D = 2)y = 0

The characteristic equation of this is 2(m — 3)(m? —m — 2) = 0. Thus the fundamental solutions are
e3® e e?*. Since e %, e*® satisfy L(D)y = 0. Thus we set y, as

Yp = Ae*
Now put this back into L(D)y = 2¢3*. Then
L(D)Ae* = (Ae®™)" — (Ae®™) — 2(Ae®") = 44> = 2¢°"
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From this, we have A = % Thus y, = %63” and the general solution is

2z

. 1 3,
Y=Yc+yp=cie  +cae +563 | ]

x

Example 2.14 Solve the differntial equation L(y) =y" —y — 2y =e™".

SOLUTION The characteristic equation of L(y) = 0 is given by m?> —m — 2 = 0. Thus we have
m = —1,2. Then the complementary solution y. is

Ye = cre” " + cpe®®
We next find y, using the method of undetermined coefficients. Since H(D)e ™ = (D+1)e™* =0, yp is a
solution of

H(D)L(D)y = (D+1)(D* =D —-2)y = (D+1)*(D—2)y =0

2z

Then the fundamental solutions are e™%, ze™", e**. But e~ %, e are solution of L(y) = 0. Thus we set

z

yp = Aze”
Put this back into L(D)y = e~". Then
L(D)Aze™" = —34Ae " =€ "

Thus,
=——ze ”,
Yp 3
and the general solution is

. e 1
y=ce “L—i—chz—gme |

Example 2.15 Solve the differential equation L(y) = 3 + 2y’ = e® — 2°.

SOLUTION The characteristic equation of L(y) = 0 is m? 4 2m = 0. Then we have m = 0, —2. Thus,
the complementary solution y. is

—2x
Ye = C1 + C2€

Now to find y,, we find the particular solution y,, of L(D)y = e® and y,, of L(D)y = x*. Then yp is
given by yp, = Yp, + Up,-

The particular solution y,, of L(D)y = e® can be found by setting y,, = Ae®. Also the particular
solution y,, of L(D)y = z*can be found by setting

H(D)L(D)y = (D*D(D +2))y = 0

2z x

Then 1,z, 22, 2%, e 2* are the fundamental solutions.But 1 and e ™2

set

are complementary solutions. Thus

Yp, = Bx + Cz® + Da®

Now let ¥p = ¥p, + Up, and substitute into L(D)y = e* — 2®. Then L(D)(Ae” + Bx + Cz? + D2®) =
3Ae® 4+ 2C + 2B + (6D 4 4C)x = e® — 2. Thus A = %,B = fi,C = %,D = f%. Therefore, the general

solution is 1 ) )
Ty Cem— o4+t — 2

_ 1
y=ateae 3° 71T T 6
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2.4.1 Exercise

1. Solve the following differential equation using the method of undetermined coefficient.
(a) y// *4?// +4y = e® (b) y// _ 42// +4y — 621
(c) ¥y’ + 4y = sin 2z (d)y’ =3y +2y=e"+e** +e°
(e) y" — 3y — 2y =e**sin2z (f) y + 2y +y = x2e”

2.5 Variation of parameters

(-— variation of parameters for the 2nd-order linear differential equation ﬁ

Consider
L(y) =y" + a1y’ + aoy = f(x)
y1 and y2 be the fundamental solution of L(y) = 0. Let the particular solution be as follows
Yp = U1Y1 + U2Y2

Here wi(z) and uz(x) are undeterminded functions. To find w1 (z) and u2(x), we need two conditions.
The first condition is that y, = ui1y1 + u2y2 is a solution of L(y) = f(x). The second condition is to
make the calculation simple, that is,

Ullyl + ulgyz =0
To satisfy the 1st condition, we find y’,y"” and substitute into L(y) = f(z). Then

y' = uiyr +wayn + usyz + uays

Now use the second condition w1 + uby2 = 0,

y' =y + u2ys
Thus

/

y" = uiyh +unyy + udys + usyl
Substitute these into L(y) = y” + a1y’ + aoy = f(z). Then
(1Yt + vyl + ubys + ugys) + ar(uiy) + uzys) + ao(uiyr + u2y2) = f(x)
Simplifying
(uhyh + uzys) + ui (¥ + aryy + aoyr) + uz(ys + arys + aoy) = f(x).

Now y1 and y2 are solutons of L(y) = 0. Thus the coefficients of u; and us are 0. Therefore, u; and
u} are solutions of the following system of equation.

iy Fuby = 0
uiy) +usys = f(w)

From this, solve for 4} and u5 and then find u; and us.

To solve the above system, we use the Cramer’s rule. Then

w = —vf@ e nf@)
‘ Y2 ‘ Y1 Y2 ‘

! / ! !

Y1 Y2 Y1 Y2
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Note that the denominator of the above system is Wronskian of y; and y2. Since y;1 and y» are linearly
independent. Thus by the theorem 2.5, the Wronskian is never 0. Thus we can find v} and u5. By
integrating with respect to x, we can find w1 and uz. Thus we can find y, = u1y1 + u2yo.

Example 2.16 Solve the differentiation equation L(y) =y’ + y = secx.

