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Chapter 1

Complex numbers

1.1 complex numbers and complex plane

A solution to the equation 2 + 1 = 0 does not exist on R. Then, to be able
to solve this equation, imaginary number ¢ is introduced. In other words,
i?4+1=0.

By incorporating the imaginary unit, a new system of numbers called com-
plex number was created. Let z,y be real numbers. Then we express x,y € R
and x + yi is called a complex number.

Complex number z = x+y¢ bf orthogonal formorthogonal form@orthogonal
form, z = r(cosf + isin theta) is called polar form. However, i2 = —1.

x of complex number z = x + yi is called real part, and x = Rez, y is
imaginary part and it is represented by y = Imz.

When z = z+yi corresponds to the point (z,y) of the orthogonal coordinate
form on the plane, this plane is complex plane or Gaussian plane

The absolute value of z is |z| = r = \/x? + y2 > 0. The angle 0 formed by
the half line connecting the origin and z with the real axis is called argument,
and the argument is argz =60 =tan™' £ (-7 < 0 < 7).

The conjugate complex number of z is represented by Z = x — yi = r(cos§ —
isinf) = re=%.

The operation of complex numbers is the same as the operation of real
numbers, and i2 can be replaced with —1.

Exercisel.1

1. Show points —3, 2i,4 + 4, 2 — 2¢ on the complex plane 2. Prove the following
theorem.

(a) Zl—T—ZQZZ_l—FZ_Q

(b) 2122 = 2122



4 CHAPTER 1. COMPLEX NUMBERS

(c) Re(z) ==

3. Prove the following inequality.

(a) Rez <|z|

(b) [z1 + 22| < |21 + |22

(©) llz1] = [zl <21 — 2]
4. Express the following complex numbers in polar form.

(a) —1+1

(b) 3—+/3i

() -1

(d) 2i
5. Draw a curve that satisfies the following equation.

(a) argz = constant

(b) |z| = constant

(© lz=1=lz—1|

(d) |z—2i|=3

(e) lz+3|=3lz—1

f) z—z=2

1.2 DeMoivre’s theorem and Euler’s formula

Theorem 1.1 FEuler’s formula

e = cosf + isinf



1.2. DEMOIVRE’S THEOREM AND EULER’S FORMULA )

Proof The MacLaurin expansion of e, sin z, cos x are

. 72 0 2
n=0
3?3 $5 s m2n+1
sinx = J]—g-i-a—---: 0(2n+1)'
2 gt o 2n
cosr = 1—54-1—”-:2(2”)!
n=0
For any real number 6, we have
) 2'2 2
e’ = (L4 + 4
6 o0 , 0  60°
= cosf+isinf
Properties o
(1) atzm==1%%, 2152 =212, 2L = Z[le
(2) Rz =22, Sz = (Z;f)
(3) |212| = |21 l2al, 12] = £ (22 #0)
(4) arg(z122) = argz1 + arg 22, arg(Z) = arg 21 — arg zo
(5) |z| = 7], 2z = |2|%, argz = —argz
(6) llz1] = lz2ll < |21 & 22| < [21] + |22
(7) z=0 and |z| = 0 are equivalent (arg0 is undetermined)
(8) (cosf+isin®)™ = cosmb+isinnd (nis constant) De Moivre’s theorem

o)

(9)

inary equationz™ = a(= re*’)has the following solutions

0+2kr .. 04+ 2kw
+ 281In

zk:%(cos ) (k=0,1,2....,n—1)

Exercisel.2

1. Prove De Moivre’s theorem 2. Simplify the following complex numbers.
1)’

(a) (ﬁ)

(b) (V3—1)°

i 6
() (Lo

3. Solve the following equation.
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(a) 22=i
(b) 23=-1

(c) z'=—-1+3i
4. Express the followings in the form of x + iy.

(a) eldm
(b) e—z%ﬂ
(C) 62+i7r

(d) 6271‘%77

0

5. Express the followings in the polar form re*”.

(a) —2
(b) i
(c) 1+i
(d) v3—i

(6) Show that |z| = 1 if and only if z = .

COMPLEX NUMBERS



Chapter 2

Complex functions

2.1 Complex function

For each point z = x + y¢ in one region D on the complex plane, one complex
number w = u + vi, u = u(z,y),v = v(x,y) corresponds, w is called a complex
function defined in the region D, and w = f(2) = u + iv = u(x,y) + w(z,y).
This region D is called the domain of f(z).

2 is all plane and u = 2% — y?,v =

Example 2.1 The domain of w = f(z) = 2
2xy

The domain of w = f(z) = % is all plane except the origin and v =

z v = ——Y
1‘2+y2’ 1;2+y2

Since the complex function w = f(z) is considered to be a mapping of the
point z on the z plane to the point w on the w plane, the mapping w = f(z)
At this time, w is called an image and z is called an original image.

In general, the value of w corresponding to one z is not limited to one, but
in my lecture, unless otherwise specified, only one value of w corresponds to a
monovalent function.

Exercise2.1

1. For w = 22, express z,y using u,v function and find out what curve is

mapped to the w plane parallel to the real and imaginary axes of the z plane.
2. Express u,v as a function of z,y for the following function

(a) w=23
(b) w=7
(c) w=Z24
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2.2 Linear function

Let a, b, ¢, d be complex constants. The function of the form

az+b
= d—b
v cz—l—d(a ¢#0)

is called fractional transformation.
When this function is decomposed, it can be seen that it is a composition of
the following three functions.

e w = z + a Translation on the complex plane
e w =az (a # 0) rotation and expansion on the complex plane

o w = % Straight lines that pass through the origin are converted into
straight lines that pass through the origin, other straight lines are con-
verted into circles that pass through the origin, circles that pass through
the origin are converted into straight lines, and other circles are converted
into circles.

Exercise2.2

1. What straight line or circle is the image of the next straight line or circle

mapped by w = *

z°

(a) A straight line that intersects the unit circle |z| = 1 at two points P and Q
(b) A straight line tangent to the unit circle at one point P

(¢) A circle passing through 3 points a (real number), i, —i

2. Find the invariant point by the following linear transformation on the
complex plane.

1

(a) w=3

(b) w= % (ad —bc #0)

2.3 Elementary functions

2.3.1 meromorphic function

When f(z) is polynomial, w = f(2) = an2" +a,_12" "1+ +a12+ag is called
meromorphic function.
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2.3.2 meromorphic function

When f(z), g(2) are meromorphic functions, g Ej; is called meromorphic function

and it is defined for all point except g(z) = 0.
Note Z that satisfies g(z) = 0 is called a zero.

2.3.3 Exponential function

Definition 2.1 w = e* = e”(cosy+isiny) is called an exponential function
and expressed as w = €* or w = exp z.

Theorem 2.1 (1) e*1T%2 =e*1e?2 (e*)" = e"* (nisinteger)
(2) €* has a period of 2mi.

Proof (1) Let z; = &1 +iy1, 22 = x2 + iya. Then

e?1 +z2 6I1+€E2+i(yl +y2)
= "2 (cos (y; + yo) +isin(y; + o))
= €""2[cosy; cosys — siny; sinys + i(siny; cosys + cos yi sinys)]

= " *2[(cosy; + isiny;)(cosyo + isinys)]
= €"'(cosy; + isiny;)e?(cosys + isinys)

e*1e*?

(2) When e*t¢ = e holds, the function e* is said to have a period c¢. Then
we let e*T¢ = e?. Since e?e® = e?, we have e = 1. Let ¢ = a + bi. Then
e¢ = e = e%(cosb + isinb) = 1 implies e®cosb = 1,e*sinb = 0. Thus,
a = 0,cosb = 1,sinb = 0. b that satisfies this, b = 2n7(n = 0,+1,+2,...).
Therefore, e* has a period 2mi.

Exercise2.3

1. Find a complex number that satisfies the following equation.

(a) ee=1
(b) e* =1
(c) e#=-2

2. Express the following value in the form of u + iv.
(a) sin2i

(b) sin (% +1)

(c) cos (% —1i)

(d) tan (F + 2i)
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(e) sin(iy)
(f) cos(iy)
3. Prove the following formulas.

(a) 1+tan?z= 21—
(b) sin(—z)=—sinz
(c¢) cos(—z) =cosz

4. Show that for sin z.

(a) sinz has a period 27

(5) Find the period of tan z.

2.4 Inverse function of elementary function

Logarithmic function The inverse function of the exponential function of a
complex variable is called logarithmic function of the complex variable. That
is, between the complex variables z and w, there is a relationship so that

7= eU}

we define
w = log z
However, since the exponential function has a period of 24,

z = ,re7.0 — Tez(9+2k7r)

and
w = logz =logr +1i(0 + 2km)

Therefore, The logarithmic function log z corresponds to an infinite number of
different values for one complex number z. That is, it is an infinite multivalued
function. The principal value or principal brunch of log z is given by

logz=logz+1i6, 0 <6 <2m
Exercise2.4

1. Show that z'/2 has two branches.
2. Find all of the following values.

(a) log2
(b) log(-1)

(c) logi
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(d) log(1+1)

3. Express the following value in the form of a + bi.
(a) (-1)

(b) i

(c) 2

(d) 2+

4. Prove the following formulas.

(a) sin™!z=3llog(iz+ 1 —22)

T

(b) tan~!z = L log ;i

(5) Find the following values.
(a) cos™t1
(b) sin™'2

(c) cos™ti

11
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Holomorphic function

3.1 Limit and Continuity

Defined in the neighborhood of zyp with 0 < z — zg < A, for w = f(2), if
|z — zo| — 0 then |w — wp| — 0. In other words, for any positive number ¢ > 0,
there exists § so that 0 < § < A, and for any z with 0 < |z — 29| < 0 satisfies
|w —wo| < e. f(z) is said to have a limit wy and we write lim,_, ., f(z) = wo.

Note There are innumerable directions for z — zg, but no matter which
direction you approach zg, it will be w — wy.

Forlim,_,,, |w| = +oo, we write lim,_,,, f(z) = co. For real-valued func-
tion, there are +00 and —oco. But by the abo ve definition, for complex functions,
we only have +oc0.

Theorem 3.1 Suppose that lim,_,., f(z) = A, lim,_,., f(z) = B exist and the
limits are finite. Then

(1) lim,, {f(2) £9(2)} = A+ B =lim,,,, f(z) £ lim,,, g(2)

(3) lim..,{L3} =4 (B#0)

For w = f(z) defined in the region D, a point zg in D, lim, ., f(z) = f(20)
holds, In other words, for any positive number ¢ > 0, there exists § > 0 and
for any z with |z — 29| < 6, |f(2) — f(20)| < € holds. Then f(z) is said to be
continuous at zp.

When f(z) is continuous at each point in the region D, f(z) is said to be
continuous on D.

Theorem 3.2 (1) If f(2),g(z) are continuous at zg, f(2)E£g(z), f(2)-9(2), f(2)/g(z) (howeverg(zy) #
0) are continuous at z.

(2) Suppose that F(w) is continuous at w = wo and w = f(z) is continuous
at zo. If wg = f(20), then the composite function F(f(z)) is continuous at z.

Example 3.1 Find lim,_,o f(2) for the following f(z). (1) f(z) = barz

z

13
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) f(:)="

B) fle) =%

Solution (1) Since f(z) = b2z = i;zg, for z approaches 0 along the
1—im

straight line y = max, the value of f(z2) = depends on the value of m.

1+tm
Thus, lim,_,o f(2) does not exist. (2) lim,_,o|f(2)| = lim,— ﬁ = +oo. Thus,

limz_>0 % =0

(3) For z#0, f(z) = Z =z Thus, lim._ f(z) =lim,_02z = 0.

Exercise3.1
1. Find out if the next set of points is a region
(a) =z set of points on plane excluding 0
(b) {z:Rz>0}
(¢) {z:3z>0}
d) {z:1< ]z <2}
2. Find the limit of the followings.

(a) lim(2% 4 22)

zZ—1

(22 —3)(z+1)

b) 1l

O S
1

(¢) lim : !

