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Chapter 1

1st Order Differential Equation

1.1 Differential Equations

Many natural laws in Physics, Chemistry, and Engineering are expressed by means of
differential equations. Among many natural laws, we treat Newton’s 2nd law, Newton’s
cooling law, Kirchhoff’s 2nd law, Fourier’s law of heat transfer, wave equation, chemical
equation.

A differential equation is a relation between an unknown function and derivatives of
the unknown function. Differential equations we treat are the ones that can be solved by
quadrature.

A relation among an independent variable x, and a function y(x), y′, y′′, . . . , y(n) ex-
pressed in

F (x, y(x), y′(x), . . . , y(n)(x)) = 0

is called the ordinary differential equation in y.

We give some examples of differential equations. Note that y′ ≡ dy

dx
, y′′ =

d2y

dx2
.

(a) y′ = x3 (b) y′ = 2x2 + y (c) xy′′ + y′ = 0
(d) (y′)2 = x (e) y′′ + xyy′ = x (f) xy′′ − sin y = x3

Order� �
The order of the differential equation is the highest order derivative present in the
differential equation.� �
Differential equations (a), (b), (d) are the 1st order and the rest is 2nd order. The

natural laws we mentioned above are formulated as the 1st order or the 2nd order differ-
ential equation. In this book, we deal mainly with the 1st and the 2nd order differential
equations.

1



2 CHAPTER 1. 1ST ORDER DIFFERENTIAL EQUATION

Linear� �
A differential equation is called linear if the equation is expressed as an unknown
function and it’s derivatives. Otherwise it is called non linear. Thus, nth order
linear differential equation is expressed in the following form.

any
(n) + an−1y

(n−1) + · · ·+ a1y
′ + a0y = b(x),� �

NOTE From the definition above, differential equations (a)− (c) are linear, (d)− (f) are non linear.

Solutions of Differential Equations� �
If a function saitisfies the given differential equation on some interval, then the
function is called the solution of the differential equation. To find a solution of the
given differential equation, we say solve the differential equation. A solution may
not be in the form of y = f(x). It sometimes given by implicit function such as
G(x, y) = 0.� �

Example 1.1 Show the functions e2x, ce2x are solutions of y′ = 2y. Show the functions ex, ex+ c (c ̸= 0)
are not solution of y′ = 2y.

SOLUTION The derivatives of e2x and ce2x are 2e2x and 2ce2x respectively. Thus these satisfy y′ = 2y.
Since (ex)′ = ex ̸≡ 2ex, (ex + c)′ = ex ̸≡ 2ex + c (c ̸= 0). Thus they are not the solutions of y′ = 2y �

Example 1.2 Show that y1 = x2 + x3 and y2 = x3 are solutions of y′ = 2(y/x) + x2.

SOLUTION y′
1 = 2x+3x2 and 2(y1/x) + x2 = (2x2 + x3)/x+ x2 = 2x+3x2. Thus, y1(x) is a solution.

Similarly, y′
2 = 3x2 and 2(y2/x) + x2 = 2x3/x+ x2 = 3x2. Thus, y2(x) is a solution �

As you can see from this example, solutions of a differential equation may not be unique. In general,
any nth order differential equation has n different solutions.

General solution� �
We say a linear combination of n independent solutions of n constants the general
solution.� �

Particular solution� �
Any solution derived from substituting a particular value into the general solution
is called the particular solution.� �

For example, y = cex is the general solution of y′ = y and y = ex is the particular solution.

Singular solution� �
A singular solution is a solution which can not be derived from substituting a
value into the general solution.� �
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Example 1.3 Show that y
1−y

= cex is the general solution of y′ = y(1− y). Then show no matter what
value you choose for c, y = 1 can not be obtained. Show y = 1 is the singular solution.

SOLUTION Differentiate y
1−y

= cex with respect to x. Then

1

(1− y)2
y′ = cex

Since cex = y
1−y

, we have

1

(1− y)2
y′ =

y

1− y

Then

y′ =
y

1− y
(1− y)2 = y(1− y)

Thus, y
1−y

= cex is the general solution. Now y = 1 can not be derived from the general solution. Thus
y = 1 is the singular solution.

Solution curves� �
Note that the general solution of a differential equation forms curves. A each curve
is called the solution curve or the integral curve.� �

Initial conditions, Initial value problem� �
In a differential equation F (x, y, y′, · · · , y(n)) = 0, initial conditions are values of
the solution and its derivatives at specific points such as

y(x0) = y0, y
′(x0) = y1, . . . , y

(n−1)(x0) = yn−1

The problem of finding a solution to the differential equation with the initial con-
dition is called the initial value problem� �

Boundary condition, Boundary value problem� �
In a differential equation F (x, y, y′, · · · , y(n)) = 0 on [a, b], the condition must be
satisfied by the solution or the derivatives of the solution is called the boundary
conditions. The problem of finding a solution to the differential equation with the
boundary conditions is called the boundary value problem� �

1.1.1 Exercise

1. Show that ex, xex, c1e
x + c2xe

x are solutions of the differential equation y′′ − 2y′ + y = 0. For
y(0) = 1, y′(0) = −1, find c1, c2.

2. sinx, cosx and their linear combinations are solutions to the differential equation y′′ + y = 0. What
can you say about the vector space spanned by sinx, cosx.
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1.2 Separation of variables

The first order differential equation is expressed as

y′ = f(x, y)

or
M(x, y)dx+N(x, y)dy = 0

The latter equation is called the total differential equation. Now consider

y′ = − y

x
, xdx+ ydy = 0

Both equations are the same except at x = 0. Thus we formally treat both equations as the same equation.

Separable Differential Equations� �
If the differential equation y′ = f(x, y) is expressed in the form

y′ = F (x)G(y),

then we say the differential equation is separable. To solve this equation,

y′(x) = F (x)G(y(x))

we express y′(x) as dy
dx , and then write

dy

G(y)
= F (x)dx

Now integrate both sides with respect to x to obtain∫
dy

G(y)
dx =

∫
F (x)dx.

� �
Example 1.4 Find the general solution of y′ = xy

y−1
.

SOLUTION We can rewrite this differential equation as

(y − 1)dy

y
= xdx

This is separable and integrate both sides to obtain

y − log |y| = x2

2
+ c

This is an implicit solution. Now let c1 = log c. Then

y − log(c1y)
2 = x2
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Note that y(x) ≡ 0 is a solution. But no matter how you choose c1, it is impossible to obtain y = 0. Thus
y = 0 is a singular solution. As we noted above, when we are asked to find the general solution, we solve
the differential equation by quadrature. Thus do not worry about a singular solution.

Newton’s law of cooling� �
Let T1 and T2 be the temparature of two objects facing each other. Then the heat
transfers from warmer body to cooler body in the time dt is given by dQ and

dQ = κ(T1 − T2)dt. where κ is constant� �
Example 1.5 Let the iron ball be heated to 100◦c. Then submerge the iron ball into the water whose
temparature is kept at 10◦c. After 4 minutes, the temparature of the iron ball is 60◦c. Find the time when
the temparature of the iron ball is 20◦c.

SOLUTION We formulate this problem by using Newton’s law of cooling. Then

dT

dt
= −κ(T − 10), T (0) = 100, T (4) = 60,

where T (t) is a temparature of the iron ball after t minutes later. Since this differential equation is
separable, we obtain

dT

T − 10
= −κdt

Integrating both sides with respect to t. Then

log |T − 10| = −κt+ c

and
T (t) = ce−kt + 10

Now by the boundary conditions, T (0) = 100 and T (4) = 60, we have

c = 90and k =
1

4
log

9

5

.
=

1

4
(2.1972− 1.6094)

.
= 0.147

Thus,
T (t)

.
= 90e−0.147t + 10.

Now we find t0 satisfying T (t) = 20.
20

.
= 90e−0.147t0 + 10

and

t0
.
=

log 9

0.147

.
= 14.9 min �

1.2.1 Exercise

1. Find the general solution of the following differential equations.
(a) (sinx)y′ + (cosx)y = 0 (b) y′ = ex+y

(c) y′ = 1−y2

1−x2 (d) y′ = (1 + 2x)(1 + y2)

2. Solve the following initial value problem
(a) (1 + ex)y′ = y, y(0) = 1 (b) y′ + y sinx = 0, y(π) = 3

(c) xyy′ − y2 = 1, y(2) = 1 (d) y′ = x(y2−1)

(x−1)y3 , y(2) = 2
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3. The body heated at 70◦c is put outside whose temparature is 20◦c. Suppose that the temparature
becomes 50◦c after 15 minutes
(a) Find the temparature of the body after 30 minutes.
(b) Find the time when the body temparature becomes 32◦c.

1.3 Homogeneous Differential Equations

Using substitution, we often can transform a differential equation into simpler form. Here we consider how
to transform the homogeneous differential equation into separable differential equation.

Homogeneous� �
If a 1st order differential equation y′ = f(x, y) is put into the form

y′ = f(
y

x
),

then we say the differential equation is homogeneous. Now put

v =
y

x

Then y = vx and y′ = v′x+ v. Substitute these into the above equation, we have

v′x+ v = f(v)

and
dv

f(v)− v
=

1

x
dx

This is separable. Thus integrate both sides∫
dv

f(v)− v
= log x+ c

Finally, substitute v = y
x to get the general solution.� �

Homogeneous functions� �
If a function M(x, y) satisfies M(tx, ty) = tnM(x, y), then we say M(x, y) is the
homogeneous function of degree n.� �
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How to find the given differential equation is homogeneous or not� �
Given

M(x, y)dx+N(x, y)dy = 0, y′ = −M(x, y)

N(x, y)

if M(x, y) and N(x, y) are the homogeneous functions of the same degree, then the
differential equation is homogeneous.� �

Example 1.6 Find the general solution of y′ = x−y
x+y

.

SOLUTION M(x, y), N(x, y) are the homogeneous functions of the same degree 1. Divide the numerator
and the denominator by x. Then

y′ =
1− (y/x)

1 + (y/x)
= f(

y

x
)

Let y = vx. Then y′ = v′x+ v and

v′x+ v =
1− v

1 + v

Simplifying

v′x =
1− v

1 + v
− v =

1− v − v − v2

1 + v
or

1 + v

v2 + 2v − 1
dv = − 1

x
dx

Integrate both sides
1

2
log |v2 + 2v − 1| = − log x+ c,

Multiplying 2 to both sides to get

log |v2 + 2v − 1| = − log x2 + c.

Now take e as base to get

elog |v2+2v−1| = e− log x2

c

(v2 + 2v − 1)x2 = c.

Finally replace v = y/x to obtain the general solution

y2 + 2xy − x2 = c �

Example 1.7 Find the general solution to y′ = x−y+1
x+y−1

.

SOLUTION This is not homogeneou. But once we can get rid of the constant term, it becomes
homogeneous. The intersetion of two lines

x− y + 1 = 0, x+ y − 1 = 0

is (0, 1). we move the axis so that (0, 1) is the origin. Let X = 0, Y = y − 1. Then x = X + 0, y = Y + 1
and

dy

dx
=

dy

dY

dY

dX

dX

dx
=

dY

dX
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Thus we have
dY

dX
=

X − Y

X + Y
This differential equation is solved in example 1.6. Thus the general solution is

Y 2 + 2XY −X2 = c.

Since Y = y − 1,X = x, we have

(y − 1)2 + 2(y − 1)x− x2 = c �

Example 1.8 Find the general solution of y′ = x+y−1
x+y+1

.

SOLUTION Let u = x+ y. Then y = u− x and y′ = u′ − 1. Put this back into the original differential
equation to obtain

u′ − 1 =
u− 1

u+ 1
,

u′ =
u− 1

u+ 1
+ 1 =

u− 1 + u+ 1

u+ 1
=

2u

u+ 1
,

u+ 1

u
du = 2dx.

Integrate both sides
u+ log |u| = 2x+ c.

Then the general solution is
y − x+ log |x+ y| = c �

1.3.1 Exercise

1. Find the general solution of the following differential equations.
(a) y′ = xy

x2+y2 (b) y′ = xy
(x+2y)2

(c) y′ = x2+2xy−4y2

x2−8xy−4y2 (d) (x2 − y2e
x
y )y′ = xy

(e) y′ = x+2y−1
x+2y+7

(f) y′ = x−y+8
y−3x+2

2. Solve the initial value problems.
(a) (y −

√
x2 + y2)dx− xdy = 0, y(

√
3) = 1

(b) (y3 − x3)dx− xy2dy = 0, y(1) = 2
3. Give a reason why the example 1.8 can not be solved by the technique shown in example 1.7.

1.4 Exact differential equations

Total differentials� �
The total differential of u(x, y) is

du = uxdx+ uydy

Thus if we know the values of ux, uy, then we can find du. On the other hand, if we
know the total differential du of a function u, then we can determine the function
u.� �
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Example 1.9 The total differential of u(x, y) is given by

du = (2xy − cosxdx+ (x2 − 1)dy

Find u(x, y).

SOLUTION Since du = uxdx+ uydy, we have

ux = 2xy − cosx, uy = x2 − 1.

Integrate the first equation by x to obtain

u(x, y) =

∫
(2xy − cosx)dx = x2y − sinx+ c(y)

Note that c(y) is an arbitrary function of y. Now differentiate with respect ot y,

uy = x2 + c′(y)

Now uy obtained and the uy given above must be the same. Thus

uy = x2 + c′(y) = x2 − 1.

From this we have c′(y) = −1 and c(y) = −y + C. Therefore,

u(x, y) = x2y − sinx− y + C �

General solution of exact differential equations� �
Definition 1.1 The left-hand side of the 1st order differential equation

M(x, y)dx+N(x, y)dy = 0

is the same as the differential du of some function u. Then the general solution is
given by

u(x, y) = c

� �
Example 1.10 Find the general solution of (2xy − cosxdx+ (x2 − 1)dy = 0.

SOLUTION In the example above, we found the function u so that du is equal to the left-hand side of
equation. Thus the general solution is

x2y − sinx− y = c �

Necessary and sufficient conditions for exact differential equations� �
Theorem 1.1 Let M(x, y) and N(x, y) be the class C1 on {(x, y) : a < x < b, c <
y < d}. Then the followings are equivalent
(1) M(x, y)dx+N(x, y)dy = 0 is exact
(2) My = Nx

� �
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Proof (1) ⇒ (2)
If the differential equation is exact, then there exists u(x, y) satisying du = M(x, y)dx+N(x, y)dy. Thus
we have

M = ux, N = uy

Now partially differentiate M with respect to y and partially differentiate N with respect to x. Then

My = uxy, Nx = uyx

Since My, Nx are continuous, uxy, uyx are also continuous.Thus by Schwarz lemma, uxy = uyx and
My = Nx.
(2) ⇒ (1)
Let (x0, y0) be a point in the domain of M,N . Consider

u(x, y) =

∫ x

x0

M(x, y)dx+

∫ y

y0

N(x0, y)dy

Then ux(x, y) = M(x, y). Since My = Nx,

uy(x, y) =

∫ x

x0

My(x, y)dx+N(x0, y) =

∫ x

x0

Nx(x, y)dx+N(x0, y)

= (N(x, y)−N(x0, y)) +N(x0, y) = N(x, y)

Therefore,

du = M(x, y)dx+N(x, y)dy

and M(x, y)dx+N(x, y)dy = 0 is exact differential equation. �
In the proof above, the general solution of u(x, y) is given.

u(x, y) =

∫ x

x0

M(x, y)dx+

∫ y

y0

N(x0, y)dy = c

Example 1.11 Find the general solution of the following differential equation

(y cosx− sin y)dx+ (sinx− x cos y)dy = 0.