SOLUTION The characteristic equation of L(y) = 0 is m? 41 = 0 and thus the roots are m = =i. Then
the complementary solution is
Ye = C1COST + Cc2sinx

Next we find the particular solution y,. Since f(x) = secx is not a solution of a homogeneous linear
differential equation, we can not use the method of undetermined coefficients. So, we let

Yp = U1 COST + uz sinx

Then .
, —sinxsec T , COS T Sec T
Uy = R , U = R
cosx sinx cosx sinx
—sinx cosx —sinx cosx
Thus,
’ . 1 , 1
u; = —sinz = —tanx, uy = cosx =1
cos x cosx

Integrate with respect to x, we have
u; = log|cosz|, us =

Thus the general solution is

Y=7Yc+yp=circosz + casinz + (log|cosz|)cosz + zsinz B

e Variation of parameters for nth-order linear differential equation N

Suppose that

L(y) =y + a1 (2)y" V4 -+ ar(@)y’ + ao(z)y = f(2)
Let ye = c1y1 + c2y2 + - - - + cnyn be the solution of L(y) = 0. Now replace the constants c1,c2,...,cn
by the variables ui,u2,...,u,. Then

Yp = ULY1 + U2Y2 + - + UnYn

Now uj,us, ..., u, satisfy the following system.
Y1+ A upyn =0

wiYL + o Uunyn =0

Wy eyt Y = f(a)

N J

Example 2.17 Solve the following differential equation
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SOLUTION The characteristic equation of "' —y’ = 0 is m® —m = 0. Then roots are m = 0, +1. Thus
the complementary solution is
Yo = c1 + c2e” + cze” "

Since f(z) =1/(1 + €®), we use the variation of parameter to find the particular solution. Let

T —T
Yp = u1 + uze” + use

Then
ui +use” +uze”® =0
uhe” —uze™® =0
use” +use™ = Trlez
By the Cramer’s rule, we have
0 e e
0 et —e *
1 x —x
u, = 1+e? c c = 1 —2 = —1
! 1 e e ® 214+e*  14e=’
0 e —e®
0 e e °
1 0 e ”
0 0 —e F
1 —x —x
u, _ 0 Ther e _ %6
2 2 1+ ex’
1 €e* 0
0 € 0
1 T
A B === B 1
3 2 1+e®
Thus
—dx e “dx _
- - _ -1 T
1 —x
B le L[, . 1 1,1 .
uy = /1+erdx—§/(e 71+ex)dx—f§e +§log(e +1),
1 e’ 1
= = = —log(1 v
us 2/1+ez 5los(l1+e)

Put these back to y, and we have the general solution

T —x 1 1 x —x 1 —z T
Y=Yctyp=c1+cee +cse —§+(1+§e)log(e +1)—|—§e log(1+¢*) M

2.5.1 Exercise

1. Solve the following differential equation using the variation of parameter.
(@ y"+2 +y=  (b)y’ +4y=tan2a

@y — 4 +4y=" (d)y" -3 +2 =
(e) y"" +vy =tanz
2. Using the variation of parameter, show the general solution of ¥ + y = f(z) is given by

y=ci1cosxT + cosinx +/ F(@)sin (z — t)dt
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2.6 Cauchy-Euler Equation

Cauchy-Euler equation
4 )

Consider 2nd-order linear differential equation with variable coefficients.
az’y" + arzy’ + aoy = f(z) (z > 0)
Let = e'. Then for z > 0, we have t = logz and

dy _dydt _1dy

dv  dtdz zdt’

Thus
Py ddydy 1ddy Ldy Ly
dz?2 ~ dx'z’dt ' xdx dt’ T x2dt | oz dt? dx
_ 1dy 1,d%y1 1 d’y dy
- x2? dt+a:(dt2 $)7$2(dt2 dt)'
From this,

dy_dy oy _ Ly _dy

Tdr ~dt T da? T A dt
Put these back to the original equation. We have the following linear differential equation with the

constant coefficients. )
dy dy dy et
a2(dt2 dt)+aldt+aoyff(€)-

N J

The characteristic equation of the Cauchy-Euler equation is given by

aam? + (a1 —a2)m+ao =0

and is called the indicial equation.
There is a simple way to find the indicial equation. Substitute y = =" into the following differential
equation.
2 1 /
axz”y" + a1xy + aoy = 0(z > 0)

Then we have

angm(m — 1)Jcm_2 +aizmz™ 1 + apx™ = (agm2 + (a1 —a2)m +ag)z™ =0

Example 2.18 Solve the following differetial equation

22y — 2y + 2y =0 (z > 0)

SOLUTION Let 2 = ¢’ and y = ™. Then the indicial equation is m(m — 1) — 2m + 2 = 0. Thus
m = 1,2. Furtheremore, the indicial equation is the characteristic equation of
d’y  ,dy
— —3—=+42y=0
az a T
The general solution is
y=cie' + e’ =ciz+ o’ A
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Example 2.19 Solve the following differential equation
22y — 2xy + 2y =2® (x> 0)
SOLUTION The example above, we found the complementary solution is y. = crel + coe?t. Now
since f(t) = €', we find the particular solution by the method of undetermined coefficients. Substitute
_ A3t
yp = Ae”" into
Py . dy

3

t

Then
2463 = 3t

Thus, A = % and the general solution is

2t 3t

1
y:c1et+026 +§e

Now since z = e?, we have
2 2’
Yy =cx + cox” + 7 |

2.6.1 Exercise
1. For = > 0, solve the following Cauchy-Euler equation.
(a) 2y +4zy’ +2y =0 (b) 2%y +xy +9y =0

3,11

(c) 2%y" —xy — 3y =x?logz  (d) 2®y" + z*y” — 2wy’ + 2y = 2°
(e) m2y/// + Sxy” +4y/ =0

2.7 Differential Operator

Let D = -£. Then we can write

L) = any™ + an—1y" Y 4+ ary’ + aoy = f(2)

as
L(D)y = (anD" +an_1D" "+ +a1D +ao)y = f(z)

Then the operator gives the function y for L(D)y = f(z) is called the Inverse operator and is expressed

by

Thus (L(D))™ ' f(z) applies to the function of f(x) such that
L(D)(L(D)™ " f(x)) = f(x)

Basic rule

Theorem 2.10 (linearlity) Let o, be sonstants, f(z), g(x) be functions. Then
L(D)(af(x) + Bg(x)) = aL(D)f(c) + BL(D)g(x)

L(D)~!(af(z) + By(z)) = aL(D)~" f(z) + BL(D) ™' g(x)
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Proof The first one comes from the definition of L(D). The second one comes from the following.

