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Chapter 1

Complex numbers

1.1 complex numbers and complex plane

A solution to the equation x2 + 1 = 0 does not exist on R. Then, to be able
to solve this equation, imaginary number i is introduced. In other words,
i2 + 1 = 0.

By incorporating the imaginary unit, a new system of numbers called com-
plex number was created. Let x, y be real numbers. Then we express x, y ∈ R
and x+ yi is called a complex number.

Complex number z = x+yi bf orthogonal formorthogonal form@orthogonal
form, z = r(cos θ + i sin theta) is called polar form. However, i2 = −1.

x of complex number z = x + yi is called real part, and x = Rez, y is
imaginary part and it is represented by y = Imz.

When z = x+yi corresponds to the point (x, y) of the orthogonal coordinate
form on the plane, this plane is complex plane or Gaussian plane

The absolute value of z is |z| = r =
√
x2 + y2 ≥ 0. The angle θ formed by

the half line connecting the origin and z with the real axis is called argument,
and the argument is arg z = θ = tan−1 y

x (−π < θ ≤ π).
The conjugate complex number of z is represented by z = x− yi = r(cos θ−

i sin θ) = re−iθ.
The operation of complex numbers is the same as the operation of real

numbers, and i2 can be replaced with −1.

Exercise1.1

1. Show points −3, 2i, 4+ i, 2−2i on the complex plane 2. Prove the following
theorem.

(a) ¯z1 + z2 = z̄1 + z̄2

(b) ¯z1z2 = z̄1z̄2

3
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(c) Re(z) = z+z̄
2

3. Prove the following inequality.

(a) Rez ≤ |z|

(b) |z1 + z2| ≤ |z1|+ |z2|

(c) ||z1| − |z2|| ≤ |z1 − z2|

4. Express the following complex numbers in polar form.

(a) −1 + i

(b) 3−
√
3i

(c) −1

(d) 2i

5. Draw a curve that satisfies the following equation.

(a) arg z = constant

(b) |z| = constant

(c) |z − 1| = |z − i|

(d) |z − 2i| = 3

(e) |z + 3| = 3|z − 1|

(f) z − z̄ = 2i

1.2 DeMoivre’s theorem and Euler’s formula

Theorem 1.1 Euler’s formula

eiθ = cos θ + i sin θ
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Proof The MacLaurin expansion of ex, sinx, cosx are

ex = 1 + x+
x2

2!
+ · · · =

∞∑
n=0

xn

n!

sinx = x− x3

3!
+
x5

5!
− · · · =

∞∑
n=0

x2n+1

(2n+ 1)!

cosx = 1− x2

2!
+
x4

4!
− · · · =

∞∑
n=0

x2n

(2n)!

For any real number θ, we have

eiθ = (1 + iθ +
i2θ2

2!
+ · · ·

= 1− θ2

2!
+
θ4

4!
− · · · ) + i(θ − θ3

3!
+
θ5

5!
− · · · )

= cos θ + i sin θ

Properties
(1) z1 ± z2 = z1 ± z2, z1z2 = z1z2,

z1
z2

= z1
z[2

(2) ℜz = z+z
2 , ℑz = (z−z)

2i

(3) |z1z2| = |z1||z2|, | z1z2 | =
|z1|
|z2| (z2 ̸= 0)

(4) arg(z1z2) = arg z1 + arg z2, arg(
z1
z2
) = arg z1 − arg z2

(5) |z| = |z|, zz = |z|2, arg z = − arg z
(6) ||z1| − |z2|| ≤ |z1 ± z2| ≤ |z1|+ |z2|
(7) z = 0 and |z| = 0 are equivalent (arg 0 is undetermined)
(8) (cos θ+ i sin θ)n = cosnθ+ i sinnθ (nis constant) De Moivre’s theorem

(9) Binary equationzn = α(= reiθ)has the following solutions

zk = n
√
r

(
cos

θ + 2kπ

n
+ i sin

θ + 2kπ

n

)
(k = 0, 1, 2. . . . , n− 1)