SOLUTION

My =
∂

∂y
(y cosx− sin y) = cosx− cos y,

Nx =
∂

∂x
(sinx− x cos y) = cosx− cos y

Thus it is exact differential equation. Then set (x0, y0) = (0, 0) to have

u(x, y) =

∫ x

0

M(x, y)dx+

∫ y

0

N(0, y)dy

=

∫ x

0

(y cosx− sin y)dx+

∫ y

0

0dy

= y sinx− x sin y

Thus

y sinx− x sin y = c �
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Example 1.12 Solve the initial value problem.

(2xy − 3y)dx+ (4y3 + x2 − 3x+ 4)dy = 0, y(0) = 1.

SOLUTION Note that My = 2x− 3 = Nx,

u(x, y) =

∫ x

0

M(x, y)dx+

∫ y

0

N(0, y)dy

=

∫ x

0

(2xy − 3y)dx+

∫ y

0

(4y3 + 4)dy

= x2y − 3xy + y4 + 4y.

Thus the general solution is

x2y − 3xy + y4 + 4y = c

Since y(0) = 1, we have c = 5 �
Instead of using the formula u(x, y) =

∫ x

x0
M(x, y)dx+

∫ y

y0
N(x0, y)dy, we introduce a simpler method

called grouping method.

Example 1.13 Find the general solution of (2x+ 3y)dx+ (3x+ y2 + 3)dy = 0.

SOLUTION Note that My = 3 = Nx. Thus it is exact. Now we write M(x, y), N(x, y) as

2xdx︸ ︷︷ ︸
function of x

+(3ydx+ 3xdy)︸ ︷︷ ︸
function of x,y

+ (y2 + 3)dy︸ ︷︷ ︸
function of y

= 0

Now we write these by using the total differentiation.

d(x2) + d(3xy) + d(
y3

3
+ 3y) = d(c).

Then,

x2 + 3xy +
y3

3
+ 3y = c �

1.4.1 Exercise

1. Determine the following differential equations are exact or not. If exact, find the general solution.
(a) (x2 + y2)dx+ 2xydy = 0 (b) (yexy + 2xy)dx+ (xexy + x2)dy = 0
(c) (1 + xy2)dx+ (x2y + y)dy = 0 (d) (y2 − x2)dx+ 2xydy = 0

2. Solve the initial value problem.
(a) x2dx+ yeydy = 0, y(0) = 1
(b) (exy + sin y)dx+ (ex + x cos y)dy = 0, y(0) = 1
(c) (cosx sinx− xy2)dx− y(x2 − 1)dy = 0, y(0) = 2
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1.5 Integrating Factor

Integrating factor� �
Suppose that M(x, y)dx+N(x, y)dy = 0 is not exact differential equation. If

µ(x, y)M(x, y)dx+ µ(x, y)N(x, y)dy = 0

is exact differential equation provided µ(x, y) ̸≡ 0, then µ(x, y) is called the inte-
grating factor.� �
In general, an integrating factor is not unique. For example, a function x−2 and y are the integrating

factor of the following differential equation

2xdx+
x2

y
dy = 0.

Now the question is how to find a integratin factor. Suppose that

µ(x, y)M(x, y)dx+ µ(x, y)N(x, y)dy = 0

is exact. Then
∂(µM)

∂y
=

∂(µN)

∂x

Rewrite this to get

N
∂µ

∂x
−M

∂µ

∂y
= µ(

∂M

∂y
− ∂N

∂x
)

This partial differential equation is hard to solve. Thus we concentrate on the special cases.

µ(x, y) = µ(x)� �
For µ(x, y) = µ(x), M ∂µ

∂y = 0. Thus,

N
∂µ

∂x
= µ(

∂M

∂y
− ∂N

∂x
)

Then
1

µ
dµ =

1

N
(
∂M

∂y
− ∂N

∂x
)dx.

Note that if
1

N
(
∂M

∂y
− ∂N

∂x
)

is a function of x only, then the integrating factor is given by

µ(x) = exp{
∫

1

N
[My −Nx]dx}

� �
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µ(x, y) = µ(y)� �
For µ(x, y) = µ(y), N ∂µ

∂x = 0. Thus,

−M
∂µ

∂y
= µ(

∂M

∂y
− ∂N

∂x
)

Then
1

µ
dµ = − 1

M
(
∂M

∂y
− ∂N

∂x
)dy.

Note that if
1

M
(
∂M

∂y
− ∂N

∂x
)

is a function of y only, then the integrating factor is given by

µ(y) = exp{−
∫

1

M
[My −Nx]dy}

� �
Note that since we are looking for one integrating factor, we ignore the constant.

Example 1.14 Find the general solution of (2x2 − y)dx+ (x2y + x)dy = 0.

SOLUTION Note that My = −1, Nx = 2xy + 1. Thus, this differential equation is not exact. Then we
calculate (1/N)[My −Nx].

1

N
[My −Nx] =

1

x2y + x
[−1− (2xy + 1)] = − 2(xy + 1)

x(xy + 1)
= − 2

x
.

This is a function of x only. Then the integrating factor is

µ = exp(−
∫

2

x
dx) = exp(−2 log |x|) = 1

x2

Now multiply this to the original differential equation to obtain

(2− y

x2
)dx+ (y +

1

x
)dy = 0.

This is exact differential equation and we solve by the grouping method.

2dx− (
y

x2
dx− 1

x
dy) + ydy = 0

Thus the general solution is

2x+
y

x
+

y2

2
= c �

Example 1.15 Find the general solution of (4xy2 + 6y)dx+ (5x2y + 8x)dy = 0.

SOLUTION Since My = 8xy + 6, Nx = 10xy + 8, the given differential equation is not exact. Now
My − Nx = −2(xy + 1). Thus neither (1/N)[My − Nx] nor (1/M)[My − Nx] is a function of x only or y
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only. Then we must find an integrating factor by the different method. My and Nx are polynomials. Then
we let µ be xmyn. If xmyn is an integrating factor, then

(4xm+1yn+2 + 6xmyn+1)dx+ (5xm+2yn+1 + 8xm+1yn)dy = 0

must be an exact differential equation.

∂M

∂y
= 4(n+ 2)xm+1yn+1 + 6(n+ 1)xmyn

= 5(m+ 2)xm+1yn+1 + 8(m+ 1)xmyn =
∂N

∂x

Compare these equations to get

4(n+ 2) = 5(m+ 2), 6(n+ 1) = 8(m+ 1)

Solving the system of equations to get n = 3,m = 2. Thus

(4x3y5 + 6x2y4)dx+ (5x4y4 + 8x3y3)dy = 0

is an exact differential equation, and the general solution is

x4y5 + 2x3y4 = c �

1.5.1 Exercise

1. Find the general solution of the following differential equations.
(a) (x− y2)dx+ 2xydy = 0 (b) (5xy + 4y2 + 1)dx+ (x2 + 2xy)dy = 0
(c) (2xy2 + y)dx+ (2y3 − x)dy = 0 (d) (2x+ tan y)dx+ (x− x2 tan y)dy = 0

2. Find the general solution of the following differential equations.
(a) (2y2 − xy)dx+ (2x2 − 3xy)dy = 0 (b) (y4 + 2x3y)dx− (x4 + 2xy3)dy = 0
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1.6 Linear Differential Equations

Linear differential equation� �
Given a 1st order linear differential equation in the normal form

y′ + P (x)y = Q(x)

Write in the differential form

(P (x)y −Q(x))dx+ dy = 0

Then
My = P (x), Nx = 0

and (1/N)[My −Nx] = P (x) is a function of x only. Thus,

µ = e
∫
P (x)dx

Now multiplying µ(x) = e
∫
P (x)dx to the normal form y′ + P (x)y = Q(x) to get

y′e
∫
P (x)dx + P (x)ye

∫
P (x)dx = Q(x)e

∫
P (x)dx

The left-hand side is the derivative of ye
∫
P (x)dx. Thus

ye
∫
P (x)dx =

∫
Q(x)e

∫
P (x)dxdx+ c.

Therefore the general solution is given by

y = e−
∫
P (x)dx(

∫
Q(x)e

∫
P (x)dxdx+ c)

� �
The 1st order linear differential equation can be solved by using the above formula. But it is much

easier to use the integrating factor e
∫
P (x)dx.

Example 1.16 Find the general solution of y′ + 2
x
y = x.

SOLUTION We find the integrating factor.

µ = e
∫ 2

x dx = e2 log x = x2.

Now multiplying the integrating factor to both sides.

x2y′ + 2xy = x3.

Now
d(x2y)

dx
= x3.
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Integrating both sides to get

x2y =

∫
x3dx =

x4

4
+ c.

Thus the general solution is

y =
x2

4
+

c

x2
�

RLS circuit� �
In a RLC circuit, the volatage drop by the circuit current i at the resistance R(Ω), at the inductance
L(H), and at the capacitance C(F) is given by

1. vR = Ri

2. vL = L
di

dt

3. vC =
1

C

∫
idt

E

R L

C

i

Figure 1.1: RLC AC circuit

Then by Kirchhoff’S 2nd law,
vR + vL + vC = E.

or

L
di

dt
+Ri +

1

C

∫
idt = E.� �

Example 1.17 Find the value of corrent i runs through the RL circuit, where R,L,E are constant,
i(0) = I0

SOLUTION By Kirchhoff’s voltage law,

L
di

dt
+Ri = E.

Write in the normal form
di

dt
+

R

L
i =

E

L
.

Now the integrating factor µ is eRt/L. Then multiplying µ to both sides of the equation.

eRt/L(L
di

dt
+Ri) =

E

L
eRt/L.
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Note that the left-hand side of the equation is the derivative of the integrating factor times the independent
variable i. Thus

d(eRt/Li) =
E

L
eRt/Ldt.

Thus the general solution is

i =
E

R
+ ce−Rt/L

Now using the initial value i(0) = I0, we have c = I0 − (E/R). Therefore,

i =
E

R
+ (I0 −

E

R
)e−Rt/L �

1.6.1 Exercise

Find the general solution of the following differential equations.
(a) y′ cosx− y sinx+ ex = 0 (b) y′ + 2xy = 2x
(c) xy′ + y = x sinx (d) xy′ + (1 + x)y = e−x sin 2x

2. Solve the following initial problems.
(a) y′ + (cosx)y = e− sin x, y(0) = 2
(b) (x log x)y′ − y = log x, y(e) = −1

(c) y′ + y = f(x), y(0) = 0, f(x) =

{
1, 0 ≤ x < 1
0, x ≥ 1

(d) y′ + (tanx)y = cos2 x, y(0) = −1

3. Find i(t), where R = 10Ω, E = 20V,L =

{
5− t, 0 ≤ t ≤ 5

0, 5 ≤ t
closed cicuit with i(0) = 0.
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1.7 Bernoulli, Riccati Equation

Bernoulli equation� �
If a differential equation is written in the form

y′ + P (x)y = Q(x)yα (α ̸= 0, 1),

then it is called the Bernoulli’s equation. we first get rid of yα by multiplying
y−α to both sides of equation.

y−αy′ + P (x)y(1−α) = Q(x)

Now let
u = y(1−α)

Then u = y(1−α),u′ = (1− α)y−αy′ implies

1

(1− α)
u′ + P (x)u = Q(x).

Note that this is a 1st order linear.� �
Example 1.18 Find the general solution of y′ + 1

x
y = −x3y2.

SOLUTION This is a Bernoulli’s equation. Then multiply y−2 to both sides of equation.

y−2y′ +
1

x
y−1 = −x3

Now let u = y−1. Then u′ = −y−2y′ and

−u′ +
1

x
u = −x3

This is a linear differential equation in u. So, rewrite this into the normal form.

u′ − 1

x
u = x3

Then µ = e−
∫
1/xdx = e− log x = 1/x. Multiplying µ to both sides of the equation and noting the left-hand

side becomes the derivative of the integrating factor times the independent variable u. Thus we have

d(
u

x
) = x2dt

Integrating both sides to obtain the general solution.

u = y−1 =
x4

3
+ cx �
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df(y)
dy

dy
dx

+ P (x)f(y) = Q(x)� �
Given

df(y)

dy

dy

dx
+ P (x)f(y) = Q(x),

let u = f(y). Then since du
dx = df(y)

dy
dy
dx ,

du

dx
+ P (x)u = Q(x)

� �
Example 1.19 Find the general solution of cos y dy

dx
+ 1

x
sin y = 1.

SOLUTION Let u = sin y. Then du
dx

= cos y dy
dx

. Thus the given differential equation is expressed in the
form

du

dx
+

1

x
u = 1.

This is a linear differential equation in u. Then the integrating factor µ =
∫
e

1
x dx = elog x = x. Now

multiply µ to both sides of the equation to get

d(xu) = xdx

Then xu = 1
2
x2 + c. Solve for u to get

u =
1

2
x+ cx−1.

Since u = sin y,

sin y =
1

2
x+ cx−1 �

Riccati’s equation� �
The differential equation expressed in the form

dy

dx
= A(x)y2 +B(x)y + C(x)

is called the Riccati’s equation. If a solution f(x) is found, then we let y =
f(x) + 1

u . Now
dy
dx = f ′(x)− 1

u2
du
dx . Thus

f ′(x)− 1

u2
du

dx
= A(x)(f(x) +

1

u
)2 +B(x)(f(x) +

1

u
) + C(x)

This is a linear differential equation in u.� �
Example 1.20 Solve the following differential equation provided a solution f(x) = 1.

y′ = (1− x)y2 + (2x− 1)y − x
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SOLUTION This is a Riccati’s equation. Since f(x) = 1 is a solution to the equation. Thus let

y = 1 +
1

u
.

Then y′ = −u′/u2. Substitute this into the differetial equation.

− u′

u2
= (1− x)(1 +

1

u
)2 + (2x− 1)(1 +

1

u
)− x.

Now simplify the equation. Then we have

u′ + u = 1− x

Multiply µ = e
∫
dx = ex to both sides of the equation to get

d(exu) = ex(1− x)dx.

Integrating both sides,

exu = ex − xex + ex + c = 2ex − xex + c

Simplifying to get

u = 2− x+ ce−x.