L(D)(aL(D)™" f(x) + BL(D) ™ 'g(x)) = af(z) + Bg(x)

4 )
Theorem 2.11 (Basic Formula) Let a be a constant and m be an integer. Then

1

f(z) = eax/eaxf(a;) dx

—a

D
1 ax —ax .
mf(x) =e <o [ e f(z) dx - - - dedx (m repeated integrals)

N J

Proof Let (D — a)~'f(x) =y. Then (D — a)y = f(x). Thus

This is a linear differential equation. Thus the integrating factor pu = el (-odz, Multiply the g both sides
d(e! CVy) = ] TV f (),

Thus

y = e~ J(—a)dz /6f<7a)dzf(l‘) dr = e%* /eiazf(lt) dx

Repeating this

I Il

) @

) )

3 8

o |

' g

O

~ )

—~ 8
~— \

& ®

8 |

e

8

-

—
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( N
Theorem 2.12 (Differential Operator Properties)
1 1
1 axr axr = axr
(1) f(x) e :L(D)e L(a)e
1
1 1
(3) f(z) = cosar = D) cos ar = L(—a?) cos ax
. 1. 1
(4) f(z) = sinar = DY sinazr = L= sin ax

N J

Example 2.20 Solve the differential equation L(y) = 3" — 3’ — 2y = 2¢%7.

SOLUTION The characteristic equation of L(y) = 0 is m?> — m — 2 = 0. Thus roots are m = —1,2.
Then the complementary solution y. is given by

- 2
Ye = cre” "+ coe™”

Now we find the particular solution. Since (D? — D — 2)y = 2¢3®, by (1) above

2631 2631 263z 631

Y=Dr_p-1 " 3@_-3-1_ a1 2

3z

Thus y, = %e and the general solution is

—x x 1 T
Y="Yc+Yp =cire +6262 +§e3 | ]
Example 2.21 Solve the differential equation L(y) =y + 4y = sinz.

SOLUTION The characteristic equation of L(y) = 0 is m? +4 = 0. Thus m = £2i. Then the comple-
mentary solution is
Ye = €1 COS 2x + c2 sin 2x

Now we find the particular solution. Since f(x) = sinx, we have (D? + 4)y = sinz and

sinx sin x 1 .
= —sinzx.

“D2y4 1244 3

Y

Example 2.22 Find the particular solution of L(y) = y"” — 3y’ + 2y = ze”
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SOLUTION Let y, be the particular solution. Then since f(z) = xe®, we have

1 N 1 o 1
Yoo = proapi2 ) T priE—smini2t ¢ DE-D°
= eg”l 1 ﬂc——emi ! x
N D D-1"  ~ D1-D
= —ez%(l-i-D-f—DQ-l—-“):E:—61%(£I,'+1):—61(%$2+$)
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Chapter 3

Systems of differential equations

3.1 Systems of linear differential equation

e system of linear differential equation ~N
Consider
Ty =anz + a2zt -+ anZn + f1(t)
xh = anzi+ anTat -+ anZn + f2(1)

Ty = an1T1 + an2Tot o+ Gun®n + fo(t)

Using the coefficient matrix A and the column vector X anf F', we can express

X' =AX+F
where
z1(t) ail a2z - Qi f1(t)
o (t) azi a2 ce a2n fg (t)
X == . 5 A = s F =
xn(t) an1 an2 e Ann f’ﬂ (t)

- J

The differentiable functions z1, x2, . .., z, satisfying the above equation is called the solution. When
F = 0, we say that the differential equation is homogeneous equation.

49
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s How to solve X' = AX ~
We will explain how to solve X’ = AX. Let X = Ce*®. Then
ACe™N = ACeM
Since e** # 0, we have
AC-CX=0

or
(A-=xNHC=0

Here I denotes the unit matrix of the degree n. Now if C = 0, then the equation is obviously satisfied.

So, we need to find the C # 0 satisfying the above equation. Note that if det(A — AI) # 0, then

C = 0. Thus to find the C # 0, we have to solve det(A — AI) = 0. The A is called the eigenvalue of
the matrix A and the nonzero C satisfying (A — AI)C = 0 is called the eigenvector for A.

J
Example 3.1 Solve the following differential equation
1 0 1
X'=(01 -1 |X
1 0 1

SOLUTION Let X = Ce*. Then we have
(A=XNC =0 (%)

Now
1—AX 0 1
det(A — \I) = 0 1-X -1 =21-XN(A\-2)
1 0 1-—X

Thus the eigenvalues are A = 0,1,2. Now we find the eigenvector for A = 0. Substitute A\ = 0 into the
equation (*). Then

1 0 1 C1
AC = 0 1 -1 C2 =0
1 0 1 c3
To solve this system, we use Gaussian elimination.
1 0 1 1 0 1
A= o1 1| BEE o1 1
1 0 1 0 0 0
-1 -1
Now we can let ¢ = 1. Then ¢; = —1, ¢c2 = 1 Thus, the eigenvector C is 1 and X1 = 1 is
1 1
a solution.
For the eigenvector for A = 1.
0 0 1 1 0 0
R1<>R3
A-1T = 0 0 -1 — 0 0 1
1 0 0 0o 0 -
1 0 O
flatdis 00 1
0 0 O
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0
Thus, we can take c2 = 1. Then ¢; = 0, C3 = 0 and the eigenvector is 1 . X = 1 elis a
0
solution. Similarly, we find the eigenvector corresponds to A = 2
—R,
Ri+R
-1 0 1 TR /10
A—21 = 0 -1 -1 = 01 1
1 0 -1 0 0 0
1 1
Then we can take c3 = 1 and ¢1 = 1,c2 = —1. Thus the eigenvector is -1 . X3 = —1 e?t is
1 1

a solution. Since X, X2, X3 are linearly independent, we have X = ¢1X; + c2X2 + ¢3X3 and the general
solution is

—1 0 1
X=c 1 + co 1 et+03 -1 e m
1 0 1
( . .
Theorem 3.1 Suppose that X’ = AX has the n different eigenvalues A1, g, ..., \,
and corresponding eigenvectors Ci, Co, ..., C,. Then the general solution is given
by
n
X() =) eXq(t)
i=1
where X; = C;eM* (i = 1,2,...,n) are the solutions of X’ = AX and linearly
independent.
N J
Proof
e)\lt e>\2t e>\nt
)\16/\1t A2e)\2t A e)\nt
WMt et ety = !
‘)\vf—leklt -)\721_1(3)\215 ->\2716>\nt
1 1 1
— Mtgret L Aat A Az An
PV Y D (o

= Ih<icj<n—1(Aj — A)

Since A1, A2, ... A, are different,
W(eht, et eA"t) 400

The n linearly independent solutions of X’ = AX is called the fundamental solution.