2143 22 — 22+ 2

Z2

I —
2sein/4 25+ 2+ 1

(d)

3. Find the point where the following function is not continuous.

(a) #°

(b) e*

(c) zz-ii

(d) z22f2;i2
(e) Z5

() =5

() f<z>={ 5 (2 #2)
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3.2 Analytic function,holomorphic function

3.2.1 Differntial coefficients and derivatives

For w = f(z) defined in the region D and a point zg in D,
lim f(2) = flz0) lim f(z0 + Az) — f(z0)

zZ—20 zZ— 20 Az—0 Az

exists and the absolute value of the limit is finite, f(z) is said to be differ-
netiable at zp and this limit is denoted by f’(z¢). Furthermore, this is called
coefficient of derivative at zj.

When all z in D are differentiable, the derivative f’(z) is a function of z in
D. This is called a derivative of w = f(z) and denoted by 42 w', f'(z).

Theorem 3.3 (1) If f(z2),g(2) are differentiable in D, then the followings hold.
() {f(z) £9(2)} = f'(2) £4'(2)}
(i) {f(2)-9(2)} = ['(2)9(2) + f(2)g'(2)
(iif) {%}/ _f (Z)gF{Z)(z)f}(j)g (2)
(2) If F(w) is differentiable in w, w = f(z) is differentiable in z, then the
composite function F(f(z)) is differentiable in z and dFd(Zw) = d};g") : dj;(zz).
(3) If f(=) is differentiable, then f(z) is continuous.

A function f(z) = u(z,y) + iv(z,y) defined in D is differentiable at zp =
o + iyo in D. Then keeping y constant and bringing Az colser to 0, we have
Azx) —
o) i LG0T AD = fG0) _OF 0w 0w

AT—0 Az ~0r o0z oz

Similarly, keeping x constant and bringing Az closer to 0, we hafe

pon o o tidy) = f(z) _ Of  Ou  dv
f(z)—Al;rEO iAy N Zay_ 18y+8y

Thus, of of
f(z) = or _i(‘)ﬁy

Compare the real part to the imaginary part, we obtain

ou Ov Ov ou

dr  dy dr  dy
This equation is called a Cauchy-Riemann differential equation.

Theorem 3.4 A function f(z) = u(z,y)+iv(z,y) defined in D is differentiable
at zo = xo + iy if and only if u(x,y),v(x,y) is totally differentiable at (zo, yo
and satisfies

Ou Qv Ov Ou

dr 9y dx  dy
Then
_Ou . Ov

f’(z)—%—i—z%
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When f(z) is differentiable at any point in the domain D, f(z) is said to be
analytic in D.

An analytic function in Z entire plane (|z| < 00) is called entire function.

Notel. When a function is analytic at zg, it means that it is analytic
including not only zy but also its neighborhood.

Note2. If f(z) is analytic, it is continuous (becouse it is differentiable).

Theorem 3.5 If f(z) = u+iv is analytic in D and if the second partial deriva-
tives of u, v are continuous, then u, v is harmonic function. That is it satisfies
Laplace’s differential equation.

v 0%u v 0%

+ 25 =0, Av=— +

Au=a5t 5, o2 T o

0

Note We assumed that u and v have continuous second-order partial deriva-
tives, but We don’t need this assumption because the holomorphic function is
separately proved to be differentiable many times.

Theorem 3.6 If u(x,y),v(z,y) satisfies the Cauchy-Riemann’s equation in the
region D and it has a continuous partial derivatives, then f(z) = u + v is
analytic in D.

Note This theorem is a strong enough condition and effective for determin-
ing anayticity.
Example 3.1 For w = 22 = 22 — %2 4+ 2izy, u = 22 — y%, v = 2zy are
polynomials and its partial derivatives are continuous. Furthermore, u, = 2z =

vy, Uy = —2y = —v,. Thus by the theorem 3.6, w = 2% is analytic on whole
plane.
Example 3.2 Forw=ZzZ=z -1y, u=z,v = —y. Thenu, =1 and vy = —1

are not equal. Then the condition for anlytic in Cauchy-Riemann’s equation is
not satisfied. Thus, w = Z is not analytic.

Example 3.2 For f(z) is analytic and f'(z) = 0, prove that f(z) is constant.

Solution Since f(z) = u(z,y) + iv(z,y) is analytic, by the theorem 3.4, we
have

I'(2) = ug + vy = vy — iuy

By assumption, f’(z) = 0. Thus, u, =0, u, =0, v, =0, v, = 0. Therefore,
u(x,y),v(z,y) are constants. Thus, f(z) = u + iv is also constant.

Example 3.3 Show that the following function u = u(x,y) is a harmonic func-
tion, and find the holomorphic function w = u+1iv that has this in the real part.
Du=zy (2) u=(z-y)(a®+4day+y?)
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Solution (1) uz =y, Uy = T, Upy = Uyy = 0 implies uzy + uyy = 0. Then
u = zy is a harmonic function. Next, w = u + iv is analytic. Then by Cauchy-
Riemann’s equation

Uy =Vy =Y, Uy = —VUg =T

Thus, integrate the first equation in y. Then

v/vydy/ydyy;Jr¢(w)

Here, ¢(z) is a function of = only. Put this into latter equation, we have ¢'(z) =

—xz. Thus, ¢(x) = —z—; + c¢1. This shows that v = 925“"2 + c1. Therefore,

. Yy —a? —l, 9 o N )
w = u+iv = ry+i 5 +a | = 7(x —y“+2xyi)+ic; = —5% +c(e=c)

(2) u=2*+ 32%y — 3zy? — y? implies u, = 32 + 6zy — 3y?, u, = 322 —
62y — 3y?, Uz = 62 + 6y, uy, = —6x — 6y. Then, Uy, + uyy = 0. Thus, u is a
harmonic function. Next, w = u+iv is analytic. Then by the Cauchy-Riemann’s
equation, we have

Uy = Vy = 322 + 6y — 342, Uy = —Vy = 322 — 6y — 3y°

Now integrate the first equation by y. Then

v = /vydy = /ydy = 3x2y + 31;y2 — y3 + ¢(z)

Here, ¢(x) is a function of x only. Now puttin this into the latter equation,
we have ¢/(x) = —3z%. Thus, ¢(z) = —23 + ¢1. This implies that v = 322y +
3xy? — y® — 23 + ¢;. Therefore,

w = u+iv=a>+3z%y —32y® —y> +i(32x%y + 3xy® —y® — 23 +¢))
= 23+ 32%y — 32y — 3 +i(32%y + 3xy? — o> — 23) +icy
(1 —d)(x +iy)® +ici = (1 —i)2> +¢

Exercise3.2

1. Differentiate the following functions.
(a) 23—222+32

(b) (2% +1)°

()

2. Differentiate the following functions.

(a) tanz
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(b)
(c) V2241

(d) sin?z

(e) log(z? + 4i)

(F) i

(8) sin™' (2 —1)
(h) log(z+ 22 +1)
(i) log(sin™!z)

g) #

3. When z = x + iy, check the analyticity of the following functions and if it is
analytic, find the derivative.

(a) =—1y
(b) 2% —y% + 2izy
(c) (22 —y?—3z+2)+i(2zy — 3y)

(d)

T + 1y
$2+y2
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Complex integration

4.1 Line integral and Green’s t

heorem

P(z,y) and Q(z,y) are real-valued functions of z,y and continuous on every
point on the curve C. Then the line integral of P dx + @ dy along the curve C

is defined by

/C (Ple.y) de+ Q(z.y) dy]

Now if the curve C' is smooth and it is possible to parametrize by © = ¢(t),y =

P(t), t1 <t < to, then the line integral is given by

ty

/ LP(6(0), 9(8)) dt 1 Q((2) () di]

Theorem 4.1 (Green’s theorem) Let C be a single closed curve and Q be a
closed region consisting of its boundary and its interior. If functions P(z,y), Q(z,y)

have continuouspartial derivatives on S0, then

/Cde—i—Qdy://Q(gg—g];

Exercise4.1

1. Find the following line integrals.
(@) [ydz, C:y=1—-2,0<2<1
(b) [a%dy, C:y=1-2,0<z<1

(¢) [(zyde—yidy), C:y=2a? —-1<2<1

) dx dy

(d) [.(zyde —ady), C:x=cosf,y=sinf, 0<60<2m

2. Find the following line integral for the parameter ¢

19
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(a) [(a®+y)dt, C:x=Vty=1-1? 0<t<1
(b) [.ay*dt, C:z=sint,y=sin’t, 0<t<Z
3. Using Green’s theorem, evaluate the following line integral.

(a) [.(z*ydx — xy*dy), C : unit circle

(b) [.(ydx + 2zdy), C : first quadrand quater circle

4.2 Complex integration

Let © be the region containing the curve C' on the z plane, and let f(z) be a
continuous function defined on €2 so that

f(2) = u(z,y) +iv(z,y)

Then

dz dr  .dy

105 = (ulwy) + i) +i)

_ dx dy . dx dy
= g v T e

Here, The first term of the last equation is a function of the parameter ¢, the

integral
B
/ u(z(t),y(t))fl—f dt = /Cudx

does not depend on t and it is a line integral of u along the curve C by =.
Thinking about the remaining terms in the same way, the next integral can be

considered.
/udm—/ vdy—l—i(/ vdx—i—/ u dy)
c c c c

This is called bf integral along the curve C of the function f(z) and expressed

by
/Cf(z) dz

This is given in the range of complex numbers. We say complex integral.
Exercise4.2
1 Find fc z cos zdz along the curve C' that goes around the unit circle.

2 Integrate the function z for along the sides and diagonals of a square with
vertices at point 0,1,1 + 4,4 from 0 to 1 + 1.
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4.3 Cauchy’s integral theorem

Theorem 4.2 (Cauchy’s integral theorem) When the function f(z) is an-
alytic in the region ), let C' be any single closed curve in Q, and the region €2y
surrounded by C' is inside ). Then

/Cf(z) dz=10

Exercise4.3
1. Prove the followings:

(a) The function f(z) is analytic in the region D, and the two curves Cp, Co
connecting the two points a and b are in D and if the area enclosed by

C1,C% is in D, then
[ 1@z = [ sz

(b) If f(2) is analytic in the region D surrounded by two single closed curves
Cl, 02, then

f(2)dz= [ f(z)dz
C1 Ca

2. Integrate the following function along the shown closed curve.

(a) ﬁ, C' : centered at the origin and a circle with the radius r > 1.

(b) =y C ¢ unit circle

(c) Z%, C : centered at the origin and a semicircle with the radius » > 1 and
the diameter on the real axis.

3. Find the following integral. The integration path is a line segment connecting
the lower end and the upper end.

(a) fl.l 2% dz
(b) fg ze* dz

1+
(c) fo zz+1 dz

d J T dz

4. Prove the following functions are harmonic functions and Create a holomor-
phic function that has it in the real part.

(a) u=ax2—1y?
(b) w=e"cosy
(¢) u=coszsinhy

(d) u=3log.(z* +y?)
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4.4 Cauchy’s integral formula

Theorem 4.3 (Integral formula of holomorphic function) Suppose the func-
tion f(z) is reqular in the region Q. When there is a single closed curve C in Q
and the inside of C is also contained in €, the following formula for any point
a inside C' Holds. )

f@ = [ T

2 Joz—a’

Nwzﬁétmw

27t Jo (2 — a)?t!

Exercise4.4

1. Prove the following formula.

£ (g) = /Cf(z) dr (n=1,2,3,...)

T 2mi Jo (z— a)n Tl
2. Evaluate the following integrals.
@) s 555 2
™) Ji.= =5 de
(©) fus B dz

3z

(d) f\z\:s 5o 4%
(e) f|z|=1 2zeizm' dz
() Jjms 2255 dz
(&) i Sde

(h)  fp.izs a2

(i) f\z\:1 (2?:?)3 dz
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Expansion and residue

5.1 Laurent’s expansion

Theorem 5.1 (Laurent’s expansion) Concentric circles centered on Cq,Cs,
their radii are r1,72, and C is any concentric circle between C1 and Cy. The
function f(z) is a circular region surrounded by C1 and Cy with ro < |z2——a|] <
r1. When monovalent and analytic, for any z satisfying ro < |z —a| < 11,

oo

fz) = Y enlz—a)
- g Cm €2 €-1
N +(z—a)m+ +(z—a)2+z—a

+ ctcalz—a)+-Fcp(z—a)" +---

Here coefficients of each term is

_ ! f©) _
cn_ﬁi Cmdé‘ (n—O,:l:l,:l:2, )

Exerciseb.1

1. For the function f(z) = m, find the Laurent’s expansion centered at
the origin for the points in each of the following regions.