Exercise1.2

1. Prove De Moivre’s theorem 2. Simplify the following complex numbers.

(a)
(

1−i√
2

)7

(b) (
√
3− i)6

(c) (1+
√
3i)6

(−1+i)10

3. Solve the following equation.
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(a) z2 = i

(b) z3 = −1

(c) z4 = −1 +
√
3i

4. Express the followings in the form of x+ iy.

(a) ei
3
4π

(b) e−i 1
6π

(c) e2+iπ

(d) e2−i 3
2π

5. Express the followings in the polar form reiθ.

(a) −2

(b) i

(c) 1 + i

(d)
√
3− i

(6) Show that |z| = 1 if and only if z = eiθ.



Chapter 2

Complex functions

2.1 Complex function

For each point z = x + yi in one region D on the complex plane, one complex
number w = u+ vi, u = u(x, y), v = v(x, y) corresponds, w is called a complex
function defined in the region D, and w = f(z) = u + iv = u(x, y) + iv(x, y).
This region D is called the domain of f(z).

Example 2.1 The domain of w = f(z) = z2 is all plane and u = x2 − y2, v =
2xy

The domain of w = f(z) = 1
z is all plane except the origin and u =

x
x2+y2 , v = −y

x2+y2

Since the complex function w = f(z) is considered to be a mapping of the
point z on the z plane to the point w on the w plane, the mapping w = f(z)
At this time, w is called an image and z is called an original image.

In general, the value of w corresponding to one z is not limited to one, but
in my lecture, unless otherwise specified, only one value of w corresponds to a
monovalent function.

Exercise2.1

1. For w = z2, express x, y using u, v function and find out what curve is
mapped to the w plane parallel to the real and imaginary axes of the z plane.
2. Express u, v as a function of x, y for the following function

(a) w = z3

(b) w = z
z+1

(c) w = z−i
z+i

7



8 CHAPTER 2. COMPLEX FUNCTIONS

2.2 Linear function

Let a, b, c, d be complex constants. The function of the form

w =
az + b

cz + d
(ad− bc ̸= 0)

is called fractional transformation.
When this function is decomposed, it can be seen that it is a composition of

the following three functions.

• w = z + a Translation on the complex plane

• w = az (a ≠ 0) rotation and expansion on the complex plane

• w = 1
z Straight lines that pass through the origin are converted into

straight lines that pass through the origin, other straight lines are con-
verted into circles that pass through the origin, circles that pass through
the origin are converted into straight lines, and other circles are converted
into circles.

Exercise2.2

1. What straight line or circle is the image of the next straight line or circle
mapped by w = 1

z .

(a) A straight line that intersects the unit circle |z| = 1 at two points P and Q

(b) A straight line tangent to the unit circle at one point P

(c) A circle passing through 3 points a (real number), i, −i

2. Find the invariant point by the following linear transformation on the
complex plane.

(a) w = 1
z

(b) w = az+b
cz+d (ad− bc ̸= 0)

2.3 Elementary functions

2.3.1 meromorphic function

When f(z) is polynomial, w = f(z) = anz
n+an−1z

n−1+ · · ·+a1z+a0 is called
meromorphic function.
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2.3.2 meromorphic function

When f(z), g(z) are meromorphic functions, f(z)
g(z) is called meromorphic function

and it is defined for all point except g(z) = 0.
Note Z that satisfies g(z) = 0 is called a zero.

2.3.3 Exponential function

Definition 2.1 w = ez = ex(cos y+i sin y) is called an exponential function
and expressed as w = ez or w = exp z.

Theorem 2.1 (1) ez1+z2 = ez1ez2 , (ez)n = enz (nisinteger)
(2) ez has a period of 2πi.