Example 3.2 Solve the following differential equation
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] = 8xi + 6z2
zh = —3z1 — 22

SOLUTION

8x1 + 621

Ty = —3x1—2x2

8
S
|

or

We find the eigenvalues and eigenvectors.

88— 6

= — — 2 = 2— =
s _2_/\‘_ 16— 6A+ A% +18 =X —6A+2=0

—6 —6
Thus we have A = 3+ /7. For A\ = 3+ V7,C1 = < 57 ) For A2 =3 —7,Cs = ( 5+\ﬁ)'

Thus the general solution is

_ —6 (3+VD)t —6 (B=vT)t
X(t)—(31<5 ﬁ)e + c2 5+\/7 e n

3.1.1 Exercise

1. Solve the following systems of differential equations.

2= x4+ 4a i = 6x1 — 32

(@) { Th= T1+ T2 () { xzH = 23 +:ch
= x1 422 —23 1 2

(c) xh = 2x2 0 0 |X
Th = To — X3 0 71 -2

() { 2y +ap+ 2= 0 x1+6x1+x2+3x2= 0
7 —3x1 —2x2 = 0 i —ah+aa= 0

3.2 Multiple roots and Complex roots

In the previous section, we consider the case where the eigen equation has the distinct real roots. In this
section, we consider the case of multiple roots and complex roots.
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Complex roots

-

Let X’ = AX, where the matrix A is real matrix. Suppose that A\ = a + bi is the eigenvalue and
C = C; +iC;y (Cy, Careal vector) is the eigenvector for A. Then by the eigenvalue equation

(A-=xNC=0
The conjugate of the eigenvalue equation satisfies
(A-XNC=(A-X)C=0

Thus, %_\ = a — bi is also an eigenvalue and corresponding eigenvector is C. Thus, X; = Ce and
X5 = Ce™ are solutions of X’ = AX. Then the linear combination of X; and X- is also a solution.
Therefore,

RCe™ = RX, = # = C1e™ cos bt — Coe® sin bt
and X X
3CeM = X, = % = C1e sin bt — Coe™ cos bt
i

are linearly independent solutions.

~

Example 3.3 Solve the following differential equation

1 0 0
X'=|10 -2 |X.
2 2 0
SOLUTION
1—A 0 0
det(A — M) = det I =X =2 | =1-M)A\+4)=0
2 2 =
Thus we have A = 1, +2i.
For A = 1, we find the eigenvector.
0 0 o0\ Mo 1 9
Ro<+>Ry
A-1T = 1 -1 -2 — 0 0 0
2 -1 0 4 3
iR2
1
AR 0 54
Ro<>R3
— 0 1 3/4
0 0 0
5
Note that we c3 can be chosen arbitrary. Thus we let cg3 = 4. Then the eigenvector is C = -3
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For 2i, we find the corresponding eigenvector

1+2i 0 0

A— 2l - 1 2% -2
2 2 —
“2Rat i 1 % -2
R1<+>Ro .
— 1+ 2% 0 0

0 2—4t 4+

—(142i)R1+Ro

1
oo 2

—(2—4i)
——5; R2+Rs3

157 RatRa 100
— 0 1 =2
0 0 0
0
Now c3 is free to choose. Thus the eigenvector is C = —i | . Now we find the real part and imaginary
part of Ce*Then
0 _ 0
CeM = —i | e = —i | (cos2t—isin2t)
1 1
0 0 0
= sin 2t — i cos 2t = sin2t | 44 —cos2t
cos 2t — isin 2¢ cos 2t —sin 2¢
real part imaginary part
Thus the general solution is
5 0 0
X(t)=ca -3 +ca sin 2t +c3 —cos 2t . n

—e% cos 2t —sin 2t
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Multiple roots
4 )

Let X’ = AX, where the matrix A is real matrix. Suppose that A is multiple eigenvalues and A is
not diagonalizable. Then cosider X = Ce”?. Since

(a)* | (at)’

at __
e =14at+ B 30

+ EEIEN
we have the exponential matrix et such that

t? t3
eAt:I+tA+§A2+§A3+---

Thus
d At _ 44442 t2A3 o AeAt
Ee = A+ + 91 + = Ae
and X = Ce?? is a solution of X’ = AX.
\ J
s How to find Ce?! ~N
2
Ce™ = Ce MM = M(C+ (A - AI)C + %(A —AI)*C

3 k
+ A=A T+ DA AD C )

Now note that if k is the least number satisfing (4 — A\I)*C = 0, then

tk71

2
Ce' = M(C+ (A~ \)C + ’;—,(A —A)’C+ -+ ] (A-An*Ye)
\ J
Example 3.4 Solve the following differential equation
i = 2r1 — a0 + 223
Th = 2o+ 223
x5 = 2x3
SOLUTION Since
2— A\ -1 2 )
det(A — \I) = det 0 2-2A 2 | =(2-)?°
0 0 2—2A\

then eigenvalues are A = 2. Now we find the eigenvector C for A\ = 2.

—1XR1—Ry
0 -1 2 - 001 -2\ /010
A-—20=[ 0 0 2 ER 00 1 =R g 0 1
0 0 0 00 0 00 0
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1
Thus C = ( 0 ) and the eigenvector is
0

1
0 | e
0

Since the degree of the matrix A is 3, we have to find three linearly independent solutions. Thus we
need to find C such that

(A—20)’C=0, (A-2I)C#0

0 0 —2
(A-2n*=(0 0o o0 |,
00 0

) . Then (A —2I)?C = 0. Now we choose «, 3 such

Since

c1,c2 can be chosen arbitrary. Thus we let C =

/N
o™ R

that (A — 2I)C # 0.