(a) [z[ <1
(b) a<|zl<2
(c) |z >2

2. Find the Laurent’s expansion of the following functions at the center of the
specified point. What kind of singularity is the center?

(@) wem =0

23
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(b) =5 =-1]

() < [z=0)

(d) 2 o=

5.2 Residue

In the Laurent expansion of f(z) centered on the point a, the series part is set
to g(z). Then we can write

C_1 C_2 C_p

z—a (z2—a)? .”Jr(z—a)"
Because g(z) is regular when C' is centered on a circle of a, [ g(z) dz =0. On

the other hand, the series of the principal part converges on C. Therefore, if
the Laurent expansion of f(z) is term-wise integrated along C, then we have

/ 1 p /27r ice'® do
D E— V4 = ———
o (z—a) =
. 2
— nzil / e(l—n)i@ do
€ 0

i0 [§™
= i e(l—n)ie ‘271_

en—1 (1-n)i 10
_ 2mi
o 0

Exerciseb5.2

1. Find the residue at the singularity of the following function.
(a) ﬁ
(b) (22+1§(z—2)

(C) sirll z
z

(d) =reree

2. Evaluate the following integrals.

@) [z o5
®) J.= Ty 42

d
(C) f\z\:l ﬁ
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(D) J.1zs e &

3. Evaluate 22(%;% along the following curves.
(a) [z[=1

(b) |z—i]=

(c) lz|=3

5.3 Application to real integration
Exercise5.3
1. Find the residue at the singularity of the following function (m is positive real number).
(a) [7, m dx
(d) [ wrrmmery de
(c) f 2+bm9 df
@ J5" @reimay 4
() Ji¥ ety da
() Jo =it do
(&) Ji sinss da

(h) fo‘x’ l—cosmz dx

2

2. Find the following integral using complex integration (a is positive constant)

(a) foo log, = U‘c log 2z dz,C is figl9.5

2+a2 22 +az

() [ g do L, {525 d2 O s 6107






Appendix A

Solution

1.1 Complex numbers and complex plane

1.
2.
(a) Let z1 =1 + iy1, 22 = 22 +iy2. Then

zitz = ity + T2+ iy =1+ 22 +i(yr +yo)
= s+ —i(yi+ye)=v1—iy1 a2 — i =25+ 2

(b) Let z; = 21 +iy1, 22 = @2 + iy2. Then

2129 = (331 + iyl)_(l‘g + ’iyg) = 2122 — Y1Y2 +_i(x1y2 + J;le)
= 2102 — y1y2 — W@y + 2y1) = (21 — iy1) (T2 — iy2)
- 55

(¢) Let z =z +dy. Then

z+z T4y + T —y
= =z = Rez
2 2
3.
“ 2]+ J2
z24+z zl+ |z
RNz = < —
T Ty = 2
(b)
|21 + 22|2 = (znn+2)n+tzn= |21\2 + 2122 + 2122 + \2’2|2
= |z|*+2R5 5 + |22)? < |21)? + 2|21]|22] + |22
= (=] +22)*

Take square root of both sides, we have |z1 + zo| < |z1]| + |22]

27
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(¢c) Since Rz < |z|, we note that —|z| < —Rz.
1] = |22|[ = [21]? = 2l21|22] + |22]* < [21]? = 2Rz2122 + |22f” < |21 — 2o

Therefore, ||z1| — |22|| < |21 — 22]
4.
(a) Cartesian coordinates to polar coordinates is given by r = (/22 +y2 ,
0 = tan! 4 for —m < 6 < pi.

Write —1+i in polar coordinates, it is enough to find r = \/(—1)2 + 12 = /2
and # =tan~! —1 = =% Thus,

—1+4i=+2eP0/4

(b) Cartesian coordinates to polar coordinates is given by r = (/x2 +y2 ,
0 =tan~! 4 for —m < 6 < pi.

Write 3 —/3i in polar coordinates, it is enough to find r = 1/(3)2 + (\/32 =
V12 =2V3 and 6 = tan" V33 = —%. Thus,

3 _ \/37/ — 2\/§€—p’ii/6

(c) Cartesian coordinates to polar coordinates is given by r = (/x2 +y2 ,

6 = tan™" 4 for —m < 6 < pi.

~1=—1+0i=¢e"
(d) Cartesian coordinates to polar coordinates is given by r = /a2 +y2 ,
0 =tan! 4 for —m < 6 < pi.

2 = 0+ 2i = 2¢P"/?

5.

(a) argz is the angle between the z axis and the straight line drawn from the
origin to the point z. Therefore, this is constant because the set of points z is
a point that forms a constant angle with the z axis from the origin, so it is a
straight line.

Alternate solution arg:z = constant means that for some constant c,
tan~' (y/z) = ¢. Thus £ = tanc implies y = tan cz. Therefore, it is a straight
line emitted from the origin.
(b) |z| = constant means that the distance from the origin is constant. There-
fore, it is a circle.
(¢) |z—1] means that the distance from point 1. Also, |z—i| is the distance from
the point 7. A collection of points where the two are equal is a perpendicular
bisector passing through point 1 and point 3.

Alternate solution |z — 1] = /(x —1)2+ 42, |z —i| = Va2 + (y — 1)%

Then rewrite |z — 1| = |z — 4.

VE— PR = Vet (g 12
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Thus,
(-1 4+ =2+(y—-1) =22 -2y=0=y=2

(d) |z — 21| is the distance from point 2i. Then |z — 2i| = 3 is the circle with
the radius 3 centered at 2.

Alternate solutoin |z — 2i| = /22 + (y — 2)2 & U Rewrite |z — 2i| =3
x2+(y_2)2 :32

Thus it is a circle with the radius 3 centered at 2i.
(e) |z+ 3| means |z — (—3)|. Then it is the distance from the point —3. |z — 1|
is the distance from the point 1. Thus |z + 3| = 3|z — 1| means that the distance
from the point —3 is 3 times the distance from the point 1. Such a point draws
a circle whose diameter is the point that internally divides the straight line
connecting point-3 and point 1 into 3: 1 and the point that divides it outward.
This circle is called Apollonius circle.

Alternate solution |z+3|=+/(z+3)2 4¢3, 3|z —1] =3/ (z — 1)2 + 2.

Then rewrite |z + 3| = 3|z — 1|

(x+3)2+192=9[(x —1)* + 4%

Simplify
822 — 1824+ 8y? =0
or,
9 81
8 _ )2 2 _ =
(@ -2+ =3

Ll . . . . L Q
Thus it is a circle with the radius 5 centered at <

1.2 DeMoivre’s theorem and Euler’s formula

1.
By Euler’s formula, €’ = cos# + isin . Thus for all real numbers 7,

(cosf 4 isind)" = ()" = e = cosnf + isinnd

2.
(a) If it contains exponentiation, it is recommended to change the inside of
parentheses to polar form once.
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This shows that

m Lisi T 1414
= cos— +isin— =—
4 4 V2
(b) If it contains exponentiation, it is recommended to change the inside of
parentheses to polar form once.

V3 —i=2e"F!
Then
6 . .
(\/ﬁ - z) — (2eF)0 = g
= 64[cosm —isin7] = —64

(¢) If it contains exponentiation, it is recommended to change the inside of
parentheses to polar form once.

(1+V3i)5 (2e7/3)0

(—1+1)10 B (\/ge?m/zl)lo
_ 20e°™ — 9p2mi—15mi/2 _ 9, —11mi/2 _ 9, mi/2 _ o;
= Protmiz = e = 2e = 2e =2

(a) Use the root formula of the quadratic equation
2% =i = e™/2 implies cos ”/QJ%}” + isin W/LZ%” (k=0,1)
(b) Use the root formula of the quadratic equation

23 = —1 = ™ implies cos % + isin% (k=0,1,2)
(¢) Use the root formula of the quadratic equation
24 = —1 4+ /3i = 2¢2™/3 implies 2'/4[cos 277/3:2“ + isin Qﬂ/?’z%ﬂ] (k =

0,1,2,3)

4.

(a) To convert from polar coordinates to Cartesian coordinates, use ©z =
rcosf,y = rsinf.

1 i
RGN
(b) To convert from polar coordinates to Cartesian coordinates, use z =
rcosf,y =rsinf.

'3 = cos3m/4 + isin3m/4 =

it \/g ]-

e 'sT =cosm/6 —isinmw/6 = — —i—
2 2
(¢) To convert from polar coordinates to Cartesian coordinates, use x =

rcosf,y = rsinf.

e*tm = 2™ = e2[cos T + isin ] = —e?
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(d) To convert from polar coordinates to Cartesian coordinates, use z =
rcosf,y = rsinf.

€28 = 2713 = ¢2[cos 3m/2 — isin37/2] = %

5.
(a) To convert from Cartesian coordinates to polar coordinates, we use r =

\/W79:tan71%for —r<f<m.
2= 24 0i = /22 + 02e™ = 2¢™

(b) To convert from Cartesian coordinates to polar coordinates, use r =

\/m70:tan_1%for —T <0<
i=0+1= \/mem/2=eﬂ/2i

(¢) To convert from Cartesian coordinates to polar coordinates, use r = /22 + y2
, :tan_lgfor —r <0<,

1+ = /12 + 12e™/4 = \/2¢7/2
(d) To convert from Cartesian coordinates to polar coordinates, use r =

m79:tan*1%f:f£b,—ﬂ<9§%

2 , .
V3 —i=1\/V3 4 (—1)2e /6 = 2¢7/0
6. First if [2] = 1 then we show z = .

Let z = ref. Then since |z| = 1, we have
el = Irlle®] = Ir] =1
0

r > 0 impliesr =1 and z = €".
Next, if z = €%, then show |z| = 1.

|z| = €| = | cos@ +isinf| = \/cos 62 +sinh2 = 1

2.1 Complex function
1. For z =z + iy, w = u + iv, calculate w = z2. Then
w=2%=(z+iy)? =2 —y* +i(2xy) = u +iv

Thus, u = 2% — y?, v = 2zy. Next we solve this for z, y.
U

Since v = 22y, y = 5-. Put this into u = 22 — y2. Then

,02

_2_ (Y2 _ 2 U7
u=z°—(—) "=z e
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Multiply both sides by 4z2. Then
Azt —42*u -2 =0

This can be thought of quadratic equation in z2. Thus let 2 = X. Then. by
the formula of quadratic equation, we have

5 2ut VAU 4+ 402 utVu? +0?
xr = =
4 2

Note that x is a real part. Thne

5 u+ Vu?+v?
rr=—

Thus we have

Next find y. Since u = 22 — y?, we have

5 9 u+ Vu? + v? —u+ VuZ +v?
y=r'-u=—— --uy=—""/8 H#——
2 2

Thus

7U+*/’u2+’02

-+
4 2

Next, consider what kind of curve the straight line y = b (b > 0) parallel to
the real axis of the z plane is mapped. By the above equation, y = +b satisfies

—U+’/’LL2+U2

=+b=+
Y 2
Thus,
B2 —u + Vu? + v?

2

and it is mapped to the parabola v? = 4b%(b? + u)
Similarly, a straight line parallel to the imaginary axis of the z plane = =
+a (a > 0) satifies

U+ Vu? + v?
2

r==2a==+

Thus
5 U+ Vu?+v?

a” = 9

and it is mapped to parabola v? = 4a?(a® — u).