Since y = 1 + 1/u, we have

y = 1 +
1

2− x+ ce−x
�

1.7.1 Exercise

1. Find the general solution of the following differential equations.
(a) xy′ − y = −y2 (b) xy′ + y = y2 log x
(c) y′ − y cosx+ y2 cosx = 0

2. Solve the following differential equations.
(a) yy′ + y2 + 4x(x+ 1) = 0 (b) (y + 1)y′ + x(y2 + 2y) = x

3. Solve the following differential equations.
(a) x2y′ = −x2y2 − 4xy − 2, provided a solution f(x) = −2/x
(b) xy′ = y − xy2 + x3
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1.8 Clairaut’ equation

Clairaut’s equation� �
In mathematics, a differential equation of the form

y = xy′ + f(y′)

is called the Clairaut’s equation. To solve such a problem, we differentiate with
respect to x, yielding

y′ = y′ + xy′′ + f ′(y′)y′′

Then (x + f ′(y′))y′′ = 0. Thus, either y′′ = 0 or x + f ′(y′) = 0. In the former
case, y′ = c for some constant. Substituting this into the Clairaut’s equation, we
have the family of straight line functions given by y(x) = cx+ f(c). The latter case

x+ f ′(y′) = 0. We let

{
x = −f ′(t)
y = −tf ′(t) + f(t)

, where t is a parameter. Then

dy

dx
=

dy
dt
dx
dt

=
−tf ′′(t)

−f ′′(t)
= −t

Thus, y = −tf ′(t) + f(t) = dy
dxx+ f( dydx) = xp+ f(p). Then this is a solution to the

Clairaut’s equation. If x = −f ′(t) has a solution t = h(x), then y = xh(x)+f(h(x))
and a singular solution to y = xp+ g(p).� �
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d’Alembert’s equation� �
A differntial equation of the form

y = xf(y′) + g(y′),

where f and g are function of y′, is called D’Alembert equation. To solve the
D’Alembert’s equation, we differentiate with respect to x.

y′ = f ′(y′) + xf ′(y′)y′′ + g′(y′)y′′

Rewriting
y′ − f ′(y′) = (xf ′(y′) + g′(y′))y′′

Now write this equation as

dx

dy′
=

f ′(y′)

y′ − f ′(y′)
+

g′(y′)

y′ − f ′(y′)

Then this is a linear differential equation with dependent variable x and independent
variable in y.� �
We use the following symbol for simplicity.

p = y′ =
dy

dx

Then the Clairaut’s equation is expressed in the form

y = xp+ f(p)

and the D’Alembert’s equation is expressed in the form

y = xf(p) + g(p)

Example 1.21 Solve the following differential equation.

p2 + (2x− y2)p− 2xy2 = 0

SOLUTION We solve for p. By factorization, we obtain (p+ 2x)(p− y2) = 0. This equation is satisfied
by either p+ 2x = 0 or p− y2 = 0. Note that the general solution of p+ 2x = 0 is y + x2 + C = 0. Also,
p− y2 = 0 is separable differential equation. Thus we obtaine the general solution xy+Cy+ 1 = 0. Form
this the general solution is

(y + x2 + C)(xy + Cy + 1) = 0

Example 1.22 Solve the defferential equation xp2 − 2yp = x.

SOLUTION Solve for p. Then by the quadratic formula, we have

p =
y ±

√
y2 + x2

x
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Since p = dy
dx

, this is homogeneous. Let y = vx. Then v + x dv
dx

= v ±
√
1 + v2. Thus∫

dv√
1 + v2

= ±
∫

dx

x

log |v +
√

1 + v2| = ± log |x|+ C

log | y
x
+

√
1 + (

y

x
)2| ∓ log |x| = C

Therefore,
y ∓

√
x2 + y2 = C

From this, we have the general solution

(y −
√

x2 + y2 − C)(y +
√

x2 + y2 − C) = 0

or

y =
C2 − x2

2C
=

C

2
− x2

2C

Example 1.23 Solve the differntial equation y = xp+ p−1, where y(1) = 2

SOLUTION This is a Clairaut’s equation. We first differentiate with respect to x.

p = p+ x
dp

dx
− p−2 dp

dx
= p+ (x− p−2)

dp

dx

Simplifying to get

(x− p−2)
dp

dx
= 0

From this, we have dp
dx

= 0 or x = p−2. For the first case, we have p = c a some constant. Thus

y = xc+
1

c

Since y(1) = 1, we have 2 = 1 + 1
c
. Thus

y = x+ 1

For the second case, put x = p−2 into the original equation. Then

y = p−1 + p−1 = 2p−1

Rewrite this,

p =
2

y

Thus
ydy = 2dx

y2

2
= 2x+ c

Thus,
y2 = 4x+ c

Since y(1) = 2, we have 4 = 4 + c. Therefore, the singular solution is

y2 = 4x
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Example 1.24 Solve the differential equation yp2 + 2xp = y.

SOLUTION We first solve for x. Then x = y( 1
2p

− p
2
). Now differentiate with respect to y, Then

1

p
= p(

1

2p
− p

2
)− y(

1

2p2
+

1

2
)
dp

dy

Thus,

dp

dy
= −

1+p2

2p

y( 1+p2

2p2
)
= −p

y

Simplifying to get dp
p

= − dy
y
. Then log |p| = − log |y| + C, py = C. From this, we have yp2 + 2xp = y.

Delete p and we have the general solution

C2 + 2xC = y2

Example 1.25 Solve the differential equation x = 2p+ log |p|.

SOLUTION We differentiate with respect to y.

1

p
= 2

dp

dy
+

1

p

dp

dy
= (2 +

1

p
)
dp

dy

Then
(2p+ 1)dp = dy

Integrate with respect y
p2 + p+ C = y

Thus the general solution is given p as a parameter,

x = 2p+ log |p|, y = p2 + p+ C

1.8.1 Exercise

1. Solve the following differential equations, where p = dy
dx

.

(a) p2 − y2 = 0 (b) p2 − 5p+ 6 = 0
(c) y2 + xyp− x2p2 = 0 (d) xy(1− p2) = (x2 − y2)p
(e) (x+ 2y)p3 + 3(x+ y)p2 + (2x+ y)p = 0

(f) p3 − 2p2 + (2y − x2 − y2

x2 )p− 2(2y − x2 − y2

x2 ) = 0

2. Solve the following differential equations, where p = dy
dx

.

(a) 2x3 = x4p+ p3 (b) y + p2 − 5xp+ 5x2 = 0
(c) x4p2 − xp− y = 0 (d) y = xp+ log p2

(e) x2 = 1 + p2

1.9 Numerical Solutions

We consider the 1st order differential equation y′ = f(x, y). We can think of y′ as the slope of the tangent
line at (x, y). Then consider the line starting at (x0, y0) with the slope f(x0, y0). To draw this as graph,
we first draw a curve f(x, y) = c. This curve is called isocline. Now we plot points on the curve, and at
each point we draw a short pointed line with the slope f(x, y). The collection of these pointed lines are
called direction field of the differential equation y′ = f(x, y).
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Up to this point, we try to find the general solution. Thus we ignore the singular solution. In this
section, we treat the singular solution using the direction field. A general solutin with a singular solution
is called the complete solution.

Example 1.26 Find the complete solution of y′ =
√

1− y2.

SOLUTION We first find the general solution.

dy√
1− y2

=

∫
dx

sin−1 y = x+ c

y = sin (x+ c)

We note that the derivative of right-hand side becomes negative. Thus the derivative of left-hand side
y′ becomes negative. But by the give differential equation, y′ never becomes negative. Then we draw
directional fiels using isocline lines .

x

y

-1

1

Figure 1.2: solutio curve

From this, y ≡ 1 and y ≡ −1 are solutions. Also, y = 1と y = −1are connected with sin curve. Thus
the complete solution is y = 1 or y = −1 or

y =


−1, x+ c ≤ −π

2

sin (x+ c), −π
2
≤ x+ c ≤ −π

2

1, x+ c ≥ π
2

�

We next consider the way to obtain numerical solution from the graph. The idea is to draw a line
with the slope f(x0, y0) at the starting point (x0, y0). Then the equation of line is given by

y = f(x0, y0)(x− x0) + y0.

Then take the next point as x1 = x0 + h and y1 = f(x0, y0)h + y0. Now with the point (x1, y1) and the
slope f(x1, y1), we get

y = f(x1, y1)(x− x1) + y1.

Repeat this until we reach the given value of x.
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Example 1.27 Given y′ = y + x2, y(0) = 1, find the value of y(3) provided h = 1.

SOLUTION Since (x0, y0) = (0, 1), we have y = 1 + x. Now since (x1, y1) = (1, 2), we have y = 3x− 1.
Finally, for (x2, y2) = (2, 5), we have y = 9x− 13. Thus, y(3) = 14. Note that this differential equation is
linear. Thus we can find the general solution. y = 3ex − x2 − 2x− 2. Then y(3) = 3e3 − 17

.
= 43.3 �

As you noticed, the error by the approximation lines is large. To make the error small, we must use
smaller h. The smaller the h, the more calsulation for computation. Then we use computer to calculate.

Euler’s methos� �
The more useful technique is known as Euler’s method.
The approximated solution of

y′ = f(x, y), y(a) = b

can be obatinded by the following method.

x0 = a y0 = b
x1 = a+ h y1 = y0 + f(x0, y0)h
x2 = a+ 2h y2 = y1 + f(x1, y1)h
...

...
xn = a+ nh yn = yn−1 + f(xn−1, yn−1)h� �

1.9.1 Exercise

1. Find the direction field and solution curve through the points (1, 0), (0, 1), (1, 1).
(a) y′ = y
(b) y′ − xy + 1 = 0
2. Find the approximated solution of the following initial value problem by using Euler’s method.
(a) For y′ = x+ y, y(0) = 0, find y(3) provided h = 1
(b) For y′ = x2, y(1) = 2, find y(4) provided h = 1

2



Chapter 2

Linear Differential Equations

2.1 Solution of linear differential equation

nth-order linear differential equation� �
The differential equation of the form

y(n) + an−1(x)y
(n−1) + · · ·+ a1(x)y

′ + a0(x)y = f(x)

is called the nth-order linear differential equation. ai(x) is called the coeffi-
cient function. f(x) is called the input function.
If f(x) ≡ 0, then the differntial equation is called the homogeneous equation.� �
We denote the left-hand side as L(y). Then the differential equation is expressed as

L(y) = f(x)

L is called the differential operator and has linearlity. That is for any solutions y1, y2 and constants
c1, c2,

L(c1y1 + c2y2) = c1L(y1) + c2L(y2)

� �
Theorem 2.1 The solutions of homogeneous differential equations form a vector
space.� �
We review the vector space.

27
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Vector space� �
A sum of two vectors A and B is expressed as A + B and is equal to the diagonal
of the parallelogram formed by A and B.

A A A

B

A+B
C

2C

-C

Figure 2.1: vector addition and scalar multiplication

1. A sum of two vetors is a vector (closure)
2. For any vectors A and B,A+B = B+A (commutative law)
3. For any vectors A,B,C, (A+B)+C = A+(B+C) (associative law)
4. Given any vector A, there exists a vector 0 satisying A+0 = A (existence of
zero)
5. Given any vector A, there exists a vector B satisfying A+B = 0 (existence of
inverse)
6. A scalar multiplication of a vector is a vector
7. For any real numbers α and β, α(βA) = (αβ)A (associative law)
8. For any real numbers α and β, (α + β)A = αA + βA and for any vectors A
and B, α(A+B) = αA + αB (distributive law)
9. 1A = A; 0A = 0; α0 = 0 (1 is multiplicative identity)� �

piecewise continuous function� �
Let C(a, b) be the set of continuous functions on the interval (a, b). Let PC(a, b)
be the set of piecewise continuous functions on (a, b), a

aA function f(t) is said to be piecewise continuous on the interval [a, b] if the function satisies
the following conditions: (i) f(t) is continuous on the intervval [a, b] except at finite number of
points.
(ii) The left-hand limit and the right-hand limit exist at discontinuous point t0 of f(t).� �
C(a, b) = {f(x) : f(x) is continuous on (a, b)}, PC(a, b) = {f(x) : f(x) is piecewise continuous on

(a, b)}.

For f(x) and g(x) in C(a, b) or PC(a, b), we define the addition on the scalar multiplication as follows:
1. f + g is a function of x whose value is equal to f(x) + g(x).
2. αf is a function of x whose value is equal to αf(x).
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Example 2.1 Given f(x) = x, g(x) = x2, find f + g, 1
2
f, 2g.

SOLUTION (f + g)(x) = f(x) + g(x) = x+ x2

( 1
2
f)(x) = 1

2
f(x) = x

2

(2g)(x) = 2g(x) = 2x2 �
vector space� �

Theorem 2.2 C(a, b) with the operation defined above is a vector space. Then
the function f(x) belongs to C(a, b) is called a vector.� �

Proof The solutions of a homogeneous differential equation are differentiable. Thus, the set of solutions
are the subset of continuous functions. Then to show C(a, b) is a vector space, it is enough to show the
linear combination of the solutions y1 and y2 is a solution. Let L(y1) ≡ 0, L(y2) ≡ 0, y3 = c1y1 + c2y2.
Then

L(y3) = L(c1y1 + c2y2)

= L(c1y1) + L(c2y2)

= c1L(y1) + c2L(y2)

= 0

Thus y3 is again a solution. �
The set of solutions of homogeneous equation becomes a vector space. So, we call this solution space.� �
Theorem 2.3 The basis of the solution space is a set of n independent solutions
of homogeneous differential equation.� �

Wronskian determinant� �
The determinant of the following matrix is called Wronskian determinant. Let y1, y2 be the
solutions of the differential equation. Then

W (y1, y2, . . . , yn) =

∣∣∣∣∣∣∣∣∣
y1, y2, · · · , yn
y′
1, y′

2, · · · , y′
n

...
...

...

y
(n−1)
1 , y

(n−1)
2 , · · · , y

(n−1)
n

∣∣∣∣∣∣∣∣∣ .� �� �
Theorem 2.4 If y1, y2, . . . , yn are the solutions of the homogeneous equation on
the interval [a, b], then W (y1, y2, . . . , yn) is either 0 or never 0 0n the interval [a, b].� �
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Proof For n = 2 Since y1 and y2 are solutions of L(y) = y′′ + a1y
′ + a0y = 0, we have

d

dx
W (y1, y2) =

∣∣∣∣ y′
1 y′

2

y′
1 y′

2

∣∣∣∣+ ∣∣∣∣ y1 y2
y′′
1 y′′

2

∣∣∣∣ = ∣∣∣∣ y1 y2
y′′
1 y′′

2

∣∣∣∣
=

∣∣∣∣ y1 y2
−a1y

′
1 − a0y1 −a1y

′
2 − a0y2

∣∣∣∣
= −a1W (y1, y2).

Thus
d

dx
W (y1, y2) + a1(x)W (y1, y2) = 0.

This is a linear differential equation. Thus the integrating factor µ(x) = exp(
∫ x

x0
a1(t)dt). Multiplying µ

to get
d

dx
(µ(x)W (y1, y2)) = 0

Integrating

W (y1, y2)(x) = c exp(−
∫ x

x0

a1(t)dt) (c : constant).

Now let x = x0. Then c = W (y1, y2)(x0) and

W (y1, y2)(x) = W (y1, y2)(x0) exp(−
∫ x

x0

a1(t)dt)

This becomes 0 or not is obvious �� �
Theorem 2.5 If y1, y2, . . . , yn are solutions of the homogeneous differential equa-
tion on [a, b], then the following conditions are equivalent.
(1) {y1, y2, . . . , yn} are linearly independent on the interval [a, b].
(2) W (y1, . . . , yn) ̸= 0, (x ∈ I)� �

Proof For n = 2, let the linear combination of y1 and y2 be 0. Then

c1y1 + c2y2 = 0.

Differentiate with respect to x. Then
c1y

′
1 + c2y

′
2 = 0

Now using Cramer’s rule to find c1 and c2.

c1 =
0

W (y1, y2)
, c2 =

0

W (y1, y2)
.