Proof (1) Let z1 = x1 + iy1, z2 = x2 + iy2. Then

ez1+z2 = ex1+x2+i(y1+y2)

= ex1+x2(cos (y1 + y2) + i sin(y1 + y2))

= ex1+x2 [cos y1 cos y2 − sin y1 sin y2 + i(sin y1 cos y2 + cos y1 sin y2)]

= ex1+x2 [(cos y1 + i sin y1)(cos y2 + i sin y2)]

= ex1(cos y1 + i sin y1)e
x2(cos y2 + i sin y2)

= ez1ez2

(2) When ez+c = ez holds, the function ez is said to have a period c. Then
we let ez+c = ez. Since ezec = ez, we have ec = 1. Let c = a + bi. Then
ec = ea+bi = ea(cos b + i sin b) = 1 implies ea cos b = 1, ea sin b = 0. Thus,
a = 0, cos b = 1, sin b = 0. b that satisfies this, b = 2nπ(n = 0,±1,±2, . . .).
Therefore, ez has a period 2πi.

Exercise2.3

1. Find a complex number that satisfies the following equation.

(a) ez = 1

(b) ez = i

(c) ez = −2

2. Express the following value in the form of u+ iv.

(a) sin 2i

(b) sin
(
π
2 + i

)
(c) cos

(
π
3 − i

)
(d) tan

(
π
6 + 2i

)
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(e) sin(iy)

(f) cos(iy)

3. Prove the following formulas.

(a) 1 + tan2 z = 1
cos2 z

(b) sin (−z) = − sin z

(c) cos(−z) = cos z

4. Show that for sin z.

(a) sin z has a period 2π

(5) Find the period of tan z.

2.4 Inverse function of elementary function

Logarithmic function The inverse function of the exponential function of a
complex variable is called logarithmic function of the complex variable. That
is, between the complex variables z and w, there is a relationship so that

z = ew

we define
w = log z

However, since the exponential function has a period of 2πi,

z = reiθ = rei(θ+2kπ)

and
w = log z = log r + i(θ + 2kπ)

Therefore, The logarithmic function log z corresponds to an infinite number of
different values for one complex number z. That is, it is an infinite multivalued
function. The principal value or principal brunch of log z is given by

log z = log z + iθ, 0 ≤ θ < 2π

Exercise2.4

1. Show that z1/2 has two branches.
2. Find all of the following values.

(a) log 2

(b) log (−1)

(c) log i
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(d) log(1 + i)

3. Express the following value in the form of a+ bi.

(a) (−1)i

(b) ii

(c) 2i

(d) 21+i

4. Prove the following formulas.

(a) sin−1 z = 1
i log (iz ±

√
1− z2)

(b) tan−1 z = 1
2i log

1+iz
1−iz

(5) Find the following values.

(a) cos−1 1

(b) sin−1 2

(c) cos−1 i





Chapter 3

Holomorphic function

3.1 Limit and Continuity

Defined in the neighborhood of z0 with 0 < z − z0 < A, for w = f(z), if
|z − z0| → 0 then |w−w0| → 0. In other words, for any positive number ε > 0,
there exists δ so that 0 < δ < A, and for any z with 0 < |z − z0| < δ satisfies
|w − w0| < ε. f(z) is said to have a limit w0 and we write limz→z0 f(z) = w0.

Note There are innumerable directions for z → z0, but no matter which
direction you approach z0, it will be w → w0.

For limz→z0 |w| = +∞, we write limz→z0 f(z) = ∞. For real-valued func-
tion, there are +∞ and−∞. But by the abo ve definition, for complex functions,
we only have +∞.

Theorem 3.1 Suppose that limz→z0 f(z) = A, limz→z0 f(z) = B exist and the
limits are finite. Then

(1) limz→z0{f(z)± g(z)} = A±B = limz→z0 f(z)± limz→z0 g(z)
(2) limz→z0{f(z) · g(z)} = AB

(3) limz→z0{
f(z)
g(z)} = A

B (B ̸= 0)

For w = f(z) defined in the region D, a point z0 in D, limz→z0 f(z) = f(z0)
holds, In other words, for any positive number ε > 0, there exists δ > 0 and
for any z with |z − z0| < δ, |f(z) − f(z0)| < ε holds. Then f(z) is said to be
continuous at z0.

When f(z) is continuous at each point in the region D, f(z) is said to be
continuous on D.

Theorem 3.2 (1) If f(z), g(z) are continuous at z0, f(z)±g(z), f(z)·g(z), f(z)/g(z) (howeverg(z0) ̸=
0) are continuous at z0.