2.
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(a) z=ax+iy,w=ut+iv &BL &
u+iv=2% = (v +iy)® = 2® — 3zy® +i(32%y — y°)

0 u=2a3-3xy?, v=232%y—y>.
(b) Let z =z + iy, w = u + iv. Then

z  z2(z41) 2P +z

S e P TR R |

Note that |z|? = 22 + 32

2?2 +y? 4+ +iy

U+ v =
(x4+1)2+9y2

2 2
Therefore, u = (m i )

— y
(@+1)2+y? 7 (@+1)24y?"
(¢) Let z =z + iy, w =wu+iv. Then

— 7 — — 1 ) — 2
w2t o) ety —1))
z41 |z + |2 |z + |2

Note that |z 4+ i[> = 2% + (y + 1)2. Then

2 _(y=1)22 4+ 2zx(y—1
wtip = oy D 2ia(y - 1)

22+ (y +1)2
Therefore, u = %’ v = %

Linear function

1.
(a) w= % takes z; by inverting the point z with respect to the unit circle
|z| = 1, and then takes symmetrical transformation of z;.

Since the two points P and Q are on the unit circle, they appear at points
P’and Q’symmetrical with respect to the real axis by w = % Also, the point at
infinity of a straight line is reflected at the origin. Furthermore, w = % is circle
to circle, this straight line maps to the circle going through P’, Q’.

(b) w = % takes z1 by inverting the point z with respect to the unit circle
|z| =1, and then takes symmetrical transformation of z;.

Since the point P is on the unit circle, it maps to the point P’ which is
symmetric with respect to the real axis by w = % Also, the point at infinity of
a straight line is reflected at the origin. Furthermore, w = % is circle to circle.
This straight line maps to the circle with the radius of the distance from the
orign to P’.

(c) w = 1 takes z; by inverting the point z with respect to the unit circle
|z| = 1, and then takes symmetrical transformation of z;.
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A point @ maps to %, a point ¢ maps to %7 a point —¢ maps to % Further-

more, w = % is circle to circle, a cricle going through 3 points a, ¢, —¢ maps to
11 1

a circle going through 3 points -, 7, =.
2.
(a) An invariant point is a point that satisfies f(z) = z.
Let w = % = 2. Then 22 = 1. Thus we use the quadratic formula.
2% =1 = ¢° implies the roots are cos 25T + jsin “HZET (k= 0,1). In other
words, +1.
(b) An invariant point is a point that satisfies f(z) = z.

Let w = ‘cljis = 2. Then cz? 4+ dz = az + b. Rewrite this, we have

2+ (d—a)z—b=0
Thus,
(a —d) £ +/(a—d)? + 4bc
2c

z =
2.3 Elementary functions

(a) At this level, use e* = e*(cosy + isiny).

e* = 1 implies e®(cosy + isiny) = 1. Note that two complex numbers are
equal if and only if their real parts are equal and their imaginary parts are equal.
Thus we obtain the following system of equations.

e“cosy =1
{ e’siny =0
Note that cos?y 4 sin® y = 1. Then
e cos?y + €2 sin’y = ¥ =1
Thus, 2 = 0. That is x = 0. Putting this into the above equation, we have
cosy =1, siny = 0. Thus, y = 2nw(n = 0,£1,+2,...). Therefore, z saitisfies

z=x+ 1y = 2nmi

(b) At this level, use e* = e®(cosy + isiny).

e = i implies e”(cosy + isiny) = i. Note that two complex numbers are
equal if and only if their real parts are equal and their imaginary parts are equal.
Then we have the following system of equations.

e*cosy =10
{ e’siny =1
Note that cos?y + sin? y = 1. Then

e cos?y + X siny = e?* =1

Thus, 2x = 0. That is x = 0. Putting this into the above equation, we have
cosy =1, siny =0. Thus, y = 2 + 2n7w(n = 0,+1,42,...). Therefore z is

. 1 .
z:x—l—zy=(§+2mr)z
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(c) At this level, use e = e*(cosy + isiny).

e* = —2 implies e*(cosy + isiny) = —2. Note that two complex numbers
are equal if and only if their real parts are equal and their imaginary parts are
equal. Then we have the following system of equations.

e cosy = —2
{ e’siny =0
Note that cos?y + sin®y = 1.

e? cos?y + e sin?y = ** =4
Then 2x = log4. That is x = log2. Putting this into the above equation, we
have cosy = —1, siny = 0. Thus, y = 7 + 2n7(n = 0,41,+2,...). Therefore,
z is

z=x+1iy =log2+ (7 + 2nm)i

(a) Trigonometric functions are once rewritten using exponential functions.
After that, the polar form can be changed to the orthogonal form.
When sin 2i is expressed using an exponential function, we have

. —e
sinz =
24
Then
o —2_ g2 g2 _ o2
sin 27 = - =1
27 2
(b) Simplify using the addition theorem.
. (71' + ) LT o ™ ..
sin{—+44) = sin—cosi-+ cos—sini
2 2 2
e t+e
= cosi=
2
(¢) Simplify using the addition theorem.
(w ) 0 4 sin © sini
cos|— —4) = cos—cosi+sin—sini
3 3 3

) 3 . .
= —cosi+ —sini
2 + 2

e_1+e+\/§ el —e
2 2 21

DN | =

e lde  V3le—e)

4 ! 1

(d) tanz = 522
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T . sin % + 21
tan (f + 22) = —F0
6 cos g + 2i

sin & cos 2i + cos g sin 2i

cos § cos 2¢ — sin § sin 21
1, e?4+e® | /3 el—e?
2 7 T3t

@ . 6_2+€2 . 1 ‘6276_2

2 2 PR

e 24 e +iV3(e? —e?)
V3(e™2 4 €2) —i(e2 — e~2)

(e 4+ +iv3(e? —e?)(VB(e > +¢) +i(e> —e?))

(Va(e 2 + ¢8) — i(e? — e 2))(V3(e 2 1 ¢2) + i(e? — e-2)
V3(e ™ +24e!) —VBet =2+ e ) + 3i(et —e ) +i(et —e?)

et +2+et)+et -2+
4V/3+4di(e* —e ) VB4i(et —e?)

de=4+4+4er T et4l+4et
(e)
o eV _—e¥ ¥ — eV
siniy = 5 =i
(e)
. e Y +e¥
cos iy =~

(a) Note that cos?z 4 sin? z = 1.
Divide cos? z + sin? z = 1 by cos? z. Then

cos?z  sin?z 1

cos?z cos?z  cos?z

Thus
1+tan?z = 12
cos? z
(b)
' e—ir _ iz oi% _ o—iz .
sin(—z) = 5 =— % = —sinz
()
e—i% 4 it gi7 4 g—iz
cos(—z) = = =cosz

4.
(a) Of the c that satisfies f(z+4c¢) = f(z), the one with the smallest || is called
the period of the function f(z). Note also that e(*T2i™) = ¢,



Let sin (z + ¢) = sin z. Then find the value of c.

gilzte) _g—i(z+e)

Since sin (z + ¢) = “——FF——, let sin (z 4 ¢) = sin z. Then
ei(z+c) _ e—i(z+c) — eiz _ e—iz
ei(z-i-c) . eiz _ _e—i(z+c)e—iz(ei(z+c) _ eiz)

Note that e?(*T¢) — ¢i% is the common term. Thus,
(ei(z+c) _ ez’z)(l + e—i(z+c)e—iz) =0

and _ ' _
ez(erc) _ i(2+c) _ _ ,—iz

e'? ore e
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Now the period of the exponential function is 27i. Then e*¢ = 1 implies ¢ = 2n.

Also, e'(*1¢) = —e~%% implies z + ¢ = —z + n.
D.
(a) Set tanz; = tan z;. Then
sin z1 sin zo
cos 21 COS 29
eizl 7e—iz1 61"5276_122
2i _ 24
€17l fe—i71 €172 fe—i72
2 2
Z‘(efizl _ eizl) 7:(677;22 _ eizQ)
eizl + e—izl - eizz + e—iZQ
i(1 — e%i=1) i(1 — ei=
e2iz1 | 1 - e2iz2 1 ]
(1 _ eszl)(e2zz2 4 1) _ (621z1 + 1)<1 o e2zz2)
627,7;2 - e2zz1 62122 o 62121 + 1 = 62221 o 6212162122 o 627,2'2 + 1
621;22 — eQizl

Thus, zo = z1 + nw. Therefore, tan z has the period .

2.4 Inverse function of an elementary function

1. w=+/z=2"? means that w = 2!/ = /re’(®*27™)/2_ Thus, it is two-valued

function. Now let z = re?. Then
wy = STy = SR _

2.
(a) Uselogz=log,r+i(0+2nm) (n=0,£1,£2,...).

log2 =log, 2 +i(0 + 2nw) = log, 2 + 2nw
(b) Uselogz =log,r+i(0+2nw) (n=0,£1,42,...).
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log (1) =log, | — 1| + i(m + 2n7) = i(7 + 2n7w) = (2n + 1)mi
(¢) Uselogz =log,r+i(0+2nm) (n=0,£1,42,...).

1
log i = log, |i| + i(g +2nm) = i(g +2n7) = (2n 4 = )i

2
(d) Uselogz =log,r+i(0+2nmt) (n=0,+1,+2,...).
1
log (1+14) = log, |1 + 1| + i(% +2nm) = log, V2 + (20 + )i

(a) Use a® = e*loga,
(71)1' — pilog (-1 _ ei[loge|71\Jri(71'+2n7r)] _ 67(2n+1)7r
(b) Use a* = e*lo8a,
(Z)z — pilog (i) _ illog, lil+i(5+2nm)] _ e—(2n+%)7r

(c) Use a® = e*loga,

(2)1 —  eilosg (2 — 6i[loge [2|4+2(0+2n)]
— ei[loge \2|e—2n7r
= e 2" [cos (log, 2) + isin (log, 2)]

(d) Use a® = e?loga,

(2)1+i — 2 . 2i — 26i log (2) — 26i[loge |2H’Z‘(0+2nﬂ)]

261’[103;e \2|672n7r

2¢=>"" [cos (log, 2) + i sin (log, 2)]

4.
(a) Show sin™'z = Llog(iz +Vv1—22).

Let sin™! 2z = w. Then z = sinw. Note that the complex function sinw is
expressed by the exponential function.

eiw _ efiw
Zz =slhw = -
21
Now solve this equation for w.
2iz = VW —_e W=
2ize™ = (e")? 1=
0 = (e")?—2ize"™ — 1=
e = dzd/(i2)2+ 1=
iw = log(izx+/(i2)2+1) =

1
w = =logliz++/(i2)2+1)
i
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Note Assuming that 1/ (iz)? + 1 represents two branches with + in front of
the radical symbol at the same time by divalentity, only + is required.
(b) Show tan~!z = 5 log 17

1—iz

Let tan™! z = w. Then z = tanw. Note that the complex function tanw
can be represented by exponential function.
sinw 1MW — et
z =tanw = =

cosw i ew fe-w

Now solve this equation for w. Then

iz(e™ e ™) = e e
iz((e™)?+1) = ()2 -1=>
iz+1 = (1—iz)(e™)? =
; 141z
1w\ 2 _
()" = 1%
; 141z
w _
© T Viti
1412
] = 1 =
" o8/ T3,
1 1412
w = = log( + ZZ)

o.
(a) Usecos™ z=1log(z+Vz2—1).

cos™! (1) = log (1++v1 loge ) +i(2n7)) = 2nrw

Alternate solution Let w = cos™! (1). Then 1 = cosw = % Solve
this for w. Then

(e™)? =2 +1 = 0 =
e 1 =
iw = log(l) =log,1+i(2n7w) =
w = 2nm

(b) Usesin™'z = Llog(iz £ 1 —22).
Note

CERGICERE -

1
log (2 —3)=1o =1
ge( ) ge( 2+ 3 7 3

) = —1log (2 +V3)

&0
log, (2 £ V3) = +log, (2 + V3)
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sin”!(2) = %log(2i +1-4)
= llog(2i +iV3) = log( (2+3))

= (log( )+ log (2 + \[)) ! [1(271 + %)W +log, (2 + V/3) +i(2n7)]
= 2n7r +ilog, (2 +V3)
(c) Usecos™tz = tlog(z+ V2% —1).

cos™ (i) = log == \/7 log (1£v?2)
= g(logi +log(1 + \/5))

Note that

_ f log.(1+ Vv2) +i(2nm)
log(1 + \/Q) = { log, (V2 — 1) + i(m + 2nm)

cos1 (i) = { —i[(2n + )7 +log. (1 + V2)]
—i[(2n + 5)7 +log. (V2 — 1)]

Limit and continuity

1.