0
Then we choose g =1. C = ( 1 ) and the second solution is
0

0 0
eMC = HeIC = ¢ [C 4 t(A - 21)C) = ¥ ( 1 ) +t ( 0
0

0
1 —t 1—¢
SUREREES
0 0 0

For the third solution, we need to find C satisfying

(A-20)°C =0, (A-20)°C+#0

Note that (A —2I)* = O. Then C =

00 -2
(A—QI)QC—<0 0 0)(
00 0

RS
=2 ® R

) satisfies (A — 41)*C = 0. Now

)-(7)

«
B
Y
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Thus we choose v = 1. Then C = 0 Now calculate the third solution

O = p2te(A-2Di

— [C+t(A-2)C + %(A —21)2C]

0 0 -1 2 0 2 0 0
= |l o |+t 0 0 2 0 |+5 |00
1 0 0 0 1 ’ 0 0
2t — t*
= e 2t
1
1 1—t 2t — t?
Note that 0o |, 1 , 2t are linearly independent. Thus
0 1
1 1—t 2t — ¢
X=e"ci| 0 | +e 1 +c3 2t I
0 0 1
3.2.1 Exercise
1. Solve the following differential equation.
(a) { i = 621+ 8x2 ®) { i = 2x1 — 2o
rh= —x1+ 21 xh = 41:1 + 6;182
i = 5x1+ 220 + 223
(c) Th = 21+ 220 — 423 X
x5 = 2y — 4w + 213 —2 () —1
() { 4o + a1 + 225+ 7o = 0 +x1+2x2+3x2 0
i —x1+xh+x2= 0 Ty —2x1+5zhb= 0
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3.3 Nonhomogeneous differential equations

s Solutions of nonhomogeneous differential equations ~

Let A be the square matrix of order n. Suppose that X, X2, ..., X,, are linearly independent solutions
of X’ = AX. Then
d=(X1 Xy -+ X, )

is called the fundamental matrix. Now
1. det ® = W (X1, Xoz,...,Xn) # 0 (W = Wronskian)

2.0 = AP
C1
C2

3.aa X1 +eXe+ -+ X, =0 . =oC
Cn

Thus the complementary solution of X’ = AX is given by ®C. Now using the variation of parameter,
we let ®(¢)U(t) be the solution of X’ = AX + F. Then since the derivative of the vector valued
function is given by the derivatives of components of the vector valued function, we have

(@U) = &'U + oU’
Now substitute X = ®U into X' = AX + F. Then
U+ U = ADU+F

Since ®' = AP, we have

dU' =F
Then by the Cramer’s rule
D F]
U = [
@
Integrate to get the general solution
X=9¢C+ U

N J

3t
Example 3.5 Solve the differential equation X' = ( ; ; ) X + ( 2663t )

SOLUTION det(A — X) = A\ =3\ —4 = (A 4+ 1)(A —4) = 0. Thus the eigenvalues are A\ = —1,4.
2 2

The eigenvector corresponds to A = —1 is obtained by (A — (—1(1) = ( 3 3

). Then the eigenvector

is ( 711 ) Thus X; = ( 711 ) e~ ' is a solution. The eigenvector corresponds to A\ = 4 is obtained by
-3 2

3 -2
the fundamental matrix is

(A—4I) = > Thus the eigenvector is ( § ) Therefore, Xo = ( § ) e is a solution. Then

—t 4t
—e 2e
w0 = ( o o)
. Now to find the general solution, we need to solve

oU =F
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—e7t 2et uh et
( et 3e4t)(u'2>:(263t)

By Cramer’s rule,

&3t 9pdt
3t 4t
, ‘ 2e 3e _e™t 1 4
u; = = = —e
—e—t 9ot —5e¢3t 5
et 3ett
et o3t
—t 3t
/ ‘ € 2e ’ 3e2t 3 _¢
b —5edt  —bedt 5
Integrating,
1 4 3
Ul %e , U2 = —56

Thus the general solution is

_et 264t Cl _et 2€4z Le‘lt
_ _ 20
X = oC + (I>U = ( 67t 3€4t ) ( o + e—t 364t _geft
—cre”t 4 2chett — B3t
= 7

cie b+ 362€4t — 4€

[ |
Elimination Method
4 N

Let D = d/dt. Then z| = Dz and the given differential equation
(12 e
X *(3 2>X+<2e3t

(D—1z1 —2z2 = e3t
—3z1+ (D —2)z2 = 263t

can be written as

Then solve for 1 by using Cramer’s rule.

Example 3.6 Solve the following differential equation

(D—-1zx1 —2x2 = e3t
—3x1 + (D — 2)%2 = Qegt

SOLUTION Using Cramer’s rule, we have

e —2

D-1 =2
2¢% D—2 |’

-3 D -2

CL‘1:’

Then

(D* = 3D — 4)z; = (D — 2)e*" +2(2¢*") = 5™,
The characteristic equation of the equation is m? — 3m — 4 = 0. Thus m = —1,4 and the complementary
solution z1. is

—t 4t
Tie = C1€  + coe .
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To find z1,, we use the method of undetermined coeflicients
H(D)5¢* = (D — 3)5¢* =0
implies that
(D = 3)(D* = 3D — )z, = (D — 3)5¢* = 0.

Thus, z1p, = Ae’t.
9A4e% — 9Ae% — 446> = 5.