(2) Suppose that F (w) is continuous at w = w0 and w = f(z) is continuous
at z0. If w0 = f(z0), then the composite function F (f(z)) is continuous at z0.

Example 3.1 Find limz→0 f(z) for the following f(z). (1) f(z) = barz
z

13
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(2) f(z) = 1
z

(3) f(z) = z2

z

Solution (1) Since f(z) = barz
z = x−iy

x+iy , for z approaches 0 along the

straight line y = mx, the value of f(z) = 1−im
1+im depends on the value of m.

Thus, limz→0 f(z) does not exist. (2) limz→0 |f(z)| = limz→0
1
|z| = +∞. Thus,

limz→0
1
z = ∞

(3) For z ̸= 0, f(z) = z2

z = z. Thus, limz→0 f(z) = limz→0 z = 0.

Exercise3.1

1. Find out if the next set of points is a region

(a) z set of points on plane excluding 0

(b) {z : ℜz > 0}

(c) {z : ℑz ≥ 0}

(d) {z : 1 < |z| < 2}

2. Find the limit of the followings.

(a) lim
z→i

(z2 + 2z)

(b) lim
z→ i

2

(2z − 3)(z + i)

(iz − 1)2

(c) lim
z→1+i

z − 1− i

z2 − 2z + 2

(d) lim
z→eiπ/4

z2

z4 + z + 1

3. Find the point where the following function is not continuous.

(a) z2

(b) ez

(c) 2z
z+i

(d) 2z−3
z2+2z+2

(e) z+1
z4+1

(f) z2+4
z−2i

(g) f(z) =

{
z2+4
z−2i (z ̸= 2i)

4i (z = 2i)
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3.2 Analytic function,holomorphic function

3.2.1 Differntial coefficients and derivatives

For w = f(z) defined in the region D and a point z0 in D,

lim
z→z0

f(z)− f(z0)

z − z0
= lim

∆z→0

f(z0 +∆z)− f(z0)

∆z

exists and the absolute value of the limit is finite, f(z) is said to be differ-
netiable at z0 and this limit is denoted by f ′(z0). Furthermore, this is called
coefficient of derivative at z0.

When all z in D are differentiable, the derivative f ′(z) is a function of z in
D. This is called a derivative of w = f(z) and denoted by dw

dz , w
′, f ′(z).

Theorem 3.3 (1) If f(z), g(z) are differentiable in D, then the followings hold.
(i) {f(z)± g(z)}′ = f ′(z)± g′(z)}
(ii) {f(z) · g(z)}′ = f ′(z)g(z) + f(z)g′(z)

(iii) { f(z)
g(z)}

′ = f ′(z)g(z)−f(z)g′(z)
{g(z)}2

(2) If F (w) is differentiable in w, w = f(z) is differentiable in z, then the

composite function F (f(z)) is differentiable in z and dF (w)
dz = dF (w)

dw · df(z)
dz .

(3) If f(z) is differentiable, then f(z) is continuous.

A function f(z) = u(x, y) + iv(x, y) defined in D is differentiable at z0 =
x0 + iy0 in D. Then keeping y constant and bringing ∆z colser to 0, we have

f ′(z) = lim
∆x→0

f(z0 +∆x)− f(z0)

∆x
=
∂f

∂x
=
∂u

∂x
+ i

∂v

∂x

Similarly, keeping x constant and bringing ∆z closer to 0, we hafe

f ′(z) = lim
∆y→0

f(z0 + i∆y)− f(z0)

i∆y
= −i∂f

∂y
= −i∂u

∂y
+
∂v

∂y

Thus,

f ′(z) =
∂f

∂x
= −i∂f

∂y

Compare the real part to the imaginary part, we obtain

∂u

∂x
=
∂v

∂y
,
∂v

∂x
= −∂u

∂y

This equation is called a Cauchy-Riemann differential equation.