In order for the set D to be called a region, it must satisfy the following two

conditions.
1 zp€D,ze€ N(zp,0) ={z:]z— 20| <} C D (open set)
2 z1,29 € D, zjandzacan be connected by the continuous curve inD.(arc-like connectivity)

Note N(z,0) = {z : |z — 29| < 0} is said to be a ¢ neighborhood of a point
Z0-

(a) Let D be the set of the z plane minus the origin O.

1. If you select a point zy other than the origin and let zy and half the
distance to the origin |zg|/2 be §, then the ¢ neighborhood N(zg,d) is in D.
Thus D is open set.

2. Any two points in D can be connected by the continuous curve contained
in D, so arc-like connectivity is satisfied.

Therefore, D is a region.

(b) Let D ={z:%Rz>0}.

1. Choose zy other than the origin. Let ¢ be the half of the distance from
2o to the imaginary axis. The ¢ neighborhood N(zg,0d) is in D. Thus, D is an
open set.

2. Any two points in D can be connected by the continuous curve contained
in D, so arc-like connectivity is satisfied.
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Thus, D is a region.
(¢) Let D={z:3z>0}.

1. If we choose zp on the real axiz, then for any ¢ neighborhoos N (z,d)
contains a point other that D. Thus it is not a open set. But, any point in
{z : 3z = 0}, ¢ neighborhood of its point contains a point in D and not in D.
A collection of such points is calledboundary of D. Thus, D is a closed set.

2. Any two points in D can be connected by the continuous curve contained
in D, so arc-like connectivity is satisfied. .

Therefore, D is a closed set.

(d) Let {z:1< |z] <2}.

1. Choose zy other than the origin. Then let § be half of the distance of
the shorter of two: the distance from zy to |z] = 1 or to |z| = 2. Then 6
neighborhood N (zp,d) is in D. Therefore, D is an open set.

2. Any two points in D can be connected by the continuous curve contained
in D, so arc-like connectivity is satisfied. .

Therefore, D is a region.

lim(22 +22) =i? +2i =2 — 1

z—1

@223+ (-3)(Y) 2 i
Zh_r)n% (iz—1)2 (=32 3(1+3)

(c)
z—1—1 . z—(141) 1 i

lim —— ' 1
b2 — 2242 bz —(1—i)N(z—(+4) 2 2

i 52 omi/2 ; \/5(1 o
1m == - " = = — 2
e B S R A
3.

Note

1. The exponential function e* is continuous at all points on the complex
plane, the logarithmic function log z is continuous except at the origin, and the
meromorphic function is continuous except when the denominator is 0

2. The sum, difference, product, and composition of continuous functions
are also continuous, the denominator is non-zero, and the quotient is also con-
tinuous.

(a) 22 is a meromorphic function. Thus, it is continuous on all points.
(b) e* is continuous at all points..

(c) zz_fi is a meromorphic function. Thus it is discontinuous at z = —i.
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(d)
(7

2 +22 15 is a meromorphic function. Thus it is discontinuous ar z = —1 +

-1 —1.
) 24111 is a meromorphic function. Thus it is discontinuous at the point where
‘11=0.

4

o |+ 2k w42k
z* = —1 = e'Mimplieszy, = (cos Bt e Hisin 0

) (k=0,1,2,3)

Therefore,
(L) _(l+d) (l-i) (1)
Nl N N NG

2 . . . . . . . .
(f) 2 7‘;‘; is a meromorphic function. Thus it is discontinuous at z = 23.

zZ0 =

2 (5 £ ) . : .
(g) f(z)= i 2i (2 = 2) is meromorphic function except at z = 2i. Thus
i z=2i

it is continuous except at z = 2i. Note that f(z) is a piecewise function. Thus
to check to see if it is continuous, we have to go back to the definition. In other
words, if

lim f(z) = f(2i)

z—21

then it is continuous at z = 21.

liy 7(2) = lig 2 gy F20 =20

- =43
z2—21 220 2 — 21 z2—21 z— 21

or f(2i) = 4i. Thus it is continuous at z = 2.

3.2 Analytic function

1.
Let’s check the differential formula and differential calculus
(a)
3

(=

—2224+32) = (%) —2(2%) + 37 (derivatives of a sum is the sum of derivatives)
322 — 4z +3 ((2%) = az*™h)

(22 4+4)%) = 3(22 +1i)*(2* + 1)’ (derivatives of composite functions)
= 3(22+14)%(22) = 62(2% +1)?

_ Y, N .,
(Z l)’ = (z—9)(z+19) (Z Dz +1i) (derivatives of quotient)
z+1 (z+1)?
z4+i—(z—1) 2i

(z+14)2  (2+41)?
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sinz  (sinz)’(cosz) — (sin z)(cos z)’

(tanz)" = = 5 (derivatives of quotient)
oS z (cos 2)
cos? z + sin” 2 1 oc?
= = = S Z
cos? z cos?
(b)

(sin™!(z — 1))’

1 —(cos z)’

——)" = ——— (derivatives of quotient)
cos z (cos z)
sin z
= —5_ =secztanz
cos? z

1
(22 +1)Y?) = §(z2 +1)7Y2(2% + 1)’ (derivatives of composite functions)

2(2% +1)7/2

((sin 2)?)" = 2(sin 2)(sin z)’ (derivatives of quotient)

= 2sinzcosz

1
= (22 + 44)’ (derivatives of composite functions
22 4+ 44

2z
22+ 4

r (ecoszlogi)l (az — ezloga)

= %8718 (cos 21og i) (derivatives of quotient)

__gsCosz

—sin zlogi) = —i°®?sin zlog i

ecosz logi (

————(z — 1)’ (derivatives of composite functions)

[ [
| |
— e |
el T
| |
~. -~
= =
[ V] [NV}
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(h)

1
(log(z + V22 +1)) = ————=(2+ V224 1) (derivatives of quotient)

z4+vVz22+1
z

1
z+\/z2+1( \/z2+1)

1 V224142

242241 V22H1
1

z22 41

1

(log(sin™! 2))! = m(sin_1 )" (derivatives of composite functions)

_ ;(#)
T osin Ttz 122

1
sin~! 2v/1 — 22

(ZZ)/ _ (ezlogZ)/ _ ezlogz(zlogz)/

1
Zlng(logz—i—z )=z*(logz+1)

4.1 Line integral and Green’s theorem

1. To find a complex integral, it is common to parametrize the curve C' as

z(t) = z(t) +iy(t).

This curve is a straight line connecting a point (0, 1) and a point (1,0). Then
we can parametrize this line such as z(t) = (0,1) + (1,—1)¢, 0 < ¢ < 1. Thus,
xz(t) =t,y(t) =1—1t, 0 <t <1. Therefore,

1
/yda:—/ 1—tdt—t——|0—f

Alternate solution Since y =1 — z. we can integrate directly.

1 22
/ydx:/(l—x)dm:m——\é:
c 0 2

This curve is a straight line connecting a point (0,1) and a point (1,0).
Then we can parametrize this line such as z(t) = (0,1) + (1,—1)¢t, 0 <t < 1.
Thus, z(t) =t,y(t) =1—t, 0<t <1, dy= —dt. Therefore,

! t3 1
/xQdy :/ t2(—dt) = —— \0— —=
c 0 3

i
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This is a curve y = 22 connecting (—1,1) and (1, 1). Then we can parametrize
this curve by z(t) = t,y(t) =12, —1 <t <1, dy = 2tdt. Thus,

1
/(wydm —yidy) = / (t3 — t*(2t))dt = 0 (t3,t°are odd function)
c -1

This curve is a circle of the radius 1 with the center at the origin. Then
we can parametrize by x(t) = cost,y(t) = sint, 0 < t < 27x. Now dx =
—sintdt, dy = costdt. Then

2
/(:z:ydx —23dy) = / (—sin®t cost — cos* t)dt

c 0

Note that if we let u = sint, then du = costdt, i O=2r . Then
u: 0—=0

2m 0
/ (—sin®t cos tdt = / u?du =0
0 0

Next
2m 2m 2m
1 5 2t
costtdt = (cos® t)2dt = (i)th
2
0 0 0
1 27 )
= Z/ (1 + 2cos2t + cos® 2t)dt
0
I 1 4t
= 7/ (1:200s2t+ﬂ)dt
1.3t sin 4t
= 1[5 + cos 2t + % o
37
4
2.

(a) This curve is already parametrized. Thus,

1 2 3
t t
/(:c2+y)dt = /(t+1—t2)dt=5+t—§})
0

C

(b) This curve is already parametrized. Thus,

z
/xy2dt = / sin ¢ sin? tdt
c 0

2 g, 22
/Oblntdt—@—g

2
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5 (n=1)!!
Note [ ? sin” tdt = all (nodd)
0 (n=D! 7
nll 2 (neven)

nl=n(n—2)(n—4)---.
3. Green’s theorem is the line integral of P(z,y), Q(z,y) such that the partial
derivatives are continuous on the simply connected domain R surrounded by a
single closed curve C' and it can be expressed as a double integral in the simply
connected domain R. That is

/de-l—Qdy—// a—Q—a—P dzdy

(a) Using Green’s theorem, we have

/C(a?de:c —aydy) = //R(a(:;cyz) - 8(;;y))dxdy

//R(—yQ—xQ)dxdy: —//R(xz—i—yz)dxdy
= /%/ r2|J|drd

Now we find the Jacobian J. Then J = “C ) — ’ gy 39 ‘ =r.
Thus,

2w 1
/(wy2dx —xydy) = —/ / r2rdrdd
c 0 r=0
2m 1
1
—/ da/ Pddr = —27~ = - =
0 r=0 4 2

(b) Using Green’s theorem, we have

/C(yd:ﬂ—l-dey) = //R(a(;?— aa(z))dxdy
//R(2—1)dacdy://Rdxdy

™
area o 1

4.2 Complex integral
1. Parametrize a unit circle. Then z(t) = e, 0 <t < 27. Thus

27 ; L .
zcoszdz = e’ cos(e)ie'dt u=e’ dv = ie' cos(e™)dt
C 0 du = ie'tdt v = sin(e”)

27
= esin(e) |27 —/ ie' sin(e')dt
0

= cos(e") |2™= cos(e*™) — cos(0) = 0
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2.
casel. The integral path is 0 to 1 and 1 to 1 4 7 along the sides of the square.

A straight line ¢; connecting 0 and 1 can be parametrized by z(¢) = (0,0) +
(1,0)t, 0 <t < 1. Thus, z(t) = t,y(t) =0, 0 <t < 1. Therefore, z =z +iy =t

and
1 2
t 1
zdz = | t(dt) = — |}= =
/ /O<> =3

A straight line ¢o connecting 1 and 1+ ¢ can be parametrized by z(t) = (1,0) +
(0,1)t, 0 <t <1. Thus, z(t) =1,y(t) =t, 0 <t <1. Therefore, z =z + iy =
144t and

! ! 12 1
/Zdz:/ (1—z't)(idt):/ (4 t)dt = [it+ = =i+
C2 0 0 2 2

Then the integral is given by

/Zdz:/ édz—i—/idz:l—l—i
C Cc1 c2

case2. The integral path is 0 to ¢ and 7 to 1 4 4 along the sides of the square.

A straight line ¢3 connecting 0 and ¢ can be parametrized by z(t) = (0,0) +
(0,1)t, 0 <t < 1. Thus, 2(t) = 0,y(t) = 1, 0 <t < 1. Therefore, z = z+iy =it

and
_ Lo 2,1
/Czdz—/o (-it)id) = & b=

A straight line ¢4 connecting ¢ and 1+ 4 can be parametrized by z(t) = (0,1) +
(1,0)t, 0 <t < 1. Thus, z(t) = t,y(t) =1, 0 <t < 1. Therefore, z = x + iy =

t+1 and
/*d /1<t D) =[5 —itfi= L
zaz = — 1 = |— —1 = — —1
. 0 2 07 9

Then the integral is given by

/Zdz:/ Edz—i—/zdz:l—i
C Cc3 Cq

case3. The integral path is 0 to 1 4 ¢ along the diagonal of the square.