Solve this to get A = —% Then

L1 =T+ T1p = cre " + coe® — ge&.
Now put this back to (3.1).
—cre 4+ 4ch4t — %e‘% —cie t— 02e4t + gegt — 210 = e,
Thus,
Tro = —cle_t + §C2€4t — Ze% ]

Example 3.7 Solve the following differential equation
) —2x1 —3z2= 0
z1+ay+2w2= 0

SOLUTION Let u =z} and v = 5. Then v’ = 27 and v' = 4. Thus we can express

’

1 0 0 1 0 T
T _ 0 0 0 1 T2
U o 2 3 00 U
v -1 -2 0 0 v
0 0 1 0
0 0 0 1 . .. 4 . .
A= 9 3.0 0 Then the eigeneqution is A — 1 = 0 and the eigenvalues are A = £1, 4+i. To
-1 -2 0 O

find the eigenvector, we use Mathematica. Then the eigenvectors correspond to A = 1, —1,14 are
(37 717 737 1)ta (735 17 737 1)t7 (71'7 7:7 717 1)t

Thus Ce*? is

3et —3e7? —i(cost +isint)
—e' e? i(cost + isint)

-3¢t | -3t | —(cost + isint)
el el cost + isint

Thus the fundamental matric ®(¢) is

et —3e”t sint —cost
t —t .
—e e —sint cost
d(t) = .
() —3e¢! —3e7! —cost sint

e e cost sint
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Therefore the general solution is

3¢t —3e7t sint —cost c1
X — —et e ! —sint cost Co
—3e! —3e7 ! —cost sint c3
et et cost sint 4
t t .
r1 = c13e —ce23e = csgsint — cqacost
t —t .
To = —ci1e +coe " —cgsint+cgcost A

3.3.1 Exercise

1. Solve the following differential equations.

/ t
1 =2T1 + T2 — € ; 0 4 —3cost
(a){x§:3x1+4x2—7et (b)X_(—l O)XJr( 0 )
01 0 0 t?
Ty =x1 + a2 + 73 + 1 00 1 0 0
(c) TH = —x2 (d) X' = 00 0 1 X + 0
x§:—2x1—x2—2x3+e37 100 0 0

2. Solve the differential equation by using the system of differential equation.
v+ 4y + 3y =t
3. Solve by elimination.
) +ah —2x —4xe =ef i +ah -zt =1
(CL) !/ !/ _ (b) ’ 1" _
T +x5—x2 =€ i+ x5 —x1+x2 =0
©) 22} + x5 + 21 +5ra =4t (d) 2 —axh =t+1
T+ xh 4+ 2z + 222 =2 i+ xh—3z1+x2 =2t—1
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Chapter 4

Power series solution of
differential equation

4.1 Analytic functions
Let {an(z)}n2; be a sequence of functions defined on the interval I. Then consider the partial sums

Si(z) = ai(x), S2(z) = a1 (x) + az(z), S3(z) = a1(z) + az(z) + as(zx),. ..

If limp— o0 Sn(xz) = S(z) for all x in I, then we say {S,(z)}nZ; converges and S(z) is called the sum of

the series . For all z in I, there exists N such that
n > Nimplies | S, (z) — S(z)| < €

Then Y a, () is called uniformly convergent.

Let S(xz) — Sn(xz) = R(z). Then the uniform convergence of the series is expressed as follows: For each

x in the interval I, there exists a number N such that n > Nimpliesthat|R(z)| < e.

-

Theorem 4.1 (Weierstrass uniformly convergent criterion) For any z in
some interval I, there exists a sequence of real functions {M,} satisfying the fol-
lowings

(1) |an(z)| < My, n=1,2,...

(2) Y M, <

Then Y a,(x) converges uniformly and absolutely on I.

N

N

Proof

|Rn(@)] = l|ant1(2) + ant2(z) + | < |an+1(@)] + lans2()] + -
< Mpy1+Mpgo+---

Since > M, < oo, for all € > 0, there exists N such that n > N implies

Mn+1 + M7L+2 +---<e

63
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Here N is indepedent of z, for n > N, |R,(z)] < e B

Theorem 4.2 (Continuity of power series) If a,(z) is continuous on the in-
terval I and ) ay(z) converges uniformly on I, then S(z) = > a,(z) is continuous
on [.

Theorem 4.3 (Term-by-term integration of series of functions) If a,(z) is
continuous on the interval I and ) a,(x) is uniformly convergent on I, then

/(Z an(x))dz = Z/an(x)dx

Theorem 4.4 (Term-by-term differentiation of series of functions) If
an(z) is continuous on the interval I and ) an(z) is uniformly convergent on I,

then
O an(@)) =) _an ()

If an(z) = anx™, then the series > an(z) = > anz™ is called a power series. For example,

ew:1+m+§+...+f:+...:ix7;
log(1+x):x—%2+%37%4+_“:i(71)n§7:11
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Radius of convergence
é )

Given Z a,z", by the ratio test, if

n+1
lim | S = fim | 2220 = |g) lim | 22
n—oo Cn n—oo anx™ n—oo an

<1,

n . . an n
then Zanx converges. Thus, if |z| < nh_)rr;o |?+1|, then Z lanz"| < co

a
If |z| > lim |—"—|, then E anz™ is divergent. Then the limit
n—oo an+1

p= lim |

n— 00 an+1

is called the radius of convergence

Example 4.1 Find the radius of convergence of the following power series

(@) X2 () Y%7

SOLUTION
(a) p = hmn%oo |a il : (b) p = hmn*)oo a:il "
= hmn—n:)o |(n+1) | - 1im7L~>oo | (njl»l) |
=1 = 00.
4 )

Theorem 4.5 (Properties of power series) Let rho be the radius of conver-
gence of >~ ja,z". Suppose that f(z) => 7 anz". Then

(1) For all 7 (0 <7 < p), > apz™ converges uniformly on (—r,r).

(2) f(z) is the class C* on (—p, p).

(3) f(x) is continuous on (—p, p).

(4) f(x) is term-by-term differentiable on (—p, p) and

o
= g na,z" !
n=1

(5) f(z) is term-by-term integrable on (—p, p) and

n n+1
/f t)dt = Z/ ant"dt = n+1x

(6) Taylor series of f(x) on (—p,p) is the same as the power series Y -7 a,z".
Thus,

F(0)

n!

Ay —
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If f(x) is expressed as the power series of the positive radius Y >~ jan(z — a)", then f(z) is called

analytic at a.