Theorem 3.4 A function f(z) = u(x, y)+iv(x, y) defined in D is differentiable
at z0 = x0 + iy0 if and only if u(x, y), v(x, y) is totally differentiable at (x0, y0
and satisfies

∂u

∂x
=
∂v

∂y
,
∂v

∂x
=
∂u

∂y

Then

f ′(z) =
∂u

∂x
+ i

∂v

∂x
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When f(z) is differentiable at any point in the domain D, f(z) is said to be
analytic in D.

An analytic function in Z entire plane (|z| <∞) is called entire function.

Note1. When a function is analytic at z0, it means that it is analytic
including not only z0 but also its neighborhood.

Note2. If f(z) is analytic, it is continuous (becouse it is differentiable).

Theorem 3.5 If f(z) = u+iv is analytic in D and if the second partial deriva-
tives of u, v are continuous, then u, v is harmonic function. That is it satisfies
Laplace’s differential equation.

∆u =
∂2u

∂x2
+
∂2u

∂y2
= 0, ∆v =

∂2v

∂x2
+
∂2v

∂y2
= 0

Note We assumed that u and v have continuous second-order partial deriva-
tives, but We don’t need this assumption because the holomorphic function is
separately proved to be differentiable many times.

Theorem 3.6 If u(x, y), v(x, y) satisfies the Cauchy-Riemann’s equation in the
region D and it has a continuous partial derivatives, then f(z) = u + iv is
analytic in D.

Note This theorem is a strong enough condition and effective for determin-
ing anayticity.

Example 3.1 For w = z2 = x2 − y2 + 2ixy, u = x2 − y2, v = 2xy are
polynomials and its partial derivatives are continuous. Furthermore, ux = 2x =
vy, uy = −2y = −vx. Thus by the theorem 3.6, w = z2 is analytic on whole
plane.

Example 3.2 For w = z̄ = x− iy, u = x, v = −y. Then ux = 1 and vy = −1
are not equal. Then the condition for anlytic in Cauchy-Riemann’s equation is
not satisfied. Thus, w = z̄ is not analytic.

Example 3.2 For f(z) is analytic and f ′(z) ≡ 0, prove that f(z) is constant.

Solution Since f(z) = u(x, y) + iv(x, y) is analytic, by the theorem 3.4, we
have

f ′(z) = ux + ivx = vy − iuy

By assumption, f ′(z) ≡ 0. Thus, ux ≡ 0, uy ≡ 0, vx ≡ 0, vy ≡ 0. Therefore,
u(x, y), v(x, y) are constants. Thus, f(z) = u+ iv is also constant.

Example 3.3 Show that the following function u = u(x, y) is a harmonic func-
tion, and find the holomorphic function w = u+ iv that has this in the real part.

(1) u = xy (2) u = (x− y)(x2 + 4xy + y2)
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Solution (1) ux = y, uy = x, uxx = uyy = 0 implies uxx + uyy = 0. Then
u = xy is a harmonic function. Next, w = u+ iv is analytic. Then by Cauchy-
Riemann’s equation

ux = vy = y, uy = −vx = x

Thus, integrate the first equation in y. Then

v =

∫
vydy =

∫
ydy =

y2

2
+ ϕ(x)

Here, ϕ(x) is a function of x only. Put this into latter equation, we have ϕ′(x) =

−x. Thus, ϕ(x) = −x2

2 + c1. This shows that v = y2−x2

2 + c1. Therefore,

w = u+iv = xy+i

(
y2 − x2

2
+ c1

)
=

−i
2
(x2−y2+2xyi)+ic1 = − i

2
z2+c (c = c1)

(2) u = x3 + 3x2y − 3xy2 − y3 implies ux = 3x2 + 6xy − 3y2, uy = 3x2 −
6xy − 3y2, uxx = 6x+ 6y, uyy = −6x− 6y. Then, uxx + uyy = 0. Thus, u is a
harmonic function. Next, w = u+iv is analytic. Then by the Cauchy-Riemann’s
equation, we have

ux = vy = 3x2 + 6xy − 3y2, uy = −vx = 3x2 − 6xy − 3y2

Now integrate the first equation by y. Then

v =

∫
vydy =

∫
ydy = 3x2y + 3xy2 − y3 + ϕ(x)