A straight line ¢; connecting 0 and 1 + i can be parametrized by z(t) =
(0,0) + (1,1)¢t, 0 <t < 1. Thus, z(t) = t,y(t) =t, 0 < ¢ < 1. Therefore,
z=x+1iy =1t+ it and

1
/Zdz:/ (t—it)(1+i)dt:/ 2tdt =12 =1
cs 0 cs
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4.3 Cauchy’s integral theorem

1. Let C be a curve C; connecting from a starting point a to b. Then the curve
connecting from a point b to a can be represented by —C5. Now let C = C; —Cs.
Then the curve C'is a closed curve in the region D. Here using Cauchy’s integral
theorem, we have

0 = /f(z) dz = f(z) dz+ f(z) dz
C C1 —Cs
— [ fe - | e e

Cl CZ

Therefore,
f(z)dz= [ f(2)dz
Cl C?
First, bridge from curve C; to curve Cy. Then, while turning along the

curve (', cross the bridge and move to the curve Cy, Let C' be the curve that
goes in the opposite direction, crosses the original bridge, returns to the curve

C1, and goes around. At this time, C is a closed curve included in the region
D, so if Cauchy’s integral theorem is used,

0 = /f(z) do= [ {2 e+ [ f(z) de
C Cy —C>

) de— [ fe) dz
C1 Ca

Therefore,

(2) dz = f(z) dz
Ch Cs

Since the curve C' is the circumference of a radius r > 1 centered at the origin,
flz) = Z%H is not analytic inside of this circle. Then, expand f(z) = by
using partial fraction.

_1
2241

I 1 _l[ 1 1
241 (z4+id)(z—i) 2

z—1 z4+1

]

Here we use the basic integral formula

/ 1 [ 2mi n=1
\zfa\:r(z_a)n_ 0 n?él

1 1 1 1
/ - dz = —| dz—/ dz
|z\:rz +1 21 |z:rZ_1 ‘Z:,,,Z—l
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Since the curve C is the circumference of a radius » > 1 centered at the
origin, f(z) = m is not analytic inside of this circle. Then , expand
f(z) = @amn—z Py using the partial fraction expansion.

z A . B
(2z+i)(z—2) 2z+i z-2

Clear the denominators,
z2=A(z—2)+ B(2z+1)

Now let 2z = 2. Then

2
9= B(4+i)= B =
(441 it
Also, let z = —%. Then
) 7 )
oAl 9= A=
2 ( 2 )= 4+
Thus,
P i 1 2 1
S d —1——d
/Z|_1(2z+i)(z—2) 4+i/|z|_122—|—i Z+4+i/|z| .2

Here using the basic integral formula, we have

/ 1 _f 2m n=1
|z—a|=r (Z - a)n B 0 n 7& i

z ) 1
Y N & T ——— dz+0
/M:l er0(-2) i+ /M:l 20 +1/9)
_ ) 9mi — —T __4—2'
T 2@+ T avi s T

Since this curve is centered on the origin, the circumference of the upper half

of a circle with radius rj 1, and the diameter on the real axis, f(z) = is
1

_1
2441

not analytic inside of this circle. Then expand f(z) = by using the partial

2T+l
fraction expansion. Solutions of z* = —1 are give by
2k 2k
2k, = COS (u) + sin(u, k=0,1,2,3
4 4
Thus,
141 ﬂ —1+7 2 e S 1—1
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Therefore,

APPENDIX A.

Here we only need to find A and B.

Thus

J

(b)

(¢) Recall that

1+4
/0

z

d
z+1 i

(d) Recall that

1A B c D
A4+l z—zg z—21 zZ—2y 2Z—23
= 320_3116737T4
B = 21391(2*2%411:é
= 321—3:167%4

1
— dz = A/
24 +1 cZ—2

1
dz+B/
c R —Zz

1 1 4
Ze 34 9mi+ —e 0™ 9

4

TR S o

= 26 &

- m'[—l—i 1—2']_77
2" 2 V2l 2

1
/ ze® dz = [ze® — €® |[j=ie' — €'
0

log z = log, |z| + targ z

Z+1)dz

1

1
1- 51oge5+z'(1 —tan™* (

1

(sin™' z)

14— Ylog,(5) — itan—! 1
i = 5 log. itan™"

1
)

V1— 22

SOLUTION

[z —log(z+1) [;t'=1+4 —log(2+i) = 1 +i — (log, |2 + 4| +iarg(2 +1i))
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1
sin”" z = = log(iz + V1 — 22)
i

/l \/71 d [sin~" 2 |¢
—_—— yA = Sin z
0 1—22 0

-1

. . .o 1
= s8in” " ¢—sin" = —
7

[log(i* + /1 —142) —log 1
= %1og(71 +V2) = %[loge | — 14+ V2| +iarg(—1+ v/2)]
= llog,(vVZ- 1)

4. A function u(z, y) is called a harmonic function if Au = uq +uy, = 0. Also,
A is said to be Laplacian, the equation Au = 0 is called a Laplace equation.
Make sure that the holomorphic function w = w + iv with u in the real part
satisfies Cauchy-Riemann’s equation.

(a) For u = 2% — y?, we find Au. Then

Uy = 2T, Upy = 2, Uy = —2Y, Uyy = —2

Thus, Au = 0 and w is a harmonic function. Next find a holomorphic function
w which has u as a real part. Let w = u + iv. Then

Uy = Vy = 22,0V, = —Uy = 2y
Thus,
v(z,y) = /vy dy = /Qxdy = 2zy + ¢(x) (A1)
Differentiate the equation A.1 by x,
vz =2y + (¢(x))’ (A.2)

Now by the condition v, = 2y, we have ¢'(x) = 0 which implies ¢(z) = ¢ and
v(z,y) =2zy+c
(b) Find Aw for u = e” cosy. Then
Uy = ¥ COS Y, Ugy = €7 COSY, Uy = —e” siny, uy, = —e” cosy

Thus, Au = 0 and u is a harmonic function. Next find w which has u as a real
part. Let w = u + 4v. Then

Uy = Uy = €7 CosY, Uy = —Uy = e”siny
which implies
v(z,y) = /vy dy = /ez cosy dy = e“siny + ¢(x)

v, = €”siny+ (¢(x))" = e” sinyimplies ¢(z) = ¢ (constant)

v(r,y) = e siny+ec
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(¢) Find Au for u = coszsinhy.
Uy = —sinzsinhy, 4z, = —coszsinhy, u, = cosz coshy, u,, = coszsinhy

Thus, Au = 0 and v is a harmonic function. Next find w which has u as a real
part. Let w = u + tv. Then

Uy = Vy = €7 COSY, Uy = —Uy = " siny
which implies

v(z,y) = /vy dy:/emcosy dy = e” siny + ¢(x)

e”siny + (¢(x)) = €” sinyimpliesp(z) = ¢ (constant)

Uy

v(z,y) = € siny+c

(d) Find Au for u = 1 log,(z? + y?).

_— T " 7x2+y2fx(2x)7 y? — 2?2
TRy T T @2+ y)? (22 +y2)?
y Yt —yQy) 2y

27uCECE -

U, = =
Yooa2+y (2% 4 y?)? (2% 4 y?)?

Thus, Au = 0 and u is a harmonic function. Next find w which has uas a real

part. Let w = uw + 4v. Then

o )

szvy=72,vm=—uy=—7x2+y2

2 +y

which implies
x
v(z,y) = /Uy dy:/m dy
1 -1,.Y /
—t = t
2= tan (1)) + 9() (note

= tan~! () + ()

1 1 t
— _dr=-tan ' (=
a? + t2 a (a)

Now take partial derivative with respect to x,

Y

Y
- (1‘2 + y2)2 + (ZS/(I)
By the condition v, = —W. Thus ¢/'(z) = 0 and ¢(x) = ¢. Therefore,

v(a,y) = tan~! (2) +c
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4.4 Cauchy’s integral formula

2. Cauchy’s integral formula
If z = a is inside of the curve C and f(z) is analytic inside of the region
containing curve C, then

(2) dz = 2mif(a)
cZ—a
Cauchy’s integral theorem

If ic(fzi is analytic inside of curve C', then

ﬁdz:O

cZ—a

(a) Since |z| = 3, z = 2 is inside of this curve. Then by Cauchy’s integral
formula, we have

/ © dr=2mif(2) = 2mie®
|

z|=3 % —

(b) Since |z| = 1, z = 2 is not inside of this circle. Then the integrand is
analytic. Thus by Cauchy’s integral theorem,

eZ
dz=20
/Z=12’/2 z

(¢) Since |z| =3, z =0 is inside of this circle. Then by Cauchy’s integral
formula,

. 3
/ sz ® dz = 2mif(0) = 2misin®0 = 0
|z|=3

(d) Since |z| = 3, z = It is inside of this circle. Then by Cauchy’s integral

formula,

3z 3z
e 1 e
/ - dz = */ — dz
|2|=3 22 — i 2 =325

3mi

= mf(%) = mie 2

= mi(cos (37/2) +isin (37/2)) = wi(—i) =

(e) Since |z| =1, z = Z is not inside of this circle. Then the integrand is

analytic. Thus by Cauchy’s integral theorem,

3z
e
dz = 0
/|Z|_1 2z —mi
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(f) Since |z| = 3, z = £i is inside of this circle. Then by Cauchy’s integral
formula,

[ S
|2[=3 2|=3
= o [2mi(7(0) — F(=i))] = meos (i) — cos ()]
e’ +e e e
= 5 — - (5 =0

(g) Since |z|] =1, z = 0 is inside of this circle. Then by Cauchy’s integral
formula,

e* 2ms 2mie? i
Zdz = Z210)) = =
/Z_1 4 g/ 0=" =3

s

(h) Since |z| =3, z = § is inside of thie circle. Then by Cauchy’s integral
formula,

/ sin z b = 1/ sin z "
l2|=3 (22 —m)3 8 Jizj=g (2 —m/2)3

12mi ,,
RAYL

™

2

Note that f(z) = sinz, f'(z) = cosz, f”(z) = —sinz. Then f"(§) = —1.

Thus
/ sin z 12me i
——dz=———— = ——
|z|=3 (22 — 7T)3 8 2! 8

(i) Since |z| =1, z = T is not inside of thie circle. Then the integrand is

analytic. Thus by Cauchy’s integral theorem,

3z
/ & = 0
|z|=1 22 — i

5.1 Laurent expansion

S]]

1. Laurent expansion around z = 0 is expressed by
o0 a oo
n n
D n D
n=1 0

To find Laurent expansion, it is useful to know the following Taylor expan-



sion..
22 28
z —_— —_— —_—
e* = 1—|—z—|—2!+3!+ +
. B 23 2P
smz = ? §+ +
_ 1 22 A
COS 2 = 75%‘?7‘}’
1
T = 14+z+224+28 420+ 4 (here,|2| < 1)
—z

(a) Since |z| < 1, 112: can be Taylor expanded. First we expand

by using partial fraction expansion. Then

1 B 1 _ 4, B
22-32+2 (2-1)(2-2) z-1 2-2
_o1
oz—1 z-2
Note that =4 = =L. Then
-1 _ -1 :7(1+Z+22+23+24+“.):7§:Zn
z—1 1-=2 =
Next since |z| < 1, we write 212 by
1 -1 1
z—2 21-%
Note that |5 < 1. Then we can use Taylor expansion.
1 -1
Z—2 2 1-2
1 z z z 2z
— _ - 1 - - 2 - 3 . — ~\n
SIH5+E+ G+ ;_0(2>
Therefore,
1 N S
22-32+2  z—-1 2z2-2
S SEND DI DAY
n=0 n=0 n=0

55

__ 1
22-3z4+2
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(b) Since 1 < |z| < 2, ;&= can not be Taylor expanded. But if we write

1 -1 1

11—z 21-1
z
Then \%| < 1. Thus we can use Taylor expansion. We expand ﬁ using

partial fraction expansion.