If {y1, y2} are linearly independent, then c1 = c2 = 0. Thus, W (y1, y2) ̸= 0. Conversely, if W (y1, y2) ̸= 0,
then c1 = c2 = 0. Thus,{y1, y2} are linearly independent �

Example 2.2 Find the general solution of y(4) = 0.

SOLUTION The dimension of the solution space is 3. y1 = 1, y2 = x, y3 = x2, y4 = x3 are solutions of
the differential equation. So, we need to show they are linearly independent.

W (1, x, x2, x3) =

∣∣∣∣∣∣∣∣
1 x x2 x3

0 1 2x 3x2

0 0 2 6x
0 0 0 6

∣∣∣∣∣∣∣∣ = 12.
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Thus, Wronskian is not 0 and therefore linearly independent. The general solution is

y = c1 + c2x+ c3x
2 + c4x

3 �

Example 2.3 Suppose that y = emx is a solution of L(y) = y′′+3y′+2y = 0. Then find the fundamental
solution.

SOLUTION Since

L(emx) = m2emx + 3memx + 2emx

= emx(m2 + 3m+ 2)

= emx(m+ 1)(m+ 2),

m = −1,−2 implies that L(emx) ≡ 0.

W (e−x, e−2x) =

∣∣∣∣ e−x e−2x

−e−x −2e−2x

∣∣∣∣ = −e−2x ̸= 0

Thus, {e−x, e−2x} are fundamental solutions. �� �
Theorem 2.6 Suppose yp is an particular solution of nthe-order linear differential
equationL(y) = f(x) and yc is the general solution of L(y) = 0. Then y(x) =
yc(x) + yp(x) is the general solution of L(y) = f(x).� �

Proof By the assumption, L(yp) = f(x), L(yc) = 0. Now by the linearlity of L, we have

L(yc + yp) = L(yc) + L(yp) = f(x).

Thus yc + yp is a solution of L(y) = f(x). Since yc(x) contains n constants, yc(x) + yp(x) is the general
solution. �

yc(x) is called the complementary solution. By this theorem, if an particular solution of L(y) = f(x)
is found, then to find the general solution, it is enough to find a complementary solution of L(y) = 0.

Example 2.4 Show x − 1 is an particular solution of y′′ + 3y′ + 2y = 2x + 1. Then find the general
solution.

SOLUTION Since y = x− 1, y′ = 1, y′′ = 0, y′′ + 3y′ + 2y = 2x+ 1. Also, the complementary solution
of L(y) = 0 is given in example2.2. Thus

yc(x) = c1e
−x + c2e

−2x.

Therefore, the general solution is

y(x) = c1e
−x + c2e

−2x︸ ︷︷ ︸
yc

+x− 1︸ ︷︷ ︸
yp

�

If f(x) is given as a sum of f1(x) and f2(x), then it is better to consider L(y) = f1(x) and L(y) = f2(x).
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principal of superposition� �
Theorem 2.7 Suppose that yp1 is a solution of L(y) = f1(x), and yp2 is a solution
of L(y) = f2(x). Then yp1 + yp2 is a solution of L(y) = f1(x) + f2(x).

� �
Proof.

L(yp1 + yp2) = L(yp1) + L(yp2) = f1(x) + f2(x)

For example, to find the general solution of the differential equation

y′′ − 5y′ + 2y = sinx+ x2,

find (1) yc of y′′ − 5y′ + 2y = 0
(2) yp1 of y′′ − 5y′ + 2y = sinx
(3) yp2 of y′′ − 5y′ + 2y = x2

and the linear combination
y = yc + yp1 + yp2

2.1.1 Exercise

1. The following differential equations have the solution of the form emx. Find the n independent solutions
and the general solution. Finally,show the n solutions are linearly independent.
(a) y′′′ + y′′ − 10y′ + 8y = 0 (b) y′′ + 4y′ + 3y = 0
(c) y′′ − y′ = 0 (d) y′′′ − 8y′′ + 7y′ = 0

2. The following differential equations have the solution of the form either cosmx or sinmx. Find the
general solution.
(a) y′′ + 4y = 0 (b) y(4) + 4y′′ + 3y = 0
3. The following differential equations have the solution of the form xm. Find the general solution.
(a) x2y′′ + xy′ − 4y = 0 (b) x2y′′ − xy′ − 3y = 0

2.2 Reduction of order

Reduction of order� �
Let

L(y) = y′′ + a1(x)y
′ + a0(x)y = f(x)

Suppose that a solution y1(x) of L(y) = 0 is known. Then substitute y = u(x)y1(x) into L(y) = f(x).

(u′′y1 + 2u′y′
1 + uy′′

1 ) + a1(x)(u
′y1 + uy′

1) + a0(x)(uy1) = f(x).

or
y1u

′′ + (2y′
1 + a1y1)u

′ + (y′′
1 + a1y

′
1 + a0y1)u = f(x)

Since L(y1) = 0, we note that the coefficient of u is 0. Now let u′ = w. Then we have a 1st order
linear differential equation in w.

y1w
′ + (2y′

1 + a1y1)w = f(x).� �
Example 2.5 Using the y1 = ex is a solution of y′′ − y = 0, find the general solution of

y′′ − y = xex.
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SOLUTION Let y = uy1 = uex. Then y′ = u′ex + uex, y′′ = u′′ex + 2u′ex + uex. Substitute these into
y′′ − y = xex. Then

u′′ex + 2u′ex = xex.

or

u′′ + 2u′ = x.

Now let u′ = w. Then we have the following linear differential equation in w.

w′ + 2w = x

µ = e
∫
2dx = e2x and d(e2xw) = xe2xdx. Integrate this with respect to x to get

e2xw =
1

2
xe2x − 1

4
e2x + c1

Thus,

w = c1e
−2x +

x

2
− 1

4

Now integrate with respect to x

u =

∫
wdx = −c1

2
e−2x +

x2

4
− x

4
+ c2

Since y = uex, the general solution is

y = − c1
2
e−x + c2e

x + (
x2

4
− x

4
)ex �

Example 2.6 Using L(x2) ≡ 0, Reduce the order of the following differential equation

L(y) = y′′′ + 2x2y′′ − 3xy′ + 2y = 0

SOLUTION Let y = ux2. Then y′ = u′x2 +2ux, y′′ = u′′x2 +4u′x+2u, y′′′ = u′′′x2 +6u′′x+6u′. Thus

L(y) = L(ux2) = x2u′′′ + (2x4 + 6x)u′′ + (5x3 + 6)u′ = 0

Now let u′ = w. Then

x2w′′ + (2x4 + 6x)w′ + (5x3 + 6)w = 0 �

2.2.1 Exercise

1. Solve the following differential equation by the reduction of order.
(a) y′′ − 3y′ + 2y = 0, y1 = e2x (b) x2y′′ − 3xy′ + 4y = 0, y1 = x2

(c) y′′ − y = e−x, y1 = e−x (d) y′′ + y = secx, y1 = cosx

2. Suppose y1(x) is a solution of y′′ + a1(x)y
′ + a0(x)y = 0. Then an another solution y2(x) is given by

y2(x) = y1(x)

∫
e−

∫
a1(x)dx

y2
1

dx.

Also, show that {y1 and y2} are linearly independent.
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2.3 Higher order homogeneous linear differential equation

Characteristic equation� �
Note that y = cemx is a complete solution of y′ = my. Then we use y = emx as a candidate for the
solution of the following nth-order linear differential equation.

L(y) = any
(n) + an−1y

(n−1) + · · ·+ a1y
′ + a0y = 0

Then since
L(emx) = anm

nemx + an−1m
n−1emx + · · ·+ a1memx + a0e

mx = 0

emx is a solution of L(y) = 0 if and only if

P (m) = anm
n + an−1m

n−1 + · · ·+ a1m+ a0 = 0

The polynomial P (m) is called the characteristic polynomial, and P (m) = 0 is called the char-
acteristic equation. This way, we only need to solve the polynomial equation P (m) = 0 instead of
solving L(y) =.� �

Example 2.7 Solve the differential equation y′′ + 3y′ + 2y = 0.

SOLUTION The roots of the characteristic equation m2 + 3m+ 2 = 0 are m = −1,m = −2. Then e−x

and e−2x are solutions and by example 2.2, these solutions are linearly independent. Thus, the general
solution is

y = c1e
−x + c2e

−2x �

Distince real roots� �
Theorem 2.8 Suppose that the roots of the characteristic polynomial P (m) = 0
of the nth -order linear differential equation are distinct real rootsm = r1, r2, . . . , rn.
Then the set of solutions {er1x, er2x, · · · , ernx} is a basis for the solution space.

� �
Proof. We show {er1x, er2x, · · · , ernx} are linearly independent by using Wronskian. Then

W =

er1x er2x · · · , ernx

r1e
r1x r2e

r2x · · · rne
rnx

r21e
r1x r22e

r2x · · · r2ne
rnx

...
...

...
...

rn−1
1 er1x rn−1

2 er2x · · · rn−1
n ernx

= er1xer2x · · · ernx

1 1 · · · , 1
r1 r2 · · · rn
r21 r22 · · · r2n
...

...
...

...
rn−1
1 rn−1

2 · · · r2n

Now this determinant is the Vandermonde determinant. Thus we have W = Π1≤i,j≤n−1(rj − ri). Since ri
are distinct real roots, W ̸= 0.

Example 2.8 Suppose the roots of the characteristic equation P (m) = 0 of the 4th-order homogeneous
linear differential equation L(y) = 0 are m = 1, 2, 3, 4. Then find the general solution.
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SOLUTION By the theorem above, {ex, e2x, e3x, e4x} is the basis of the solution space. Thus, the general
solution is the linear combination of {ex, e2x, e3x, e4x}. Therefore,

y = c1e
x + c2e

2x + c3e
3x + c4e

4x �

Example 2.9 Solve the differential equation y′′ − 2y′ + y = 0.

SOLUTION The roots of the characteristic equation m2 − 2m + 1 = 0 are m = 1, 1. Then y1 = ex is
a solution. Since this differential equation is the 2nd-order, we must have another linearly independent
solution. By exercise 2.2.1, y2 can be obtained by

y2 = ex
∫

e−
∫
−2dx

e2x
dx

= ex
∫

e2x

e2x
dx = xex

Thus the general solution is
y = c1y1 + c2y2 = c1e

x + c2xe
x �

Repeated roots� �
Theorem 2.9 Suppose the roots of the characteristic equation P (m) = 0 are k-
fold multiple roots m = r. Then xnerx, (n = 0, 1, . . . , k − 1) are the solutions of
the differential equation L(y) = 0. Furthermore, the set of solutions {xnerx : n =
0, 1, . . . , k − 1)} is a basis of the solution space.

� �
Proof Denote D = d

dx
. Then we can express

L(y) = any
(n) + an−1y

(n−1) + · · ·+ a1y
′ + a0y

as
L(D)y = (anD

n + an−1D
n−1 + · · ·+ a1D + a0)y

Since L(emx) = emxP (m), we have L(D)emx = emxP (m). Now evaluate Di(xnemx). Then

Di(xnemx) = emx(D +m)ixn

Then
L(D)xnemx = emxP (D +m)xn.

Thus for m = r is k-fold multiple roots, L(D) = (D − r)k and

L(D)xnerx = erxDkxn = 0 (n = 1, 2, . . . , k − 1).

Next we show xnerx (n = 0, 1, . . . , k − 1) are linearly independent.

c1e
rx + c2xe

rx + · · ·+ ck−1x
k−1erx = 0

Since rrx ̸= 0, we have
c1 + c2x+ c3x

2 + · · ·+ ck−1x
k−1 = 0.

Thus, c1 = c2 = c3 = · · · = ck−1 = 0. �
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Example 2.10 If the roots of the characteristic equation P (m) = 0 of the 4th-order linear differential
equation L(y) = 0 are m = −3,−3,−3,−3, then find the general solution.

SOLUTION By the theorem 2.9, e−3x, xe−3x, x2e−3x, x3e−3x are linearly independent solutions of L(y) =
0. Thus the general solution is

y = c1e
−3x + c2xe

−3x + c3x
2e−3x + c4x

3e−3x �

Complex roots� �
Let the coefficients of L(y) be real. If a+ bi is the root of the characteristic equation P (m) = 0, then
the conjugate a− bi is also a root. Thus,

y1 = e(a+bi)x, y2 = e(a−bi)x

are solutions of L(y) = 0. Now by the Euler’s formula, eiθ = cos θ + i sin θ, and the linearlity of
solutions

y3 =
y1 + y2

2
= eax cos bx,

y4 =
y1 − y2

2i
= eax sin bx

are solutions of L(y) = 0. It is not hard to show {y3 and y4} are linearly independent. Thus, the
basis of the solutions corresponding to k-fold multiple roots of complex numbers is

{eax cos bx, eax sin bx, xeax cos bx, xax sin bx, . . . , xk−1eax cos bx, xk−1eax sin bx}.� �
Example 2.11 Solve the differential equation y′′ + 2y′ + 4y = 0.

SOLUTION The roots of the characteristic equation m2 + 2m+ 4 = 0 are m = −1± i
√
3. Then

{e−x cos
√
3x, e−x sin

√
3x}

is the fundamental solution. Thus the general solution is

y = c1e
−x cos

√
3x+ c2e

−x sin
√
3x �

The mass of the object is m, the spring constant is k, The force loss due to friction of dashpot is
proportional to the speed of the object dy/dt. Then the forces acting on the object is given by

y
y

F

t=0

t>t0

Figure 2.2: vibration of spring
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1. F1 = mg the gravitational force
2. F2 = −ky the restoring force by the spring

3. F3 = −a dy
dt

(a > 0) force due to friction
4. F4 = F (t) the external force

Now using the Newton’s 2nd law, we have

m
d2y

dt2
= mg − ky − a

dy

dt
+ F (t).

or

m
d2y

dt2
+ a

dy

dt
+ ky = F (t) +mg

Now note that when the external force F (t) = 0, ky0 = mg. Then for y + y0, we have

m
d2y

dt2
+ a

dy

dt
+ k(y + y0) = F (t) +mg

Therefore, when the system is at equilibrium with gravity, we can ignore the gravity and

m
d2y

dt2
+ a

dy

dt
+ ky = F (t)

Example 2.12 Suppose that the massless spring is hanging from the ceiling. When you attached a small
object weighing 30g to its lower end, it stretched 2cm. From this position you have stretched the spring
5cm and release. Find the motion of the spring.

SOLUTION By Hooke’s law, we have the spring constant k = 30/2 = 15. Then by the Newton’s 2nd
law, we have

30
d2y

dt2
+ 15y = 0

This is the 2nd-order linear differential equation. The characteristic equation is

m2 +
1

2
= 0.

Solve this to get m = ± i√
2
. Thus,

y = c1 cos
t√
2
+ c2 sin

t√
2
.