Here, ϕ(x) is a function of x only. Now puttin this into the latter equation,
we have ϕ′(x) = −3x2. Thus, ϕ(x) = −x3 + c1. This implies that v = 3x2y +
3xy2 − y3 − x3 + c1. Therefore,

w = u+ iv = x3 + 3x2y − 3xy2 − y3 + i(3x2y + 3xy2 − y3 − x3 + c1)

= x3 + 3x2y − 3xy2 − y3 + i(3x2y + 3xy2 − y3 − x3) + ic1

= (1− i)(x+ iy)3 + ic1 = (1− i)z3 + c

Exercise3.2

1. Differentiate the following functions.

(a) z3 − 2z2 + 3z

(b) (z2 + i)3

(c) z−i
z+i

2. Differentiate the following functions.

(a) tanz
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(b)
1

cos z

(c)
√
z2 + 1

(d) sin2 z

(e) log(z2 + 4i)

(f) icos z

(g) sin−1 (z − i)

(h) log(z +
√
z2 + 1)

(i) log(sin−1 z)

(j) zz

3. When z = x+ iy, check the analyticity of the following functions and if it is
analytic, find the derivative.

(a) x− iy

(b) x2 − y2 + 2ixy

(c) (x2 − y2 − 3x+ 2) + i(2xy − 3y)

(d)
x+ iy

x2 + y2
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Complex integration

4.1 Line integral and Green’s theorem

P (x, y) and Q(x, y) are real-valued functions of x, y and continuous on every
point on the curve C. Then the line integral of P dx+Q dy along the curve C
is defined by ∫

C

[P (x, y) dx+Q(x, y) dy]

Now if the curve C is smooth and it is possible to parametrize by x = ϕ(t), y =
ψ(t), t1 ≤ t ≤ t2, then the line integral is given by∫ t2

t1

[P (ϕ(t), ψ(t)) dt+Q(ϕ(t), ψ(t)) dt]

Theorem 4.1 (Green’s theorem) Let C be a single closed curve and Ω be a
closed region consisting of its boundary and its interior. If functions P (x, y), Q(x, y)
have continuouspartial derivatives on Ω, then∫

C

Pdx+Qdy =

∫∫
Ω

(
∂Q

∂x
− ∂P

∂y
) dx dy

Exercise4.1

1. Find the following line integrals.

(a)
∫
c
ydx, C : y = 1− x, 0 ≤ x ≤ 1

(b)
∫
c
x2dy, C : y = 1− x, 0 ≤ x ≤ 1

(c)
∫
c
(xydx− y2dy), C : y = x2, −1 ≤ x ≤ 1

(d)
∫
c
(xydx− x3dy), C : x = cos θ, y = sin θ, 0 ≤ θ ≤ 2π

2. Find the following line integral for the parameter t

19
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(a)
∫
c
(x2 + y)dt, C : x =

√
t, y = 1− t2, 0 ≤ t ≤ 1

(b)
∫
c
xy2dt, C : x = sin t, y = sin2 t, 0 ≤ t ≤ π

2

3. Using Green’s theorem, evaluate the following line integral.

(a)
∫
c
(x2ydx− xy2dy), C : unit circle

(b)
∫
c
(ydx+ 2xdy), C : first quadrand quater circle

4.2 Complex integration

Let Ω be the region containing the curve C on the z plane, and let f(z) be a
continuous function defined on Ω so that

f(z) = u(x, y) + iv(x, y)

Then

f(z)
dz

dt
= (u(x, y) + iv(x, y))(

dx

dt
+ i

dy

dt
)

= u
dx

dt
− v

dy

dt
+ i(v

dx

dt
+ u

dy

dt
)

Here, The first term of the last equation is a function of the parameter t, the
integral ∫ β

α

u(x(t), y(t))
dx

dt
dt =

∫
C

u dx

does not depend on t and it is a line integral of u along the curve C by x.
Thinking about the remaining terms in the same way, the next integral can be
considered. ∫

C

u dx−
∫
C

v dy + i(

∫
C

v dx+

∫
C

u dy)

This is called bf integral along the curve C of the function f(z) and expressed
by ∫

C

f(z) dz

This is given in the range of complex numbers. We say complex integral.