1 B 1 A B
22 —=3z+2 (zfl)(zfQ)_zfl+z—2
a1
oz 1 2-2

—-1_1

-1 _ -1
T-

Note that since |z > 1, we write 15 by =L = = T

z—1 zl—% z z

-
n=0

LS

n=0

1 1 1 1 11
. O+;+(f++~0

)n+l

N

Next since |z| < 2, we write 5 by
1 -1 1

2—2 21-2

Note that |5| < 1. Then we can use Taylor expansion.

1 -1
-2 21—
1 z z z Nz
= —_2(1 d “\2 “\3 . — _ “\n
SO+ G +E) ;(2)
Therefore,
1 o —1 n 1
22-324+2  z—-1 z-2
- _ “\yn+1 “\n
Z;; Z;Q

(¢) Since |z] > 2, 71 can not be Taylor expanded. But if we write

1 -1 1

1-2 =z21-1
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Then \%| < 1. Thus it can be Taylor expanded. We expand ﬁzﬂ using
partial fraction expansion.
1 B 1 _ A B
22-32+2 (2-1)(2-2) z-1 2-2
-1 1
oz—1 z-2
Note that since |z| > 2, we write 17 by —% 2_711_11
-1 -1 1 1 1 1
- - - —(1+= )2
z—1 zl—% z(+z+<z) )
I~ 1.,
- Iy
n=0
(oo}
= o
n=0
Next since |z| > 2, we write 15 by
1 11
z2—-2 zl—%
Here |2] < 1. Then it can be Taylor expanded. Thus
111
z2—2  z1-2
z
2 2 o 2
- Z(1+Z 232 Y ST -
e G R GO LR R ;Znﬂ
Therefore,
1 A 1
oz—1 22
2

22—-32+2
=1
n+1
=D MY o
n=0 n=0

= om -1
- Tontl
n=0
2.
(a) Since it is a Laurent expansion with z = 0, we do not do anything with
z%‘ Thus we expand ﬁ using Taylor expansion. Then
1 o0
=14 (=2)+ (=2 + (=2)* + - =) _(-2)"
n=0

1 p—
z4+1  1—(—2)
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Therefore,
ot
B(z+1)  Bz+1
1
= S0+ () + (=2 + (=2 +-)
1 1 1

2
;_?+;—1+Z—Z 4
Note that the singularity 0 is the 3rd pole.

(b) For Laurent expansion of z = —1, let t = z + 1. Then

11

Bz+1) (- 1)t

and it is a Laurent expansion with ¢ = 0. Now we have nothing to do with .

t
Thus, we expand ﬁ using Taylor expansion. Then

1 1

(e :(—l_t)3:—(1+t+t2+~--)3=—(1+3t+6t2+10t3+---)

Therefore,

1 1
Bz+1) (t—1)%

1
= —Z(1+3t+6t2+10t3+~--)

1 2
= —[¥+3+6t+10t +---]

= A 10 )P

Note that the singularity z = —1 is the 1st pole.
(c) For a Laurent expansion with z = 0, we have nothing to do with Z.

Then expand e using Taylor expansion.

(=22 | (z*)°

22_ 2 ..
¢ =l g T
Thus,

622 1 22

=
_ 1 2, (%2 (*)°
= 4+ =50+ )
I
o3z 203

Note that the singularity z = 0 is the 3rd pole.
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(d) For a Laurent expansion with z = 7, let t = z — 7. Then

sinz  sin(t+mw) —sint

zZ—T t t

and it is a Laurent expansion with ¢t = 0.
Note that we have nothing to do with % Thus expand — sint using Taylor
expansion.

AR R 1
fsint:f(tf§+a*ﬂ+'~
Therefore,
sin z —sint
zZ—T - t
— _l(t ﬁ_i_ﬁ i+ )
t 31 57!
2t
= et
z—m)? z—m)*
S

Note that the singularity z = 7 is removal singularity.

5.2 Residue

1. A singular point is a point where the function f(z) is not regular. It is the
point where the denominator is 0 in a rational function.

Basic formula
/ 1 ds — 2mi, n=1
|z|=r (Z - Z)n B 0, n 7& 1

As you can see from this formula, the integral of i does not become 0 when
Laurent expanded, but everything else becomes 0. From this, the coefficient of
ﬁ is called a residue, which means that it does not become 0 when integrated,

and is expressed as Res|a].
Residue formula For « is the singularity of f(z) with pole of order m,

1 I qm—1 .
(m—1)! S dam1 (z—a)"f(2)

Res[a] =

(a) The points where the denominator is 0 are z = 0,1. Then we find the
residue of z = 0,1. Expand ﬁ using partial fraction expansion. Then

1 4 B c
G122 oD e
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Clear the denominators.
1=A(z—-1)2*+Bz(z—1)+Cz

Let z = 0. Then
Let z =1. Then

Match the coefficients of z2. Then

0=A+B=B=-A=-1

Thus
L S DI
2z—12 2z (2—1) (2-1)2
Therefore,
1
Res[0] = coefficient of — =1
z
Res[1] = coeflicient of 1= -1
¥ —
(b) The points where the denominator is 0 are z = —%, 2. Then we find the
residue of z = —%, 2. Expand WM using partial fraction expansion.
z A B

2o+ 1)(z-2) 2241 2.2
Clear the denominators. Then
z=A(z—2)+B(2z+1)

Let z = 2. Then we have

2=5B=B=—-
Let z = —%. Then we have
1 5 1
—— =A(——==>A=—
p —Alg=A=3
Thus.
z 1/5 2/5

2z +1)(z2—2) 2z+1 2z-2

But the residue is the coefficient of ﬁ So, we rewrite

z 1/5 2/5
(2:4+1)(z—2) 2(z4+1L 2-2
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Thus,
1 2
Res[2] = coefficient of ==
es[2] = coefficient o 5%
1 1 1
Res[fi} = coefficient of T=1

(¢) The points where the denominator is 0 are z = nmw (n = 0,+1,+2,...).
Then find the residue of nw. We can not use the partial fraction expansion
on Sirllz. So, we use Taylor expansion on sinz at z = nm. Then divide. Let

t =z —nm. Then

sint, n B

sinz:sin(t+nﬂ'):{ _sint. nEH

First for n is even.

11
sinz  sint
= L = ! + = +
_ 1 Z—nm
. z—nmw 3!
Thus,
Res[nm] = coeflicient of =1
z—nm
Next for n is odd.
1 B 1
sinz sint
B 1 1 n t n
t— gi; + %5' — .. t 3!
_ 1 z—nm
N z—nm 3!
Thus
Res[nm] = coeflicient of =-1
z—nm

(d) The points where the denominator is 0 are z = 1,—2. Then find the

residue of z = 1, —2. Expand % using the partial fraction expansion.
Then

e” A . B . C
(z—=1D(z4+2)2 2-1 z+2 (2+2)2

Clear the denominators.

e =Az+22+B(z—-1)(2+2) +C(z—1)
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Let z = 1. Then B
Let 2z = —2. Then
—e2

2=_30=C=
e = 3

Thus,
Res[1] = coefficient of L _¢
el = z—1 9
Lastly, we want to find the value of B. But we can not use the matching of
coefficients. Because, e* is not polynomial. Then we use Heaviside’s expansion
theorem or residue formula. Here, we use residue formula. —2 is the pole of

order 2, by residue formula, we have

1 . d 9
ReS[_2] = W 21_1>H_12 %(Z + 2)

2. Residue formula
The function f(z) is analytic on and inside the single closed curve C' and

monovalent, except for the finite number of points a1, as, ..., a, inside it. Then

e? _ 4e2
(z—1)(z+2)2 9

/Cf(z) dz = 2mi{Res[a1] + Res[az] + - - - + Reslan]}

holds.
(a) By the residue theorem,
d
/ 72'2 = 2mi{Res|0] + Res[1]} (z=0,1 are inside of|z| = 2)
2|=2 2(2 — 1)

= 2mi(1—1)=0 byA,
(b) By the residue theorem,

1
/Z_l m dz = 27T’LR€S[—§] (Z:2 is not inside Of|Z| = 1)

1 .
= 27rim = % bytheresultof A.

(c) By the residue theorem,

d
/ % = 2miRes|0] (z=0 is in|z| = 1)
lz]=1 sz
= 27 byA,
(d) By the residue theorem,
eZ
——————— dz = 2mi(Res[l] + Res[-2]) (z=1,2 are in|z| = 3)
/|z|—3 (z=1)(z +2)?
-2
e e
= 2mi(- — —) byA
mi(g =) by
omi
= ﬂ(e —e7?)

9
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(a) The circle |z| = 1 contains the singularity z = 0. So find Res[0]. Then

Res|0]

By the residue theorem,

/z—l 2(

i d 2( 622
im —2(————
z=0dz “22(22 4224 2)
d 622
lim (S
250 dz(22 +2z+ 2)
2e2%(22 + 22+ 2) — €?*(22 + 2)

lim (

Z—0 (22 + 22+ 2)?
4-2 1
4 2
e2z
m dz = QWZRBS[O] = T

(b) The circle |z —i| = 2 contains the singularity z = 0, —1 + 7. Here Res|0]
is found by A. Thus, we find Res[—1 + {].

Res[—1 + 1]

Thus by the residue theorem,

/|Z_i=2 22(22+22+42)

e

2z

622
I R S
A = (1 Z))(z2(z2 + 22 +2)
e2z
li _
z—>1—nll+i(z —(-1- z))
o2(—1+1)
(—14d)2(—14+i+1+14)
o2(—1+i)
4
dz = 2mi(Res[0] + Res[—1+1])
1 e2(=1+i)
= omi(=+ <

2 4

(¢) The circle |z| = 3 contains all singularity z = 0, —1 4+ 4, —1 — i. Note

that Res[0], Res[—1 + i] are already found by A. So, we find Res[—1 — 1.

Res[—1 —i]

622
li S R S
z—>1£111—i(z ( Z))(Zz(ZZ +22+2)
622
li _
i (— (—1 +i))
o2(—1—i)
(—1—9)2(-1—i+1—1)
o—2(1+0)

4
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Then by the residue theorem,

€2Z
4y =
/|z_3 22(22 4+ 22+ 2) :

APPENDIX A. SOLUTION

2mi(Res[0] + Res[—1 +i] + Res[—1 — i])

- 1 e2(=1+i)  o—2(1+i)
m(§ + 1 + 1 )
1 =262 4 =22
2mwi(—
m(2 + 1 )
1 e2e2i 42
omi(z + & T
m(2 + 5 5 )
)
mi(l+ S—2)
cos

5.3 Application of real integral

1.
(a)

/.

1

——d
224+ 41 v

Let the closed curve C' be the straight line connecting —R and R on the real
axis, and Cr be the curveof the radius R with center 0 connecting R and —R.
Then the integral can be expressed as follows.

1 r 1 1
e d= | ot | ———d>
c22+z+1 _pr?4+z+1 cp 2+ z+1

Now we find [, »7i57 dz. The singularities are z = %\/‘g” = e 5. But
z= *HT‘/& = e~ %" is inside of the curve C. Thus by the residue theorem, we
have )
— —  dz=2mi(Resle” %
/C (22 4+1)(22+4) (Res| D
Thus,
—14+/3i . —14+/3i 1
Res|————] = lim (z— )
2 yy =L VEi 2 224+2+1
2
I ! L (L Hospital’s rule)
= im = — ospital’s rule
Z_)—1+2\/§i 2z +1 \/31 P
and

1
/Cz2+z+1

. 1
Next, if we can show [, 213

> 1
/ B S
o P24 +1

1 _27T

dz = 27ri(ﬁ) =7

dz — 0 (R — o0), then

2
dy = 2T

1
_/(122—|—z+1 V3
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and we have found the real integral. Note that fCR = dz— 0 (R— o0) %

o 22+2+1
eI

|21 + 22| < [21] + 22|, |21 — 22] > |21] — |22]
Then
24zl = |2 (mzm D[22~ | = (24 D] = 22— 2| -1 = R~ R—1
Thus,

] < -

24z+1 — 22— 2| -1

1

IA

7R2_R_1—>0(R—>oo)

(b)

o0 1 1 [°° 1
/o @@ rd @ 5/_00 @Dty “

Let the closed curve C' be the straight line connecting —R and R on the real
axis, and Cgr be the curve of the radius R with center 0 connecting R and —R.
Then the integral can be expressed as follows.