Now using the initial conditions y(0) = 5, y′(0) = 0, we have

y = 5 cos
t√
2
�

2.3.1 Exercise

1. Find the fundamental solutions of the following differential equations.
(a) y′′ + 9y = 0 (b) y′′′ + y = 0

(c) y′′′ − 3y′ − 2y = 0 (d) y(5) + 18y′′′+ 81y′ = 0
2. Find the general solutions.
(a) The roots of the characteristic equation of the 4th-order linear homogeneous differential equation are
m = −2, 1, 1, 1
(b) The roots of the characteristic equation of the 6th-order linear homogeneous differential equation are
m = 0, 0,−1± 2i,−1± 2i
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3. Solve the following initial value problems.
(a) y′′ − y = 0, y(0) = 1, y′(0) = 1
(b) y′′ − 6y′ + 9y = 0, y(0) = 1, y′(0) = 2
(c) y′′′ + 7y′′ + 19y′ + 13y = 0, y(0) = 0, y′(0) = 2, y′′(0) = −12
(d) y(4) + 2y′′′ + 10y′′ = 0, y(0) = 5, y′(0) = −3, y′′(0) = 0, y′′′(0) = 0

2.4 Method of undetermined coefficients

How to find the particular solutions of L(y) = f(x)� �
Suppose that f(x) is the solution of the homogeneous linear differential equation. Let D = d

dx
. Then

L(y) = any
(n) + an−1y

(n−1) + · · ·+ a1y
′ + a0y = f(x)

can be expressed as

L(D)y = (anD
n + an−1D

n−1 + · · ·+ a1D + a0)y = f(x)

Now since f(x) is the solution of the homogeneous linear differential equation, there exists a polynomial
H(D) satisfying H(D)f(x) = 0. Let yp be the particular solution of L(D)y = f(x). Then

H(D)L(D)yp = H(D)f(x) = 0

Thus to find yp, all we need to find is solutions of H(D)L(D)y = 0 satisfying L(D)y = f(x). This
method is called the method of undetermind coefficient.� �

f(x) = xm =⇒ H(D)f(x) = Dm+1xm = 0

f(x) = eax =⇒ H(D)f(x) = (D − a)eax = 0

f(x) = eax cos bx =⇒ H(D)f(x) = (D2 − 2aD + a2 + b2)eax cos bx = 0

f(x) = eax sin bx =⇒ H(D)f(x) = (D2 − 2aD + a2 + b2)eax sin bx = 0

Example 2.13 Solve the differential equation L(y) = y′′ − y′ − 2y = 2e3x.

SOLUTION The characteristic equation of L(y) = 0 is m2 −m− 2 = 0. Then the roots of characteristic
equation are m = −1, 2. Then the complementary solution yc is

yc = c1e
−x + c2e

2x

Now we find the particular solution yp using the method of undetermined coefficients. Let D = d
dx

. Then
since f(x) = 2e3x, let H(D) = D − 3. Then H(D)2e3x = 2(D − 3)e3x = 0. Thus yp is a solution of

(H(D)L(D))y = 2(D − 3)(D2 −D − 2)y = 0

The characteristic equation of this is 2(m − 3)(m2 − m − 2) = 0. Thus the fundamental solutions are
e3x, e−x, e2x. Since e−x, e2x satisfy L(D)y = 0. Thus we set yp as

yp = Ae3x

Now put this back into L(D)y = 2e3x. Then

L(D)Ae3x = (Ae3x)′′ − (Ae3x)′ − 2(Ae3x) = 4Ae3x = 2e3x
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From this, we have A = 1
2
. Thus yp = 1

2
e3x and the general solution is

y = yc + yp = c1e
−x + c2e

2x +
1

2
e3x �

Example 2.14 Solve the differntial equation L(y) = y′′ − y′ − 2y = e−x.

SOLUTION The characteristic equation of L(y) = 0 is given by m2 − m − 2 = 0. Thus we have
m = −1, 2. Then the complementary solution yc is

yc = c1e
−x + c2e

2x

We next find yp using the method of undetermined coefficients. Since H(D)e−x = (D+1)e−x = 0, yp is a
solution of

H(D)L(D)y = (D + 1)(D2 −D − 2)y = (D + 1)2(D − 2)y = 0

Then the fundamental solutions are e−x, xe−x, e2x. But e−x, e2x are solution of L(y) = 0. Thus we set

yp = Axe−x

Put this back into L(D)y = e−x. Then

L(D)Axe−x = −3Ae−x = e−x

Thus,

yp = −1

3
xe−x,

and the general solution is

y = c1e
−x + c2e

2x − 1

3
xe−x �

Example 2.15 Solve the differential equation L(y) = y′′ + 2y′ = ex − x2.

SOLUTION The characteristic equation of L(y) = 0 is m2 + 2m = 0. Then we have m = 0,−2. Thus,
the complementary solution yc is

yc = c1 + c2e
−2x

Now to find yp, we find the particular solution yp1 of L(D)y = ex and yp2 of L(D)y = x2. Then yP is
given by yp = yp1 + yp2 .

The particular solution yp1 of L(D)y = ex can be found by setting yp1 = Aex. Also the particular
solution yp2 of L(D)y = x2can be found by setting

H(D)L(D)y = (D3D(D + 2))y = 0

Then 1, x, x2, x3, e−2x are the fundamental solutions.But 1 and e−2x are complementary solutions. Thus
set

yp2 = Bx+ Cx2 +Dx3

Now let yp = yp1 + yp2 and substitute into L(D)y = ex − x2. Then L(D)(Aex + Bx + Cx2 + Dx3) =
3Aex + 2C + 2B + (6D + 4C)x = ex − x2. Thus A = 1

3
, B = − 1

4
, C = 1

4
, D = − 1

6
. Therefore, the general

solution is

y = c1 + c2e
−2x +

1

3
ex − 1

4
x+

1

4
x2 − 1

6
x3 �
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2.4.1 Exercise

1. Solve the following differential equation using the method of undetermined coefficient.
(a) y′′ − 4y′ + 4y = ex (b) y′′ − 4y′ + 4y = e2x

(c) y′′ + 4y = sin 2x (d) y′′ − 3y′ + 2y = ex + e2x + e−x

(e) y′′′ − 3y′ − 2y = e2x sin 2x (f) y(4) + 2y′′ + y = x2ex

2.5 Variation of parameters

variation of parameters for the 2nd-order linear differential equation� �
Consider

L(y) = y′′ + a1y
′ + a0y = f(x)

y1 and y2 be the fundamental solution of L(y) = 0. Let the particular solution be as follows

yp = u1y1 + u2y2

Here u1(x) and u2(x) are undeterminded functions. To find u1(x) and u2(x), we need two conditions.
The first condition is that yp = u1y1 + u2y2 is a solution of L(y) = f(x). The second condition is to
make the calculation simple, that is,

u′
1y1 + u′

2y2 = 0

To satisfy the 1st condition, we find y′, y′′ and substitute into L(y) = f(x). Then

y′ = u′
1y1 + u1y

′
1 + u′

2y2 + u2y
′
2

Now use the second condition u′
1y1 + u′

2y2 = 0,

y′ = u1y
′
1 + u2y

′
2

Thus
y′′ = u′

1y
′
1 + u1y

′′
1 + u′

2y
′
2 + u2y

′′
2

Substitute these into L(y) = y′′ + a1y
′ + a0y = f(x). Then

(u′
1y

′
1 + u1y

′′
1 + u′

2y
′
2 + u2y

′′
2 ) + a1(u1y

′
1 + u2y

′
2) + a0(u1y1 + u2y2) = f(x)

Simplifying

(u′
1y

′
1 + u′

2y
′
2) + u1(y

′′
1 + a1y

′
1 + a0y1) + u2(y

′′
2 + a1y

′
2 + a0y2) = f(x).

Now y1 and y2 are solutons of L(y) = 0. Thus the coefficients of u1 and u2 are 0. Therefore, u′
1 and

u′
1 are solutions of the following system of equation.

u′
1y1 + u′

2y2 = 0

u′
1y

′
1 + u′

2y
′
2 = f(x)

From this, solve for u′
1 and u′

2 and then find u1 and u2.� �
To solve the above system, we use the Cramer’s rule. Then

u′
1 =

−y2f(x)∣∣∣∣ y1 y2
y′
1 y′

2

∣∣∣∣ , u′
2 =

y1f(x)∣∣∣∣ y1 y2
y′
1 y′

2

∣∣∣∣
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Note that the denominator of the above system is Wronskian of y1 and y2. Since y1 and y2 are linearly
independent. Thus by the theorem 2.5, the Wronskian is never 0. Thus we can find u′

1 and u′
2. By

integrating with respect to x, we can find u1 and u2. Thus we can find yp = u1y1 + u2y2.

Example 2.16 Solve the differentiation equation L(y) = y′′ + y = secx.

SOLUTION The characteristic equation of L(y) = 0 is m2+1 = 0 and thus the roots are m = ±i. Then
the complementary solution is

yc = c1 cosx+ c2 sinx

Next we find the particular solution yp. Since f(x) = secx is not a solution of a homogeneous linear
differential equation, we can not use the method of undetermined coefficients. So, we let

yp = u1 cosx+ u2 sinx

Then

u′
1 =

− sinx secx∣∣∣∣ cosx sinx
− sinx cosx

∣∣∣∣ , u′
2 =

cosx secx∣∣∣∣ cosx sinx
− sinx cosx

∣∣∣∣ .
Thus,

u′
1 = − sinx

1

cosx
= − tanx, u′

2 = cosx
1

cosx
= 1

Integrate with respect to x, we have

u1 = log | cosx|, u2 = x

Thus the general solution is

y = yc + yp = c1 cosx+ c2 sinx+ (log | cosx|) cosx+ x sinx �

Variation of parameters for nth-order linear differential equation� �
Suppose that

L(y) = y(n) + an−1(x)y
(n−1) + · · ·+ a1(x)y

′ + a0(x)y = f(x)

Let yc = c1y1 + c2y2 + · · ·+ cnyn be the solution of L(y) = 0. Now replace the constants c1, c2, . . . , cn
by the variables u1, u2, . . . , un. Then

yp = u1y1 + u2y2 + · · ·+ unyn

Now u′
1, u

′
2, . . . , u

′
n satisfy the following system.

u′
1y1 + · · ·+ u′

nyn = 0
u′
1y

′
1 + · · ·+ u′

ny
′
n = 0

...
...

u′
1y

(n−1)
1 + · · ·+ u′

ny
(n−1)
n = f(x)� �

Example 2.17 Solve the following differential equation

y′′′ − y′ =
1

1 + ex
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SOLUTION The characteristic equation of y′′′ − y′ = 0 is m3 −m = 0. Then roots are m = 0,±1. Thus
the complementary solution is

yc = c1 + c2e
x + c3e

−x

Since f(x) = 1/(1 + ex), we use the variation of parameter to find the particular solution. Let

yp = u1 + u2e
x + u3e

−x

Then 
u′
1 + u′

2e
x + u′

3e
−x = 0

u′
2e

x − u′
3e

−x = 0
u′
2e

x + u′
3e

−x = 1
1+ex

By the Cramer’s rule, we have

u′
1 =

∣∣∣∣∣∣
0 ex e−x

0 ex −e−x

1
1+ex

ex e−x

∣∣∣∣∣∣∣∣∣∣∣∣
1 ex e−x

0 ex −e−x

0 ex e−x

∣∣∣∣∣∣
=

1

2

−2

1 + ex
=

−1

1 + ex
,

u′
2 =

∣∣∣∣∣∣
1 0 e−x

0 0 −e−x

0 1
1+ex

e−x

∣∣∣∣∣∣
2

=
1
2
e−x

1 + ex
,

u′
3 =

∣∣∣∣∣∣
1 ex 0
0 ex 0
0 ex 1

1+ex

∣∣∣∣∣∣
2

=
1
2
ex

1 + ex
.

Thus

u1 =

∫
−dx

1 + ex
= −

∫
e−xdx

e−x + 1
= log (e−x + 1),

u2 =

∫ 1
2
e−x

1 + ex
dx =

1

2

∫
(e−x − 1

1 + ex
)dx = −1

2
e−x +

1

2
log (e−x + 1),

u3 =
1

2

∫
ex

1 + ex
=

1

2
log (1 + ex)

Put these back to yp and we have the general solution

y = yc + yp = c1 + c2e
x + c3e

−x − 1

2
+ (1 +

1

2
ex) log (e−x + 1) +

1

2
e−x log (1 + ex) �

2.5.1 Exercise

1. Solve the following differential equation using the variation of parameter.

(a) y′′ + 2y′ + y = e−x

x
(b) y′′ + 4y = tan 2x

(c) y′′ − 4y′ + 4y = e2x

x
(d) y′′ − 3y′ + 2y = 1

1+e−x

(e) y′′′ + y′ = tanx

2. Using the variation of parameter, show the general solution of y′′ + y = f(x) is given by

y = c1 cosx+ c2 sinx+

∫ x

a

f(t) sin (x− t)dt
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2.6 Cauchy-Euler Equation

Cauchy-Euler equation� �
Consider 2nd-order linear differential equation with variable coefficients.

a2x
2y′′ + a1xy

′ + a0y = f(x) (x > 0)

Let x = et. Then for x > 0, we have t = log x and

dy

dx
=

dy

dt

dt

dx
=

1

x

dy

dt
,

Thus

d2y

dx2
=

d

dx
(
1

x
)
dy

dt
+

1

x

d

dx
(
dy

dt
) = − 1

x2

dy

dt
+

1

x
(
d2y

dt2
dt

dx
)

= − 1

x2

dy

dt
+

1

x
(
d2y

dt2
1

x
) =

1

x2
(
d2y

dt2
− dy

dt
).

From this,

x
dy

dx
=

dy

dt
, x2 d

2y

dx2
=

d2y

dt2
− dy

dt
Put these back to the original equation. We have the following linear differential equation with the
constant coefficients.

a2(
d2y

dt2
− dy

dt
) + a1

dy

dt
+ a0y = f(et).� �

The characteristic equation of the Cauchy-Euler equation is given by

a2m
2 + (a1 − a2)m+ a0 = 0

and is called the indicial equation.

There is a simple way to find the indicial equation. Substitute y = xm into the following differential
equation.

a2x
2y′′ + a1xy

′ + a0y = 0(x > 0)

Then we have

a2x
2m(m− 1)xm−2 + a1xmxm−1 + a0x

m = (a2m
2 + (a1 − a2)m+ a0)x

m = 0

Example 2.18 Solve the following differetial equation

x2y′′ − 2xy′ + 2y = 0 (x > 0)

SOLUTION Let x = et and y = xm. Then the indicial equation is m(m − 1) − 2m + 2 = 0. Thus
m = 1, 2. Furtheremore, the indicial equation is the characteristic equation of

d2y

dt2
− 3

dy

dt
+ 2y = 0

The general solution is

y = c1e
t + c2e

2t = c1x+ c2x
2 �
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Example 2.19 Solve the following differential equation

x2y′′ − 2xy′ + 2y = x3 (x > 0)

SOLUTION The example above, we found the complementary solution is yc = c1e
t + c2e

2t. Now
since f(t) = e3t, we find the particular solution by the method of undetermined coefficients. Substitute
yp = Ae3t into

d2y

dt2
− 3

dy

dt
+ 2y = e3t

Then
2Ae3t = e3t

Thus, A = 1
2
and the general solution is

y = c1e
t + c2e

2t +
1

2
e3t

Now since x = et, we have

y = c1x+ c2x
2 +

x3

2
�

2.6.1 Exercise

1. For x > 0, solve the following Cauchy-Euler equation.
(a) x2y′′ + 4xy′ + 2y = 0 (b) x2y′′ + xy′ + 9y = 0
(c) x2y′′ − xy′ − 3y = x2 log x (d) x3y′′′ + x2y′′ − 2xy′ + 2y = x3

(e) x2y′′′ + 5xy′′ + 4y′ = 0

2.7 Differential Operator

Let D = d
dx

. Then we can write

L(y) = any
(n) + an−1y

(n−1) + · · ·+ a1y
′ + a0y = f(x)

as
L(D)y = (anD

n + an−1D
n−1 + · · ·+ a1D + a0)y = f(x)

Then the operator gives the function y for L(D)y = f(x) is called the Inverse operator and is expressed
by

y =
1

L(D)
f(x) = (L(D))−1f(x)

Thus (L(D))−1f(x) applies to the function of f(x) such that

L(D)(L(D)−1f(x)) = f(x)

Basic rule� �
Theorem 2.10 (linearlity) Let α, β be sonstants, f(x), g(x) be functions. Then

L(D)(αf(x) + βg(x)) = αL(D)f(c) + βL(D)g(x)

L(D)−1(αf(x) + βg(x)) = αL(D)−1f(x) + βL(D)−1g(x)� �
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Proof The first one comes from the definition of L(D). The second one comes from the following.