Exercise4.2

1 Find
∫
C
z cos zdz along the curve C that goes around the unit circle.

2 Integrate the function z̄ for along the sides and diagonals of a square with
vertices at point 0, 1, 1 + i, i from 0 to 1 + i.
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4.3 Cauchy’s integral theorem

Theorem 4.2 (Cauchy’s integral theorem) When the function f(z) is an-
alytic in the region Ω, let C be any single closed curve in Ω, and the region Ω1

surrounded by C is inside Ω. Then∫
C

f(z) dz = 0

Exercise4.3

1. Prove the followings:

(a) The function f(z) is analytic in the region D, and the two curves C1, C2

connecting the two points a and b are in D and if the area enclosed by
C1, C2 is in D, then ∫

c1

f(z)dz =

∫
c2

f(z)dz

(b) If f(z) is analytic in the region D surrounded by two single closed curves
C1, C2, then ∫

C1

f(z)dz =

∫
C2

f(z)dz

2. Integrate the following function along the shown closed curve.

(a) 1
z2+1 , C : centered at the origin and a circle with the radius r > 1.

(b) z
(2z+i)(z−2) , C : unit circle

(c) 1
z4 , C : centered at the origin and a semicircle with the radius r > 1 and
the diameter on the real axis.

3. Find the following integral. The integration path is a line segment connecting
the lower end and the upper end.

(a)
∫ 1

i
z2 dz

(b)
∫ i

0
zez dz

(c)
∫ 1+i

0
z

z+1 dz

(d)
∫ i

0
1√

1−z2
dz

4. Prove the following functions are harmonic functions and Create a holomor-
phic function that has it in the real part.

(a) u = x2 − y2

(b) u = ex cos y

(c) u = cosx sinh y

(d) u = 1
2 loge(x

2 + y2)
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4.4 Cauchy’s integral formula

Theorem 4.3 (Integral formula of holomorphic function) Suppose the func-
tion f(z) is regular in the region Ω. When there is a single closed curve C in Ω
and the inside of C is also contained in Ω, the following formula for any point
a inside C Holds.

f(a) =
1

2πi

∫
C

f(z)

z − a
; dz

f (n)(a) =
n!

2πi

∫
C

f(z)

(z − a)n+1
dz

Exercise4.4

1. Prove the following formula.

f (n)(a) =
n!

2πi

∫
C

f(z)

(z − a)n+1
dx (n = 1, 2, 3, . . .)

2. Evaluate the following integrals.

(a)
∫
|z|=3

ez

z−2 dz

(b)
∫
|z|=1

ez

z−2 dz

(c)
∫
|z|=3

sin2 z
z dz

(d)
∫
|z|=3

e3z

2z−πi dz

(e)
∫
|z|=1

e3z

2z−πi dz

(f)
∫
|z|=3

cos z
z2+1 dz

(g)
∫
|z|=1

ez

z4 dz

(h)
∫
|z|=3

sin z
(2z−π)3 dz

(i)
∫
|z|=1

sin z
(2z−π)3 dz



Chapter 5

Expansion and residue

5.1 Laurent’s expansion

Theorem 5.1 (Laurent’s expansion) Concentric circles centered on C1, C2,
their radii are r1, r2, and C is any concentric circle between C1 and C2. The
function f(z) is a circular region surrounded by C1 and C2 with r2 ≤ |z−−a| ≤
r1. When monovalent and analytic, for any z satisfying r2 < |z − a| < r1,

f(z) =

∞∑
n=−∞

cn(z − a)n

= · · ·+ c−m

(z − a)m
+ · · ·+ c−2

(z − a)2
+

c−1

z − a

+ c0 + c1(z − a) + · · ·+ cn(z − a)n + · · ·

Here coefficients of each term is

cn =
1

2πi

∫
C

f(ζ)

(ζ − a)n+1
dζ (n = 0,±1,±2, · · · )

Exercise5.1

1. For the function f(z) = 1
z2−3z+2 , find the Laurent’s expansion centered at

the origin for the points in each of the following regions.