4.1.1 Exercise

1. Find the radius of convergence of the following power series.
(@) 3% (b) "5

2. Show the following.

(a) 22" =11, 2| <1
co _ nIn+1
(b) log (1 +2) = 3202, S0 —, o <1
3. Suppose that f(z) = >, *23*%. Then show the following.

(a) f(=x) is uniformly convergent on —oo < z < 00.
(b) f'(r) = S0, o
(©) Jo f@)de =307 ooy
4.2 Power series solution (Ordinary point)
Consider the 2nd-order linear differential equation with variable coefficients
y' + P@)y + Q(z)y = R(x).

If P(z),Q(z), and R(z) area analytic at a, then we call a ordinary point.

Theorem 4.6 (Existence and uniqueness of initial value problem)
the 2nd-order linear differential equation

y" + P(z)y' + Q(z)y = R(z),
if a is an ordinary point, then for any bg, b1, the initial value problem
y(a) = bo, ¥'(a) =b

has a unique solution y(z) = Y 7 cp(z — a)™.

N

For

~

Example 4.2 Find the power series solution around = =0
y' +ay —4y=0.

SOLUTION Since P(x) = z,Q(x) = —4, R(x) = 0, z = 0 is an ordinary point. Now let

o) = 3 cna”
n=0
be a solution. Then[d

o
/ n—1
Yy = NncnT
n=1
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oo

= Z n(n —1)c,z"™”

Substitute these back into the given differential equation.

i n(n — 1)cna:"72 + i nepx’” — 4 i cpxt =0
n=2 n=0 n=0

Now let the power of z be the least number n — 2.0

oo o0
Z n—lcn Zn—an qx” —4ch o =
n=2 n=3

Then let the index be the largest number n = 3. Then
2c2 — 4co + Z n(n—1)cn + (n — 6)cn,2}x"72 =0.

Since the right-hand side is 00 by the term-by-term differentiationd the coefficients of ™ are all 0. Thus
2c2 —4co0 =0, n(n—1)cn + (N —6)cp—2 =0, n >3

or
(n—6)cn—2

WmZB)en2 53
n(n —1) 3

co = 2¢o, Cp = —

Here, co, ¢1 can be decided by the initial conditions y(0),y’(0). Thus, we can think of these as constants.
Now we find c2, c3,.... Then

—c1
C2 :200, Cc3 = T,
and
Con  C2n—2 C2n—4
Con = = enmes et Con—6,M S 2 Con = O,n Z 3
C2n—2 C2n—4 C2n—6
or
. _ Con41Comon  C3_ 3(—=)"cr o1
bl = ——— ———— - —C1 =
" Con—1 Con—3 c1 Q"TL!(QTL + 1)(271 — 1)(2n — 3)
Thus

y = i cnz”
3(=1)"

Co 2n+1
- 2co” — Dt — u
o+ 2e02” — o’ Clz 2nnl(2n + 1)(2n — 1)(2n — 3) "

4.2.1 Exercise

1. Find the power series solution of the following differential equation around z = 0.
(a) y +y=e¢ (b) y" +ay=0
(c) vy —y =a%e* (d) y"' +xy — 4y =sinz

2. Find the power series solution of the following differential equation around the given point.
(@)y" +(x—=2y=0,a=2 By +@@-1y+3y=2> a=1



68 CHAPTER 4. POWER SERIES SOLUTION OF DIFFERENTIAL EQUATION

4.3 Frobenius Method (Regular singular point)

For the 2nd-order linear differential equation
y" + P(z)y’ + Q(z)y = R(x)
if x = a is not an ordinary point, then = = a is called a singular point. For = a singular point and
(z = a)P(z), (z - a)’Q(z)

are analytic. Then x = a is called a regular singular point. Otherwise, irregular singular point.

Example 4.3 Find the singular point of the following differential equation
(x — 1) (x — 2)y" +52°y — (z — 2)y = 0.

SOLUTION Since ) ( )

S5x —(x—2
(x —1)222(z — 2)’ Q@) = (z —1)222(z — 2)
x = 1,0, 2 are singular points. Now

P(x) =

527
(z — Dx2(x —2)

implies that = = 1 is irregular singular point and the rest is regular singular point. H

(x - )P(z) =

\
Theorem 4.7 For the 2nd-order differential equation
y'+ P(@)y + Q(z)y =0
if z = a is the regular singular point, then there exists a solution around x = a of
the form
o
y(@) =Y enlw—a)™*", e #0
n=0
N J

The power series Y0 cn(z — a)" "

¢n is called Frobenius method.

is called Frobinius series. Using the Frobinious series to find

Example 4.4 Find the power series solution of the follwing differential equation around z = 0.
L(y) =
SOLUTION Write L(y) = 2%y” + 23/ + (z? — 4)y = 0 as the standard form

s 1, z2-4
Y —|—;y—|—

2 y=0.

Then P(z) = %, Qx) = zi;‘{ Thus « = 0 is the regular singular point. Now we set a solution of the

differential equation as y = Yo7 cnz™ ", ¢o # 0. Differentiate to get

y = Z(n +)ena™ Ty = Z(n +r)(n+r—1)c,z" 2
n=0 n=0
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Substitute these into L(y) = 0 to obtain

L(y):i(n—i—r)(n—i—r—l "“"—i—Zn—i—r "+r+(x2—4)§:cnx"+7n=0
n=0 n=0
Now let the power of x be the least number n 4+ r. Then
i (n+r)(n+ r)epx™ T — i Cnoox™ T — 4 i cnxz™t" =0
n=0 n=2 n=0
Next we let the index be the largest number n = 2
(7"2 —4)cox” + ((r + 1)2 — 4)cla:r+1 + i[((n + 7“)2 —4)en, + cn,2]$"+r =0
n=2

n=0 n=1

For n = 0, we have the indicial equation r? — 4 = 0 which implies r = +2.
We find a solution for » = 2. Note that the coefficients of ™" are 0. Thus

(r4+1)2=4)e1 =0

and
(n47)°—4)cn+cn2=0,n>2

The for r = 2, we have ¢; = 0. Similarly, for » = 2, we have

e — __Sn=2
" nn+4)
C2n  C2n—2 02
Con =
C2n—2 C2n—4 Co
_ —1 —1 S
T 2n(2n+4) 2n—2)(2n+2) 26 °
(—1)”60 _ (—1)n60

2nnl2n=1(p +2)!  22n=1pl(n + 2)!
Thus,

- (=1)"co 2nt2
() = ;22"—1n!(n+2)!x u

Example 4.5 Find a solution of the following differential equation around = = 0.