L(D)(αL(D)−1f(x) + βL(D)−1g(x)) = αf(x) + βg(x)

� �
Theorem 2.11 (Basic Formula) Let a be a constant andm be an integer. Then

1

D − a
f(x) = eax

∫
e−axf(x) dx

1

(D − a)m
f(x) = eax

∫∫
· · ·

∫
e−axf(x) dx · · · dxdx (m repeated integrals)

� �
Proof Let (D − a)−1f(x) = y. Then (D − a)y = f(x). Thus

dy

dx
− ay = f(x).

This is a linear differential equation. Thus the integrating factor µ = e
∫
(−a)dx. Multiply the µ both sides

d(e
∫
(−a)dxy) = e

∫
(−a)dxf(x).

Thus

y = e−
∫
(−a)dx

∫
e
∫
(−a)dxf(x) dx = eax

∫
e−axf(x) dx

Repeating this

1

(D − a)2
=

1

D − a

( 1

D − a
f(x)

)
= eax

∫
e−ax(

1

D − a
f(x)) dx

= eax
∫

e−ax(eax
∫

e−axf(x)) dx

= eax
∫∫

e−axf(x) dx
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� �
Theorem 2.12 (Differential Operator Properties)

(1) f(x) = eax =⇒ 1

L(D)
eax =

1

L(a)
eax

(2) f(x) = xm =⇒ 1

1− aD
xm =

(
1 + (aD) + (aD)2 + · · · (aD)m

)
xm

(3) f(x) = cos ax =⇒ 1

L(D2)
cos ax =

1

L(−a2)
cos ax

(4) f(x) = sin ax =⇒ 1

L(D2)
sin ax =

1

L(−a2)
sin ax

(5) f(x) = eaxu(x) =⇒ 1

L(D)
eaxu(x) = eax

1

L(D + a)
u(x)

(6) f(x) = xmu(x) =⇒ 1

L(D)
xmu(x) =

m∑
k=0

(
m

k

)
xm−k

( 1

L(D)

)(k)
u(x)

� �
Example 2.20 Solve the differential equation L(y) = y′′ − y′ − 2y = 2e3x.

SOLUTION The characteristic equation of L(y) = 0 is m2 − m − 2 = 0. Thus roots are m = −1, 2.
Then the complementary solution yc is given by

yc = c1e
−x + c2e

2x

Now we find the particular solution. Since (D2 −D − 2)y = 2e3x, by (1) above

y =
2e3x

D2 −D − 1
=

2e3x

32 − 3− 1
=

2e3x

4
=

e3x

2
.

Thus yp = 1
2
e3x and the general solution is

y = yc + yp = c1e
−x + c2e

2x +
1

2
e3x �

Example 2.21 Solve the differential equation L(y) = y′′ + 4y = sinx.

SOLUTION The characteristic equation of L(y) = 0 is m2 + 4 = 0. Thus m = ±2i. Then the comple-
mentary solution is

yc = c1 cos 2x+ c2 sin 2x

Now we find the particular solution. Since f(x) = sinx, we have (D2 + 4)y = sinx and

y =
sinx

D2 + 4
=

sinx

−12 + 4
=

1

3
sinx.

Example 2.22 Find the particular solution of L(y) = y′′ − 3y′ + 2y = xex



2.7. DIFFERENTIAL OPERATOR 47

SOLUTION Let yp be the particular solution. Then since f(x) = xex, we have

yp =
1

D2 − 3D + 2
(xex) = ex

1

(D + 1)2 − 3(D + 1) + 2
x = ex

1

D2 −D
x

= ex
1

D
· 1

D − 1
x = −ex

1

D

1

1−D
x

= −ex
1

D
(1 +D +D2 + · · · )x = −ex

1

D
(x+ 1) = −ex

(1
2
x2 + x

)





Chapter 3

Systems of differential equations

3.1 Systems of linear differential equation

system of linear differential equation� �
Consider 

x′
1 = a11x1 + a12x2+ · · ·+ a1nxn + f1(t)

x′
2 = a21x1 + a22x2+ · · ·+ a2nxn + f2(t)
...

...
...

x′
n = an1x1 + an2x2+ · · ·+ annxn + fn(t)

Using the coefficient matrix A and the column vector X anf F , we can express

X′ = AX+ F

where

X =


x1(t)
x2(t)
...

xn(t)

 , A =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

...
an1 an2 · · · ann

 , F =


f1(t)
f2(t)
...

fn(t)


� �

The differentiable functions x1, x2, . . . , xn satisfying the above equation is called the solution. When
F = 0, we say that the differential equation is homogeneous equation.

49
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How to solve X′ = AX� �
We will explain how to solve X′ = AX. Let X = Ceλx. Then

λCeλx = ACeλx

Since eλx ̸= 0, we have
AC−Cλ = 0

or
(A− λI)C = 0

Here I denotes the unit matrix of the degree n. Now if C = 0, then the equation is obviously satisfied.
So, we need to find the C ̸= 0 satisfying the above equation. Note that if det(A − λI) ̸= 0, then
C = 0. Thus to find the C ̸= 0, we have to solve det(A− λI) = 0. The λ is called the eigenvalue of
the matrix A and the nonzero C satisfying (A− λI)C = 0 is called the eigenvector for A.� �

Example 3.1 Solve the following differential equation

X′ =

 1 0 1
0 1 −1
1 0 1

X

SOLUTION Let X = Ceλt. Then we have

(A− λI)C = 0 (∗)

Now

det(A− λI) =

 1− λ 0 1
0 1− λ −1
1 0 1− λ

 = λ(1− λ)(λ− 2)

Thus the eigenvalues are λ = 0, 1, 2. Now we find the eigenvector for λ = 0. Substitute λ = 0 into the
equation (*). Then

AC =

 1 0 1
0 1 −1
1 0 1

 c1
c2
c3

 = 0

To solve this system, we use Gaussian elimination.

A =

 1 0 1
0 1 −1
1 0 1

 −R1+R3−→

 1 0 1
0 1 −1
0 0 0


Now we can let c3 = 1. Then c1 = −1, c2 = 1 Thus, the eigenvector C is

 −1
1
1

 and X1 =

 −1
1
1

 is

a solution.
For the eigenvector for λ = 1.

A− I =

 0 0 1
0 0 −1
1 0 0

 R1↔R3−→

 1 0 0
0 0 1
0 0 −1


R2+R3−→

 1 0 0
0 0 1
0 0 0


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Thus, we can take c2 = 1. Then c1 = 0, C3 = 0 and the eigenvector is

 0
1
0

. X2 =

 0
1
0

 et is a

solution. Similarly, we find the eigenvector corresponds to λ = 2

A− 2I =

 −1 0 1
0 −1 −1
1 0 −1


−R1

R1+R3

−R2−→

 1 0 −1
0 1 1
0 0 0



Then we can take c3 = 1 and c1 = 1, c2 = −1. Thus the eigenvector is

 1
−1
1

. X3 =

 1
−1
1

 e2t is

a solution. Since X1,X2,X3 are linearly independent, we have X = c1X1 + c2X2 + c3X3 and the general
solution is

X = c1

 −1
1
1

+ c2

 0
1
0

 et + c3

 1
−1
1

 e2t �

� �
Theorem 3.1 Suppose thatX′ = AX has the n different eigenvalues λ1, λ2, . . . , λn

and corresponding eigenvectors C1,C2, . . . ,Cn. Then the general solution is given
by

X(t) =

n∑
i=1

ciXi(t)

where Xi = Cie
λit (i = 1, 2, . . . , n) are the solutions of X′ = AX and linearly

independent.� �
Proof

W (eλ1t, eλ2t, . . . eλnt) =

∣∣∣∣∣∣∣∣∣
eλ1t eλ2t . . . eλnt

λ1e
λ1t λ2e

λ2t . . . λne
λnt

...
...

...
...

λn−1
1 eλ1t λn−1

2 eλ2t . . . λn−1
n eλnt

∣∣∣∣∣∣∣∣∣
= eλ1teλ2t · · · eλnt

∣∣∣∣∣∣∣∣∣
1 1 . . . 1
λ1 λ2 . . . λn

...
...

...
...

λn−1
1 λn−1

2 . . . λn−1
n

∣∣∣∣∣∣∣∣∣
= Π1≤i<j≤n−1(λj − λi)

Since λ1, λ2, . . . λn are different,
W (eλ1t, eλ2t, . . . , eλnt) ̸= 0 �

The n linearly independent solutions of X′ = AX is called the fundamental solution.

Example 3.2 Solve the following differential equation



52 CHAPTER 3. SYSTEMS OF DIFFERENTIAL EQUATIONS

{
x′
1 = 8x1 + 6x2

x′
2 = −3x1 − 2x2

.

SOLUTION

x′
1 = 8x1 + 6x1

x′
2 = −3x1 − 2x2

or

X′ =

(
8 6

−3 −2

)
X

We find the eigenvalues and eigenvectors.

∣∣∣∣ 8− λ 6
−3 −2− λ

∣∣∣∣ = −16− 6λ+ λ2 + 18 = λ2 − 6λ+ 2 = 0

Thus we have λ = 3 ±
√
7. For λ1 = 3 +

√
7,C1 =

(
−6

5−
√
7

)
. For λ2 = 3 −

√
7,C2 =

(
−6

5 +
√
7

)
.

Thus the general solution is

X(t) = c1

(
−6

5−
√
7

)
e(3+

√
7)t + c2

(
−6

5 +
√
7

)
e(3−

√
7)t �

3.1.1 Exercise

1. Solve the following systems of differential equations.

(a)

{
x′
1 = x1 + 4x2

x′
2 = x1 + x2

(b)

{
x′
1 = 6x1 − 3x2

x′
2 = 2x1 + x2

(c)


x′
1 = x1 + x2 − x3

x′
2 = 2x2

x′
3 = x2 − x3

(d) X′ =

 1 −3 2
0 −1 0
0 −1 −2

X

(e)

{
x′
1 + x′

2 + 2x2 = 0
x′
1 − 3x1 − 2x2 = 0

(f)

{
x′
1 + 6x1 + x′

2 + 3x2 = 0
x′
1 − x′

2 + x2 = 0

3.2 Multiple roots and Complex roots

In the previous section, we consider the case where the eigen equation has the distinct real roots. In this
section, we consider the case of multiple roots and complex roots.
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Complex roots� �
Let X′ = AX, where the matrix A is real matrix. Suppose that λ = a + bi is the eigenvalue and
C = C1 + iC2 (C1,C2real vector) is the eigenvector for λ. Then by the eigenvalue equation

(A− λI)C = 0

The conjugate of the eigenvalue equation satisfies

(A− λI)C = (Ā− λ̄Ī)C̄ = 0

Thus, λ̄ = a − bi is also an eigenvalue and corresponding eigenvector is C̄. Thus, X1 = Ceλt and
X2 = C̄eλ̄t are solutions of X′ = AX. Then the linear combination of X1 and X2 is also a solution.
Therefore,

ℜCeλt = ℜX1 =
X1 +X2

2
= C1e

at cos bt−C2e
at sin bt

and

ℑCeλt = ℑX1 =
X1 −X2

2i
= C1e

at sin bt−C2e
at cos bt

are linearly independent solutions.� �
Example 3.3 Solve the following differential equation

X′ =

 1 0 0
1 0 −2
2 2 0

X.

SOLUTION

det(A− λI) = det

 1− λ 0 0
1 −λ −2
2 2 −λ

 = (1− λ)(λ2 + 4) = 0

Thus we have λ = 1,±2i.

For λ = 1, we find the eigenvector.

A− I =

 0 0 0
1 −1 −2
2 2 −1

 −2R2+R3

R2↔R1−→

 1 −1 −2
0 0 0
0 4 3


1
4
R2

1
4
R2+R1

R2↔R3−→

 1 0 −5/4
0 1 3/4
0 0 0



Note that we c3 can be chosen arbitrary. Thus we let c3 = 4. Then the eigenvector is C =

 5
−3
4

.
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For 2i, we find the corresponding eigenvector

A− 2iI =

 1 + 2i 0 0
1 2i −2
2 2 −2i


−2R2+R3

R1↔R2−→

 1 2i −2
1 + 2i 0 0

0 2− 4i 4 + 2i


−(1+2i)R1+R2

1
4−2i

R2

−(2−4i)
4−2i

R2+R3

−2i
4−2i

R2+R1

−→

 1 0 0
0 1 i
0 0 0



Now c3 is free to choose. Thus the eigenvector is C =

 0
−i
1

. Now we find the real part and imaginary

part of CeλtThen

Ceλt =

 0
−i
1

 e−2it =

 0
−i
1

 (cos 2t− i sin 2t)

=

 0
sin 2t− i cos 2t
cos 2t− i sin 2t

 =

 0
sin 2t
cos 2t


︸ ︷︷ ︸
real part

+i

 0
− cos 2t
− sin 2t


︸ ︷︷ ︸
imaginary part

Thus the general solution is

X(t) = c1

 5
−3
−e2t

+ c2

 0
sin 2t
cos 2t

+ c3

 0
− cos 2t
− sin 2t

 . �
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Multiple roots� �
Let X′ = AX, where the matrix A is real matrix. Suppose that λ is multiple eigenvalues and A is
not diagonalizable. Then cosider X = CeAt. Since

eat = 1 + at+
(at)2

2!
+

(at)3

3!
+ · · · ,

we have the exponential matrix eAt such that

eAt = I + tA+
t2

2!
A2 +

t3

3!
A3 + · · ·

Thus
d

dt
eAt = A+ tA2 +

t2

2!
A3 + · · · = AeAt

and X = CeAt is a solution of X′ = AX.� �
How to find CeAt� �

CeAt = Ce(A−λI)teλt = eλt(C+ t(A− λI)C+
t2

2!
(A− λI)2C

+
t3

3!
(A− λI)3C+ · · ·+ tk

k!
(A− λI)kC+ · · · )

Now note that if k is the least number satisfing (A− λI)kC = 0, then

CeAt = eλt(C+ t(A− λI)C+
t2

2!
(A− λI)2C+ · · ·+ tk−1

(k − 1)!
(A− λI)(k−1)C)� �

Example 3.4 Solve the following differential equation
x′
1 = 2x1 − x2 + 2x3

x′
2 = 2x2 + 2x3

x′
3 = 2x3

SOLUTION Since

det(A− λI) = det

 2− λ −1 2
0 2− λ 2
0 0 2− λ

 = (2− λ)3

then eigenvalues are λ = 2. Now we find the eigenvector C for λ = 2.