1 R 1 1
Lerers e Laarmess @ L, e

Now we find fc m dz. The singularites are z = +i, +2¢. But z = 4,24
are only points inside of C. Thus by the residue theorem, we can find the
integral by

1
— 2 =2mi(Resli] + Res|2i
/C(Z2 DT D) z = 2mi(Resli] es[2i))
Here,
1 1 1 1
esll =lmG =) s ~ MG 2@ 6
1 1 1 ~1
Res[2i] = lim (2 — 20)——————— = 1i —_ i
esl2il = i G2 ey~ M e - 3@ - 12
implies
1 11 1. =
— dr=2mi(= — —) =2mi(—) = =~
/C(z? gy BTG 1) =il = 5
Next if we can show [ m dz — 0 (R — ), then

[ erves = Leroen © 7
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and we have found the real integral. So, we need to show fCR m dz —
0 (R — 0).
241 = |22 =)= - -1 =2’ -1=R"~1
R I e O [ e B R E T o
Then
-t IS S
(224 1)(22+4) |22 + 1]]22 + 4]
1 1

< 7R2717R274_>0(R_>OO)

. 1 _
Thus, hmR_)oo fcR mdl’ =0. v
(c) It is a integral of a trigonometric function. So, we let z = ¢'. Then
the curve C is a unit circle with the center at the origin. Next we write sin 6

using z.
e _e—if -1
sinf = oF =
i i

Then dz = ie*? = izdf. Thus,

/2“ do ?{ 1 dz f 2
= .1 = 27.(12
o 1+sinf c 24 EFZE2 iz c 2 +4iz—1

21

The singularities are z = —27 + V/3i. But 2 = —2i — 1/3i is outside of the curve
C. So, we need to find the residue of z = —2¢ + V/3i. Since z = —2i + /3i is
the pole of the 1st order,

1 2 1
Res 72i+\/§i = lim zZ— fQiJr\/?:i —_ = lim _— = —
[ ] z4>72i+\/§i( ( ) 22+4iz—1 o 9i1v3i224+4i /3

Therefore,

j{ 2 ds — 9 1 2
_f gy =9 =
o 22+ 4iz—1 V3i V3

/27T do _21
o 2+sinf 3
0

(d) To solve this integral, we conside the curve C represented by z = €%,
-1

Then sin = £&=2—,dz = izdf. Thus

2
2
1 1 1
o (2+4sinf)? o (2+2=F—)%iz

Using the residue theorem, we find 550 ﬁidz Since

24

and

z—z71 22 -1 4(2271)+z4—222+17z4+823i71822782:i+1

2 2_(2 2_4 =
(2+ 2 ) (2+ 2z ) + 2z —422 —4z22



67

we have
1 —422

2+ 220)2 24+ 829 — 1827 — 8zi + 1
Note that z* 4 823 — 1822 — 82i + 1 = (22 + 4iz — 1)2. Then the singularities
are z = —2i + /=3 = —2i + v/3i. Here, —2i — +/3i is otuside of the curve C.
So, we only need to find the residue of —2i + /3i. Since,

1 1 —47i
—y—1 7d’z = 4 37 2 .
c(2+ )%z c 2t + 829 — 1822 —8zi + 1
, z = —2i + /3i is the pole of the 2nd order. Thus,

((Z_(4m' )2)/:32\/32' —2v/3i

Res[-2i+/3i] = li =
es[—2i ] im .

z——(2—3)i

48 3

Therefore,

7d — 2 ) =
@+ =)z M) =g
(e) Consider the straight line C; connecting a point R and —R and the

curve Cr connecting a point R to —R. Let C be the closed curve formed by C
and C'g. Here, we conside the following integral.

/ei””dH/ e”dz_]{izdz
o @I Jo, P2 Jo (P 4)2

First we evaluate §C (zf%)z,dz using the residue theorem. z = +i is the singular
points. But z = —i is outside of the curve C. Then we find the residue of z = 7.
Since z = 7 is the pole of the order 2, we have

s = (0" = 5

7{ 1 1 —2V/3i 4437
C

Thus,

etz o —ge~ ! _
%0de227”( B ):ﬂ'e !

Next we integrate on Cf.
ix R iT 0 i R iT
e e e e
———dzx = ——dr = ————dr + / ———dx
/01 (z? + 1) /4% (z? + 1) /4% (z? + 1) o (z2+1)?

R —ix R 1T R
(& (& COS T
——_d —C _dr=2] " 4
/0 (z2 +1)? x+/0 (z2 +1)2 ) /0 (z2 4+1)? !

iz

We integrate on Cr. We show fCR (sz)Z,d:r — 0 as r — oo. To do so, we

only need to show that there exists M, k such that |%| <X

e’ < ™| 1 1
(224+1)2" 7 (2241)2 ~ 2 —222 ~ R*—R?
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Thus, since

eiw eiz iz
——dx +/ ——dz = % —————dz = 7re*1
/cl @1t ), @At T a2

R
cos T m
2 ——dr = —
A(ﬂ+wx %
(f) Consider the straight line Cy connecting a point R and —R and the

curve C'r connecting a point R to —R. Let C be the closed curve formed by C
and C'r. Here, we conside the following integral.

_imeimw _izeimz _izeimz
C xTre + 1 Cr 24+ 1 C 24+ 1

First we evaluate 3§c %dz. Note that z = 4 are the singularities. But
z =' is outside of the curve C. Thus we only need to find the residue of z = i.

Since z = i is the pole of the order 1. Thus,

we have

—iZ@imz e~ ™m
R | = 1. =
esll =l e =9 =~ =

Thus,

_izeimz .e—m B
f ﬁdz = ZWZT =Te m
c < 1

Next we consider the integral on Cf.

/?ﬂmm/Riﬁmm/OQ?mm+/wamm
C1x+1 7R$+1 7R.I'+1 0 I‘+1
_ /R ime—imm - N /R _ixeimz dp — /R _Z'x(eim;v _ e—imaz)dl.
0 1»'2 + 1 0 x2 + 1 0 -r2 + 1

Q/Rxs;nmxdx
o x°+1

Finally, we consider the integral on Cr. We show that fCR

_izeimz

T dx con-

verges to 0 as R — oo. For Cg, z = Re’. Thus dz = Rie'® and

. . ) . . i0
—jze'm* T _jRetlgiftme 0 R i Rmei®
Cr z +1 0 R e 0

™ ™
_ / |6iRm(cos 0-+isin0) |d9 _ / ‘6iRm(cos 0) . 6ian(sin 0 ‘d@
0 0

Tr .
/ e*Rmsm(fde
0

de
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Now we consider the graph of sin# and divide the above integral for [0, Z] and

2
[5,7]. Then
T ) w/2 )
/ eme sin Gde _ 2/ emesznedg
0 0

Note that for [0, 2], sin€ > 2¢. Thu

’ 2

w/2 ) w/2 20
2/ 67Rmsm9d0 < 2/ 67Rm7d9
0

0
-mT _ E /2
- 92 e Rm /
2Rm o

= %(e*mq) 0 (R — o)

 pmeptMT _ ieaptmz _ i ptmz
/ 715:6 dx—i—/ 72226 dZZ% 72226 dz=me™™
o) X +1 Cr z +]. o} z +1
/ —ixeimzd 2/R xsinmxd
——dx = ——dx
o, ¥2+1 0 x2+1

°° xsinmax T
—dr=—
0 xre 4+ 1 2em
(g) To evaluate [;° %
point € to R, the curve C5 connecting R to —R, the straight line C'5 connect-
ing —R to €, the curve Cy connecting —e to €. The curve C is composed of
C1,C5,C3,C4. We consider the following integral.

and

Therefore,

dx, we consider the straight line C'; connecting

_ieix _Z'ez'z _ieix _Z'ez'z
[ Y R (N
o, r(x?+1)2 c, 2(22+1)2 o, T(x? +1)2 o, 2(22+1)2 o 2(z2+1)2

First by using the residue theorem, we evaluate §C G 23_1)2 dz. The singular-
ities are z = 0, 7. But z = —i is outside of C'. So, we need to find the residue
of z=0,i1. A

—z1e'? .
Res|0] = lim —ra gy =

z = 1 is the pole of the 2nd order. So,

. !/ - y
o L i _ —12e”t 30
Resli] = lim ((Z i) 2(22 + 1)2) - —16 de

Thus,

—ie'? 31
Y gr=2 L
f;vz(z2+1)2 z = 2mi(—i +4 ) =2m

_ie’LZ

dz
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Next we evaluate the integral on C; and Cj.

R iz —e iz
—ie —ie
———d ———d
/E x(z? +1)2 T /_R x(z? 4+ 1)2 o

Let x = —u. Then dx = —du. For z: —R — —¢, u: R — . Thus,

—€ _ieiw € _ieiu R —je T
— —de= | —————(—du)= | —————d
/_R w@+ 12 /R<fu><u2+1>2( ) / c@@ 12"

Therefore,

€ _jeiT B _jeix R je—ir _ jeix R iz _ o
[ g [ [, [ e
_p z(z?2 4+ 1)2 . x(x?2+1)2 . x(z?+1)2 . 2ix(z? 4 1)2

R .
sinx
2 ————dzx
/e z(z? 4 1)2
We evaluate the integral on Cs. Here we show |, Cy %dz converges to 0

as R — oco. Since z = Re",

/| T < —1 jar< ! R< !
————dz| < = |d2| £ =7 —_—
c, 2(224+1)27 7 |2][22 = 1 ~ R(R*-2R?) ~ R*— R?
Thus, this integral converges to 0 as R goes to oc. _

Lastly, we evaluate the integral on Cy. Let f(z) = Z(;?ﬁ)Q. Then Laurent

expansion of f(z) around z = 0 is

—1 z
- 41+
f(z) z+ +2+

Here we integrate the 1st term. Since z = e, dz = gie??. Thus,

. T 0
/Jd:/;:—i/ %d&z/(w:w
C4Z C4 € s

Now the integration of the rest of terms are

0 0
/ az"dz = a/ lee (iee™®)dh| < a/ i e DY|dh = —ae™ i — 0 (e — 0)
Cy T T

Putting all integrals together, we have

o sin 3T
Y dp =97 — 28
/_Oo (2?2 +1)2 T T e T

Therefore,

T

dzx
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(g) To evaluate fooo “i;)#dx, we consider the straight line C; connecting
point € to R, the curve C5 connecting R to —R, the straight line C'5 connect-
ing —R to €, the curve Cy connecting —e to €. The curve C is composed of
C1,C5,C5,C4. We consider the following integral.

1— imx 1— imz 1— imx 1— imz 1— imz
/ %dﬁ/ 762dz+/ %dﬁ/ — da= f —
C T Cs z Cs z Ca z c <

1_gim=

First we evaluate fC $5—dz using the residue theorem. Expand f(z) =
using Laurent expansion about z = 0. Then

1_gim=

22

_17(1+imz+%(imz)2+~~ —im

f(z) 2 = tmit

Thus, z = 0 is the pole of the 1st order and the residue is —im. Therefore,

z

1— imz
]{ ——dz = 2ri(—im) = 2tm
C z

Next we evaluate the integral on Cy and Cs.
R i —e i
1 — etmz 1 — gimz
/ e+ / e da
€ X —R X
Here, we set © = —u. Then dx = —du and z : —R — —¢, u : R — . Thus,

R i R —imx R
1 — ¢'me 1— ima 1—
[ ey [ =y [T Lty
€ € € € € T

1 _gim=

We evaluate the integral on C5. We show that fC2 = dz — 0 as R — oo.

1 — em2 1 2TR 21
——dz < —dz| < —& < — 0(R—
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£ Then expand f(z)
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Finally , we evaluate the integral on Cy. Let f(z) =
using Laurent expansion about z = 0.
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We let z = ee?. Then dz = eie’?df. Also, 6 moves from 7 to 0. We evaluate
this integral for the 1st term. Then
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Putting all integrals together, we have
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Therefore,

. B 1 — cosmz
lim 72dx =2mm + mm = 3mnw
R—o0 R X

and

de = —
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