L(y) = 42°y" + 3z + 1)y = 0.

SOLUTION Write in the standard form. Then since Q(z) = 32”;;17 x = 0 is a regular singular point.
We let y = 3% cpz™ . Then

L(Zcmﬁ"’” i dn+r)in+r—1)c "+T—|—Z3c xn+T+l+chaz =0

Now let the power of  be the least number z"*". Then

oo

Z[4(n+r)(n+r71) "+T+Z3cn 1"t =0.

n=0
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Thus,
(4r(r — 1)+ Deox” + Y {[4(n+r)(n+7—1)+1en +3cp1}2™ " =0

n=1

n=0

Now the indicial equation is 472 —4r +1 = 0. Thus r = % and the recurrence relation

73Cn—1
dn+r)n+r—1)+1

Cn =

can be written as
—3cn—1 _ —3¢n—1

dn+Hn-3H+1  4n?

Cn =

Thus a solution is
7301’1,71
4n?

4 )

Theorem 4.8 In the 2nd-order linear differential equation

,n>1. 1

(oo}
i (z) = |z|"/? chxn, 000 ¢n, =
n=0

y' + P(x)y + Q(x)y =0,

if x = 0 is the regular singular point and the root r of the indicial equation is
multiple root, then the linearly independent solutions y; and yo are given by the
following forms.

(o.)
1= |27 cna™ (en #0),
n=0

o
y2 = wyiloglz|+[a]" ) Cpa™
n=0

N J

Now we find y2. By the theorem, we find a solution of the form

(o)
y2 = y1logla| + [z[*/* Y Cra”

n=0

For the matter of calculation we set z > 0, ¢o = 1. Substitute y» into L(y) = 0.

2 /
L) = 4a*(yiloga+ == - &)
- 3 1 n - n
+ Z4(n + 5)(n + §)Cnx /2 L 3z 4+ 1)y logx + Z 3C,z" o2
n=0

n=0

C mn+3/2
n

+
NgE

2

= logzL(y1) + 8xy — 4y + 36’09[:3/2 + C’ows/

3 1 n
+ > [+ S+ 5)Cn+ G+ 3Cn]a +3/2 _
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Now express a few terms of y;.

_oa/2_3 32, 9 52 27 -
== 27 T " @oey” T
Note that L(y1) = 0. Then

g)x7/2+---=0

(4Co — 6)z** + (16C1 4 3Co + Z)mw +(36C2 +3C1 — o

From this Cp = %, Cy = Thus

64702 = 256""'

(@2 - §x3/2 gxs)/z 3 L7/2

3 332 _ 2T 52 AL 72
4 64 256

+

o n
2 64 256 +

4+ .- ) +
Example 4.6 Find a solution of the following differential equation
L(y) = =2y + (x —3z)y + 3y = 0.

SOLUTION Since P(x) = %, Qx) = :%27 x = 0 is a regular singular point. Then let y =
Sl cena™

i "+T = i(n—!—r)(n—kr—l n+T—|—Z n+r)c 1t

n=0

i 3(n+r)en "+T—|—230n =

n=0

Let the power of  be put together with 2™". Then

i[(n +7r)(n4+7r—1)=3(n+7)+3caz" " + i(n +7—1Dep1z™ =0.

n=0 n=1
From this
(r(r—1) — 3r + 3)coz”

n=0

Z (n+r)(n+r—1)=3Mn+r)+3Jca+ (n+r—1)ca 1}z =0

Now the indicial equation 72 — 47 4+ 3 = 0 implies that » = 1, 30 Then we have two solutions.

yi(x) = Z enz™ T yo(x) = Z Cpz" '3
n=0 n=0

Put the coefficients of ™" equal to 0. Then we have the recurrence equation

—(n+4+r—1)cn-1
(n+r)n+r—1)—-3n+r)+3

Cn =

For r =1, we have
—NCnp—1 —NCn-1
Cnp = =

(n+1)n—-3(n+1)+3 n%>—-2n
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For r = 3, we have

C o —(n+2)Cn_1 o —(n—|—2)Cn_1
" n+3)(n+2)-3n+3)+3  n2+2n
Now note that ¢,+2 = C,,0 Thus y1 = y2. Then we need to find the independent solution
\
Theorem 4.9 For the 2nd-order linear differential equation
y' + P(z)y’ + Q(z)y = 0,
if z = 0 is a regular singular point and the difference of the roots rq, 79 is positive
integer, then the linearly independent solutions yi,y2 are given by the following:
oo
yio= |z chxn (cn #0),
n=0
o0
y2 = cyilogla|+|a|™ Y Coz™ (Co #0).
n=0
NS J

Thus y2 = cy1 logz+2 >.00 , Crz™ can be found by substituting y» into L(y) = 4z°y” + (3z+1)y = 0.
|

4.3.1 Exercise

1. Find singular points of the following differential equations and classify.

(a) wa//_'_xy/ +y — ez

(b) x(z = 1)%y" +ay’ + (x - 1)’y =0

(€) 2—2)y" + 2y + 252 =0

2. Find a solution of the following differential equation around x = 0.

(a) 2zy" +3y —y=0

() zy" +y +xy=0

(c) 4x?y" — 2z(x — 2)y' — (3z+ 1)y =0

3. Find the solutions of the following differential equations around the designated point.
(@) (1 —2?)y"” — 22y +n(n+1)y=0, a=0

This equation is called Legendre’s equation

Y (1 — )y’ =22y +12y =0, a=1
Y22y +ay' + (22 =Py =0, a=0
This is called Bessel’s equation.