A− 2I =

 0 −1 2
0 0 2
0 0 0


−1×R1→R1

1
2
×R2→R2−→

 0 1 −2
0 0 1
0 0 0

 2R2+R3→R3−→

 0 1 0
0 0 1
0 0 0


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Thus C =

 1
0
0

 and the eigenvector is

 1
0
0

 e2t

Since the degree of the matrix A is 3, we have to find three linearly independent solutions. Thus we
need to find C such that

(A− 2I)2C = 0, (A− 2I)C ̸= 0

Since

(A− 2I)2 =

 0 0 −2
0 0 0
0 0 0

 ,

c1, c2 can be chosen arbitrary. Thus we let C =

 α
β
0

. Then (A− 2I)2C = 0. Now we choose α, β such

that (A− 2I)C ̸= 0.

(A− 2I)C =

 0 −1 2
0 0 2
0 0 0

 α
β
0

 =

 −β
0
0

 .

Then we choose β = 1. C =

 0
1
0

 and the second solution is

eAtC = e2te(A−2I)tC = e2t[C+ t(A− 2I)C] = e2t{

 0
1
0

+ t

 0 −1 2
0 0 2
0 0 0

 0
1
0

}

= e2t{

 1
1
0

+

 −t
0
0

} = e2t

 1− t
1
0


For the third solution, we need to find C satisfying

(A− 2I)3C = 0, (A− 2I)2C ̸= 0

Note that (A− 2I)3 = O. Then C =

 α
β
γ

 satisfies (A− 4I)3C = 0. Now

(A− 2I)2C =

 0 0 −2
0 0 0
0 0 0

 α
β
γ

 =

 −2γ
0
0

 .
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Thus we choose γ = 1. Then C =

 0
0
1

 Now calculate the third solution

eAtC = e2te(A−2I)tC

= e2t[C+ t(A− 2I)C+
t2

2!
(A− 2I)2C]

= e2t[

 0
0
1

+ t

 0 −1 2
0 0 2
0 0 0

 0
0
1

+
t2

2!

 0 0 −2
0 0 0
0 0 0

 0
0
1

]

= e2t

 2t− t2

2t
1



Note that

 1
0
0

 ,

 1− t
1
0

 ,

 2t− t2

2t
1

 are linearly independent. Thus

X = e2t[c1

 1
0
0

+ c2

 1− t
1
0

+ c3

 2t− t2

2t
1

] �

3.2.1 Exercise

1. Solve the following differential equation.

(a)

{
x′
1 = 6x1 + 8x2

x′
2 = −x1 + 2x2

(b)

{
x′
1 = 2x1 − x2

x′
2 = 4x1 + 6x2

(c)


x′
1 = 5x1 + 2x2 + 2x3

x′
2 = 2x1 + 2x2 − 4x3

x′
3 = 2x1 − 4x2 + 2x3

(d) X′ =

 1 0 1
1 1 0

−2 0 −1

X

(e)

{
4x′

1 + x1 + 2x′
2 + 7x2 = 0

x′
1 − x1 + x′

2 + x2 = 0
(f)

{
x′
1 + x1 + 2x′

2 + 3x2 = 0
x′
1 − 2x1 + 5x′

2 = 0



58 CHAPTER 3. SYSTEMS OF DIFFERENTIAL EQUATIONS

3.3 Nonhomogeneous differential equations

Solutions of nonhomogeneous differential equations� �
Let A be the square matrix of order n. Suppose thatX1,X2, . . . ,Xn are linearly independent solutions
of X′ = AX. Then

Φ =
(

X1 X2 · · · Xn

)
is called the fundamental matrix. Now
1. detΦ = W (X1,X2, . . . ,Xn) ̸= 0 (W = Wronskian)
2. Φ′ = AΦ

3. c1X1 + c2X2 + · · ·+ cnXn = Φ


c1
c2
...
cn

 = ΦC

Thus the complementary solution of X′ = AX is given by ΦC. Now using the variation of parameter,
we let Φ(t)U(t) be the solution of X′ = AX + F. Then since the derivative of the vector valued
function is given by the derivatives of components of the vector valued function, we have

(ΦU)′ = Φ′U+ΦU′

Now substitute X = ΦU into X′ = AX+ F. Then

Φ′U+ΦU′ = AΦU+ F

Since Φ′ = AΦ, we have
ΦU′ = F

Then by the Cramer’s rule

U′ =
[Φ : F]

|Φ|
Integrate to get the general solution

X = ΦC+ΦU� �
Example 3.5 Solve the differential equation X′ =

(
1 2
3 2

)
X+

(
e3t

2e3t

)

SOLUTION det(A − λI) = λ2 − 3λ − 4 = (λ + 1)(λ − 4) = 0. Thus the eigenvalues are λ = −1, 4.

The eigenvector corresponds to λ = −1 is obtained by (A − (−1(I) =

(
2 2
3 3

)
. Then the eigenvector

is

(
−1
1

)
. Thus X1 =

(
−1
1

)
e−t is a solution. The eigenvector corresponds to λ = 4 is obtained by

(A−4I) =

(
−3 2
3 −2

)
. Thus the eigenvector is

(
2
3

)
. Therefore, X2 =

(
2
3

)
e4t is a solution. Then

the fundamental matrix is

Φ(t) =

(
−e−t 2e4t

e−t 3e4t

)
. Now to find the general solution, we need to solve

ΦU′ = F
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(
−e−t 2e4t

e−t 3e4t

)(
u′
1

u′
2

)
=

(
e3t

2e3t

)
By Cramer’s rule,

u′
1 =

∣∣∣∣ e3t 2e4t

2e3t 3e4t

∣∣∣∣∣∣∣∣ −e−t 2e4t

e−t 3e4t

∣∣∣∣ =
−e7t

−5e3t
=

1

5
e4t

u′
2 =

∣∣∣∣ −e−t e3t

e−t 2e3t

∣∣∣∣
−5e3t

=
−3e2t

−5e3t
=

3

5
e−t

Integrating,

u1 =
1

20
e4t, u2 = −3

5
e−t

Thus the general solution is

X = ΦC+ΦU =

(
−e−t 2e4t

e−t 3e4t

)(
c1
c2

)
+

(
−e−t 2e4t

e−t 3e4t

)(
1
20
e4t

− 3
5
e−t

)
=

(
−c1e

−t + 2c2e
4t − 5

4
e3t

c1e
−t + 3c2e

4t − 7
4
e3t

)
�

Elimination Method� �
Let D = d/dt. Then x′

1 = Dx1 and the given differential equation

X′ =

(
1 2
3 2

)
X+

(
e3t

2e3t

)
can be written as {

(D − 1)x1 − 2x2 = e3t

−3x1 + (D − 2)x2 = 2e3t

Then solve for x1 by using Cramer’s rule.� �
Example 3.6 Solve the following differential equation{

(D − 1)x1 − 2x2 = e3t

−3x1 + (D − 2)x2 = 2e3t
(3.1)

SOLUTION Using Cramer’s rule, we have∣∣∣∣ D − 1 −2
−3 D − 2

∣∣∣∣x1 =

∣∣∣∣ e3t −2
2e3t D − 2

∣∣∣∣ .
Then

(D2 − 3D − 4)x1 = (D − 2)e3t + 2(2e3t) = 5e3t.

The characteristic equation of the equation is m2 − 3m− 4 = 0. Thus m = −1, 4 and the complementary
solution x1c is

x1c = c1e
−t + c2e

4t.
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To find x1p, we use the method of undetermined coefficients

H(D)5e3t = (D − 3)5e3t = 0

implies that
(D − 3)(D2 − 3D − 4)x1 = (D − 3)5e3t = 0.

Thus, x1p = Ae3t.
9Ae3t − 9Ae3t − 4Ae3t = 5e3t.

Solve this to get A = − 5
4
. Then

x1 = x1c + x1p = c1e
−t + c2e

4t − 5

4
e3t.

Now put this back to (3.1).

−c1e
−t + 4c2e

4t − 15

4
e3t − c1e

−t − c2e
4t +

5

4
e3t − 2x2 = e3t.

Thus,

x2 = −c1e
−t +

3

2
c2e

4t − 7

4
e2t �

Example 3.7 Solve the following differential equation{
x′′
1 − 2x1 − 3x2 = 0
x1 + x′′

2 + 2x2 = 0

SOLUTION Let u = x′
1 and v = x′

2. Then u′ = x′′
1 and v′ = x′′

2 . Thus we can express
x1

x2

u
v


′

=


0 0 1 0
0 0 0 1
2 3 0 0

−1 −2 0 0




x1

x2

u
v



A =


0 0 1 0
0 0 0 1
2 3 0 0

−1 −2 0 0

 Then the eigeneqution is λ4 − 1 = 0 and the eigenvalues are λ = ±1,±i. To

find the eigenvector, we use Mathematica. Then the eigenvectors correspond to λ = 1,−1, i are

(3,−1,−3, 1)t, (−3, 1,−3, 1)t, (−i, i,−1, 1)t

Thus Ceλt is 
3et

−et

−3et

et

 ,


−3e−t

e−t

−3e−t

et

 ,


−i(cos t+ i sin t)
i(cos t+ i sin t)
−(cos t+ i sin t)
cos t+ i sin t


Thus the fundamental matric Φ(t) is

Φ(t) =


3et −3e−t sin t − cos t
−et e−t − sin t cos t

−3et −3e−t − cos t sin t
et et cos t sin t


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Therefore the general solution is

X =


3et −3e−t sin t − cos t
−et e−t − sin t cos t

−3et −3e−t − cos t sin t
et et cos t sin t




c1
c2
c3
c4



x1 = c13e
t − c23e

t = c3 sin t− c4 cos t

x2 = −c1e
t + c2e

−t − c3 sin t+ c4 cos t �

3.3.1 Exercise

1. Solve the following differential equations.

(a)

{
x′
1 = 2x1 + x2 − et

x′
2 = 3x1 + 4x2 − 7et

(b) X′ =

(
0 4
−1 0

)
X+

(
−3 cos t

0

)

(c)


x′
1 = x1 + x2 + x3 + 1

x′
2 = −x2

x′
3 = −2x1 − x2 − 2x3 +

3
et

(d) X′ =


0 1 0 0
0 0 1 0
0 0 0 1
1 0 0 0

X+


t2

0
0
0


2. Solve the differential equation by using the system of differential equation.
y′′ + 4y′ + 3y = t

3. Solve by elimination.

(a)

{
x′
1 + x′

2 − 2x1 − 4x2 = et

x′
1 + x′

2 − x2 = e4t
(b)

{
x′′
1 + x′

2 − x1 + x2 = 1
x′
1 + x′′

2 − x1 + x2 = 0

(c)

{
2x′

1 + x′
2 + x1 + 5x2 = 4t

x′
1 + x′

2 + 2x1 + 2x2 = 2
(d)

{
x′′
1 − x′

2 = t+ 1
x′
1 + x′

2 − 3x1 + x2 = 2t− 1





Chapter 4

Power series solution of
differential equation

4.1 Analytic functions

Let {an(x)}∞n=1 be a sequence of functions defined on the interval I. Then consider the partial sums

S1(x) = a1(x), S2(x) = a1(x) + a2(x), S3(x) = a1(x) + a2(x) + a3(x), . . .

If limn→∞ Sn(x) = S(x) for all x in I, then we say {Sn(x)}∞n=1 converges and S(x) is called the sum of
the series . For all x in I, there exists N such that

n ≥ N implies |Sn(x)− S(x)| < ϵ

Then
∑

an(x) is called uniformly convergent.
Let S(x)−Sn(x) = R(x). Then the uniform convergence of the series is expressed as follows: For each

x in the interval I, there exists a number N such that n ≥ Nimpliesthat|R(x)| < ϵ.� �
Theorem 4.1 (Weierstrass uniformly convergent criterion) For any x in
some interval I, there exists a sequence of real functions {Mn} satisfying the fol-
lowings
(1) |an(x)| ≤ Mn, n = 1, 2, . . .
(2)

∑
Mn < ∞

Then
∑

an(x) converges uniformly and absolutely on I.� �
Proof

|Rn(x)| = |an+1(x) + an+2(x) + · · · | ≤ |an+1(x)|+ |an+2(x)|+ · · ·
≤ Mn+1 +Mn+2 + · · ·

Since
∑

Mn < ∞, for all ϵ > 0, there exists N such that n ≥ N implies

Mn+1 +Mn+2 + · · · < ϵ.
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Here N is indepedent of x, for n > N , |Rn(x)| < ϵ �

� �
Theorem 4.2 (Continuity of power series) If an(x) is continuous on the in-
terval I and

∑
an(x) converges uniformly on I, then S(x) =

∑
an(x) is continuous

on I.� �
� �

Theorem 4.3 (Term-by-term integration of series of functions) If an(x) is
continuous on the interval I and

∑
an(x) is uniformly convergent on I, then∫

(
∑

an(x))dx =
∑∫

an(x)dx

� �
� �

Theorem 4.4 (Term-by-term differentiation of series of functions) If
an(x) is continuous on the interval I and

∑
an(x) is uniformly convergent on I,

then
(
∑

an(x))
′ =

∑
a′n(x)� �

If an(x) = anx
n, then the series

∑
an(x) =

∑
anx

n is called a power series. For example,

ex = 1 + x+
x2

2!
+ · · ·+ xn

n!
+ · · · =

∞∑
n=0

xn

n!

sinx = x− x3

3!
+

x5

5!
− x7

7!
+ · · · =

∞∑
n=0

(−1)nx2n+1

(2n+ 1)!

cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ · · · =

∞∑
n=0

(−1)nx2n

(2n)!

log (1 + x) = x− x2

2
+

x3

3
− x4

4
+ · · · =

∞∑
n=0

(−1)n
xn+1

n+ 1
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Radius of convergence� �
Given

∑
anx

n, by the ratio test, if

lim
n→∞

| cn+1

cn
|= lim

n→∞
| an+1x

n+1

anxn
|= |x| lim

n→∞
| an+1

an
|< 1,

then
∑

anx
n converges. Thus, if |x| < lim

n→∞
| an

an+1
|, then

∑
|anx

n| < ∞

If |x| > lim
n→∞

| an

an+1
|, then

∑
anx

n is divergent. Then the limit

ρ = lim
n→∞

| an

an+1
|

is called the radius of convergence� �
Example 4.1 Find the radius of convergence of the following power series
(a)

∑
xn

n2 (b)
∑

xn

n!

SOLUTION
(a) ρ = limn→∞ | an

an+1
|

= limn→∞ | (n+1)2

n2 |
= 1

(b) ρ = limn→∞ | an
an+1

|
= limn→∞ | (n+1)!

n!
|

= ∞.� �
Theorem 4.5 (Properties of power series) Let rho be the radius of conver-
gence of

∑∞
n=0 anx

n. Suppose that f(x) =
∑∞

n=0 anx
n. Then

(1) For all r (0 < r < ρ),
∑

anx
n converges uniformly on (−r, r).

(2) f(x) is the class C∞ on (−ρ, ρ).
(3) f(x) is continuous on (−ρ, ρ).
(4) f(x) is term-by-term differentiable on (−ρ, ρ) and

f ′(x) =
∞∑
n=1

nanx
n−1

(5) f(x) is term-by-term integrable on (−ρ, ρ) and∫ x

0
f(t)dt =

∞∑
n=0

∫ x

0
ant

ndt =

∞∑
n=0

an
n+ 1

xn+1

(6) Taylor series of f(x) on (−ρ, ρ) is the same as the power series
∑∞

n=0 anx
n.

Thus,

an =
f (n)(0)

n!� �
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If f(x) is expressed as the power series of the positive radius
∑∞

n=0 an(x − a)n, then f(x) is called
analytic at a.

4.1.1 Exercise

1. Find the radius of convergence of the following power series.

(a)
∑

nxn

3n
(b)

∑
nnxn

n!

2. Show the following.
(a)

∑∞
n=0 x

n = 1
1−x

, |x| < 1

(b) log (1 + x) =
∑∞

n=0
(−1)nxn+1

n+1
, |x| ≤ 1

3. Suppose that f(x) =
∑∞

n=1
sinnx
n3 . Then show the following.

(a) f(x) is uniformly convergent on −∞ < x < ∞.
(b) f ′(x) =

∑∞
n=1

cosnx
n2

(c)
∫ π

0
f(x)dx =

∑∞
n=1

2
(2n−1)4

4.2 Power series solution (Ordinary point)

Consider the 2nd-order linear differential equation with variable coefficients

y′′ + P (x)y′ +Q(x)y = R(x).

If P (x), Q(x), and R(x) area analytic at a, then we call a ordinary point.� �
Theorem 4.6 (Existence and uniqueness of initial value problem) For
the 2nd-order linear differential equation

y′′ + P (x)y′ +Q(x)y = R(x),

if a is an ordinary point, then for any b0, b1, the initial value problem

y(a) = b0, y′(a) = b1

has a unique solution y(x) =
∑∞

n=0 cn(x− a)n.� �
Example 4.2 Find the power series solution around x = 0

y′′ + xy′ − 4y = 0.

SOLUTION Since P (x) = x,Q(x) = −4, R(x) = 0, x = 0 is an ordinary point. Now let

y(x) =

∞∑
n=0

cnx
n

be a solution. Then，

y′ =

∞∑
n=1

ncnx
n−1
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y′′ =

∞∑
n=2

n(n− 1)cnx
n−2

Substitute these back into the given differential equation.

∞∑
n=2

n(n− 1)cnx
n−2 +

∞∑
n=0

ncnx
n − 4

∞∑
n=0

cnx
n = 0

Now let the power of x be the least number n− 2.，

∞∑
n=2

n(n− 1)cnx
n−2 +

∞∑
n=3

(n− 2)cn−2x
n−2 − 4

∞∑
n=2

cn−2x
n−2 = 0.

Then let the index be the largest number n = 3. Then

2c2 − 4c0 +

∞∑
n=3

[n(n− 1)cn + (n− 6)cn−2]x
n−2 = 0.

Since the right-hand side is 0，by the term-by-term differentiation，the coefficients of xn are all 0. Thus

2c2 − 4c0 = 0, n(n− 1)cn + (n− 6)cn−2 = 0, n ≥ 3

or

c2 = 2c0, cn = − (n− 6)cn−2

n(n− 1)
, n ≥ 3.

Here, c0, c1 can be decided by the initial conditions y(0), y′(0). Thus, we can think of these as constants.
Now we find c2, c3, . . .. Then

c2 = 2c0, c3 =
−c1
2

, · · ·

and

c2n =
c2n

c2n−2

c2n−2

c2n−4

c2n−4

c2n−6
c2n−6, n ≤ 2 c2n = 0, n ≥ 3

or

c2n+1 =
c2n+1

c2n−1

c2n−1

c2n−3
· · · c3

c1
c1 =

3(−1)nc1
2nn!(2n+ 1)(2n− 1)(2n− 3)

x2n+1

Thus

y =
∞∑

n=0

cnx
n

= c0 + 2c0x
2 − c0

3
x4 − c1

∞∑
n=2

3(−1)n

2nn!(2n+ 1)(2n− 1)(2n− 3)
x2n+1 �

4.2.1 Exercise

1. Find the power series solution of the following differential equation around x = 0.
(a) y′ + y = ex (b) y′′ + xy = 0
(c) xy′ − y = x2ex (d) y′′ + xy′ − 4y = sinx

2. Find the power series solution of the following differential equation around the given point.
(a) y′′ + (x− 2)y = 0, a = 2 (b) y′′ + (x− 1)y′ + 3y = x2, a = 1
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4.3 Frobenius Method (Regular singular point)

For the 2nd-order linear differential equation

y′′ + P (x)y′ +Q(x)y = R(x)

if x = a is not an ordinary point, then x = a is called a singular point. For x = a singular point and

(x− a)P (x), (x− a)2Q(x)

are analytic. Then x = a is called a regular singular point. Otherwise, irregular singular point.

Example 4.3 Find the singular point of the following differential equation

(x− 1)2x2(x− 2)y′′ + 5x2y′ − (x− 2)y = 0.

SOLUTION Since

P (x) =
5x2

(x− 1)2x2(x− 2)
, Q(x) =

−(x− 2)

(x− 1)2x2(x− 2)

x = 1, 0, 2 are singular points. Now

(x− 1)P (x) =
5x2

(x− 1)x2(x− 2)

implies that x = 1 is irregular singular point and the rest is regular singular point. �� �
Theorem 4.7 For the 2nd-order differential equation

y′′ + P (x)y′ +Q(x)y = 0

if x = a is the regular singular point, then there exists a solution around x = a of
the form

y(x) =

∞∑
n=0

cn(x− a)n+r, c0 ̸= 0

� �
The power series

∑∞
n=0 cn(x − a)n+r is called Frobinius series. Using the Frobinious series to find

cn is called Frobenius method.

Example 4.4 Find the power series solution of the follwing differential equation around x = 0.

L(y) =

SOLUTION Write L(y) = x2y′′ + xy′ + (x2 − 4)y = 0 as the standard form

y′′ +
1

x
y′ +

x2 − 4

x2
y = 0.

Then P (x) = 1
x
, Q(x) = x2−4

x2 . Thus x = 0 is the regular singular point. Now we set a solution of the
differential equation as y =

∑∞
n=0 cnx

n+r, c0 ̸= 0. Differentiate to get

y′ =

∞∑
n=0

(n+ r)cnx
n+r−1, y′′ =

∞∑
n=0

(n+ r)(n+ r − 1)cnx
n+r−2
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Substitute these into L(y) = 0 to obtain

L(y) =
∞∑

n=0

(n+ r)(n+ r − 1)cnx
n+r +

∞∑
n=0

(n+ r)cnx
n+r + (x2 − 4)

∞∑
n=0

cnx
n+r = 0

Now let the power of x be the least number n+ r. Then

∞∑
n=0

(n+ r)(n+ r)cnx
n+r −

∞∑
n=2

cn−2x
n+r − 4

∞∑
n=0

cnx
n+r = 0.

Next we let the index be the largest number n = 2

(r2 − 4)c0x
r︸ ︷︷ ︸

n=0

+((r + 1)2 − 4)c1x
r+1︸ ︷︷ ︸

n=1

+

∞∑
n=2

[((n+ r)2 − 4)cn + cn−2]x
n+r = 0

For n = 0, we have the indicial equation r2 − 4 = 0 which implies r = ±2.
We find a solution for r = 2. Note that the coefficients of xn+r are 0. Thus

((r + 1)2 − 4)c1 = 0

and
((n+ r)2 − 4)cn + cn−2 = 0, n ≥ 2

The for r = 2, we have c1 = 0. Similarly, for r = 2, we have

cn = − cn−2

n(n+ 4)

c2n =
c2n

c2n−2

c2n−2

c2n−4
· · · c2

c0
c0

=
−1

2n(2n+ 4)

−1

(2n− 2)(2n+ 2)
· · · −1

2 · 6c0

=
(−1)nc0

2nn!2n−1(n+ 2)!
=

(−1)nc0
22n−1n!(n+ 2)!

Thus,

y1(x) =

∞∑
n=0

(−1)nc0
22n−1n!(n+ 2)!

x2n+2 �

Example 4.5 Find a solution of the following differential equation around x = 0.

L(y) = 4x2y′′ + (3x+ 1)y = 0.

SOLUTION Write in the standard form. Then since Q(x) = 3x+1
4x2 , x = 0 is a regular singular point.

We let y =
∑∞

n=0 cnx
n+r.Then

L(
∑

cnx
n+r) =

∞∑
n=0

4(n+ r)(n+ r − 1)cnx
n+r +

∞∑
n=0

3cnx
n+r+1 +

∞∑
n=0

cnx
n+r = 0

Now let the power of x be the least number xn+r. Then

∞∑
n=0

[4(n+ r)(n+ r − 1) + 1]cnx
n+r +

∞∑
n=1

3cn−1x
n+r = 0.
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Thus,

(4r(r − 1) + 1)c0x
r︸ ︷︷ ︸

n=0

+

∞∑
n=1

{[4(n+ r)(n+ r − 1) + 1]cn + 3cn−1}xn+r = 0

Now the indicial equation is 4r2 − 4r + 1 = 0. Thus r = 1
2
and the recurrence relation

cn =
−3cn−1

4(n+ r)(n+ r − 1) + 1

can be written as

cn =
−3cn−1

4(n+ 1
2
)(n− 1

2
) + 1

=
−3cn−1

4n2
.

Thus a solution is

y1(x) = |x|1/2
∞∑

n=0

cnx
n, ただし cn =

−3cn−1

4n2
, n ≥ 1. �� �

Theorem 4.8 In the 2nd-order linear differential equation

y′′ + P (x)y′ +Q(x)y = 0,

if x = 0 is the regular singular point and the root r of the indicial equation is
multiple root, then the linearly independent solutions y1 and y2 are given by the
following forms.

y1 = |x|r
∞∑
n=0

cnx
n (cn ̸= 0),

y2 = y1 log |x|+ |x|r
∞∑
n=0

Cnx
n.

� �
Now we find y2. By the theorem, we find a solution of the form

y2 = y1 log |x|+ |x|3/2
∞∑

n=0

Cnx
n

For the matter of calculation we set x > 0, c0 = 1. Substitute y2 into L(y) = 0.

L(y2) = 4x2(y′′
1 log x+

2y′

x
− y1

x2
)

+
∞∑

n=0

4(n+
3

2
)(n+

1

2
)Cnx

n+3/2 + (3x+ 1)y1 log x+
∞∑

n=0

3Cnx
n+5/2

+

∞∑
n=0

Cnx
n+3/2

= log xL(y1) + 8xy′ − 4y1 + 3C0x
3/2 + C0x

3/2

+

∞∑
n=1

[4(n+
3

2
)(n+

1

2
)Cn + Cn + 3Cn−1]x

n+3/2 = 0
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Now express a few terms of y1.

y1 = x1/2 − 3

4
x3/2 +

9

64
x5/2 − 27

(36)(64)
x7/2 + · · · .

Note that L(y1) ≡ 0. Then

(4C0 − 6)x3/2 + (16C1 + 3C0 +
9

4
)x5/2 + (36C2 + 3C1 −

9

32
)x7/2 + · · · = 0

From this C0 = 3
2
, C1 = − 27

64
, C2 = 11

256
, . . .. Thus

y2 = log x(x1/2 − 3

4
x3/2 +

9

64
x5/2 − 3

256
x7/2 + · · · ) + 3

2
x3/2 − 27

64
x5/2 +

11

256
x7/2 + · · · . �

Example 4.6 Find a solution of the following differential equation

L(y) = x2y′′ + (x2 − 3x)y′ + 3y = 0.

SOLUTION Since P (x) = x2−3x
x2 , Q(x) = 3

x2 , x = 0 is a regular singular point. Then let y =∑∞
n=0 cnx

n+r.

L(

∞∑
n=0

cnx
n+r) =

∞∑
n=0

(n+ r)(n+ r − 1)cnx
n+r +

∞∑
n=0

(n+ r)cnx
n+r−1

−
∞∑

n=0

3(n+ r)cnx
n+r +

∞∑
n=0

3cnx
n+r = 0.

Let the power of x be put together with xn+r. Then

∞∑
n=0

[(n+ r)(n+ r − 1)− 3(n+ r) + 3]cnx
n+r +

∞∑
n=1

(n+ r − 1)cn−1x
n+r = 0.

From this

(r(r − 1)− 3r + 3)c0x
r︸ ︷︷ ︸

n=0

+

∞∑
n=1

{[(n+ r)(n+ r − 1)− 3(n+ r) + 3]cn + (n+ r − 1)cn−1}xn+r = 0

Now the indicial equation r2 − 4r + 3 = 0 implies that r = 1, 3．Then we have two solutions.

y1(x) =
∞∑

n=0

cnx
n+1, y2(x) =

∞∑
n=0

Cnx
n+3

Put the coefficients of xn+r equal to 0. Then we have the recurrence equation

cn =
−(n+ r − 1)cn−1

(n+ r)(n+ r − 1)− 3(n+ r) + 3

For r = 1, we have

cn =
−ncn−1

(n+ 1)n− 3(n+ 1) + 3
=

−ncn−1

n2 − 2n
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For r = 3, we have

Cn =
−(n+ 2)Cn−1

(n+ 3)(n+ 2)− 3(n+ 3) + 3
=

−(n+ 2)Cn−1

n2 + 2n
.

Now note that cn+2 = Cn．Thus y1 = y2. Then we need to find the independent solution．� �
Theorem 4.9 For the 2nd-order linear differential equation

y′′ + P (x)y′ +Q(x)y = 0,

if x = 0 is a regular singular point and the difference of the roots r1, r2 is positive
integer, then the linearly independent solutions y1, y2 are given by the following:

y1 = |x|r1
∞∑
n=0

cnx
n (cn ̸= 0),

y2 = cy1 log |x|+ |x|r2
∞∑
n=0

Cnx
n (C0 ̸= 0).

� �
Thus y2 = cy1 log x+x

∑∞
n=0 Cnx

n can be found by substituting y2 into L(y) = 4x2y′′+(3x+1)y = 0.
�

4.3.1 Exercise

1. Find singular points of the following differential equations and classify.
(a) x2y′′ + xy′ + y = ex

(b) x(x− 1)3y′′ + xy′ + (x− 1)2y = 0
(c) (2− x)y′′ + xy′ + y

(x−2)2
= 0

2. Find a solution of the following differential equation around x = 0.
(a) 2xy′′ + 3y′ − y = 0
(b) xy′′ + y′ + xy = 0
(c) 4x2y′′ − 2x(x− 2)y′ − (3x+ 1)y = 0
3. Find the solutions of the following differential equations around the designated point.
(a) (1− x2)y′′ − 2xy′ + n(n+ 1)y = 0, a = 0
This equation is called Legendre’s equation
(b) (1− x2)y′′ − 2xy′ + 12y = 0, a = 1
(c) x2y′′ + xy′ + (x2 − ν2)y = 0, a = 0
This is called Bessel’s equation.