(a) |z| < 1

(b) a < |z| < 2

(c) |z| > 2

2. Find the Laurent’s expansion of the following functions at the center of the
specified point. What kind of singularity is the center?

(a) 1
z3(z+1) [z = 0]

23
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(b) z3

(z+1) [z = −1]

(c) ez
2

z3 [z = 0]

(d) sin z
z−π [z = π]

5.2 Residue

In the Laurent expansion of f(z) centered on the point a, the series part is set
to g(z). Then we can write

f(z) = g(z) +
c−1

z − a
+

c−2

(z − a)2
+ · · ·+ c−n

(z − a)n
+ · · ·

Because g(z) is regular when C is centered on a circle of a,
∫
C
g(z) dx = 0. On

the other hand, the series of the principal part converges on C. Therefore, if
the Laurent expansion of f(z) is term-wise integrated along C, then we have∫

C

1

(z − a)n
dz =

∫ 2π

0

iεeiθ dθ

εneiθ

=
i

en−1

∫ 2π

0

e(1−n)iθ dθ

=

{
iθ |2π0

i
en−1

e(1−n)iθ

(1−n)i |2π0

=

{
2πi
0

Exercise5.2

1. Find the residue at the singularity of the following function.

(a) 1
z(z−1)2

(b) z
(2z+1)(z−2)

(c) 1
sin z

(d) ez

(z−1)(z+2)2

2. Evaluate the following integrals.

(a)
∫
|z|=2

dz
z(z−1)2

(b)
∫
|z|=1

z
(2z+1)(z−2) dz

(c)
∫
|z|=1

dz
sin z
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(d)
∫
|z|=3

ez

(z−1)(z+2)2 dz

3. Evaluate e2z

z2(z2+2z+2) along the following curves.

(a) |z| = 1

(b) |z − i| = 2

(c) |z| = 3

5.3 Application to real integration

Exercise5.3

1. Find the residue at the singularity of the following function (m is positive real number).

(a)
∫∞
−∞

1
x2+x+1 dx

(b)
∫∞
0

1
(x2+1)(x2+4) dx

(c)
∫ 2π

0
1

2+sin θ dθ

(d)
∫ 2π

0
1

(2+sin θ)2 dθ

(e)
∫∞
0

cos x
(x2+1)2 dx

(f)
∫∞
0

x sinmx
x2+1 dx

(g)
∫∞
0

sin x
x(x2+1)2 dx

(h)
∫∞
0

1−cosmx
x2 dx

2. Find the following integral using complex integration (a is positive constant)

(a)
∫∞
0

loge x
x2+a2 dx [

∫
c

log z
z2+a2 dz,C is fig19.5

(b)
∫∞
0

(loge x)2

(x+a)3 dx [
∫
c
(log z)3

(z+a)2 dz,C is fig19.7





Appendix A

Solution

1.1 Complex numbers and complex plane

1.
2.
(a) Let z1 = x1 + iy1, z2 = x2 + iy2. Then

¯z1 + z2 = ¯x1 + iy1 + x2 + iy2 = x1 + x2 + i(y1 + y2)

= x1 + x2 − i(y1 + y2) = x1 − iy1 + x2 − iy2 = z̄1 + z̄2

(b) Let z1 = x1 + iy1, z2 = x2 + iy2. Then

¯z1z2 = ¯(x1 + iy1)(x2 + iy2) = ¯x1x2 − y1y2 + i(x1y2 + x2y1)

= x1x2 − y1y2 − i(x1y2 + x2y1) = (x1 − iy1)(x2 − iy2)

= z̄1z̄2

(c) Let z = x+ iy. Then

z + z̄

2
=

x+ iy + x− iy

2
= x = Rez

3.
(a)

ℜz = z + z̄

2
≤ |z|+ |z|

2
= |z|

(b)

|z1 + z2|2 = (z1 + z2) ¯z1 + z2 = |z1|2 + z1z̄2 + z̄1z2 + |z2|2

= |z1|2 + 2ℜz1z̄2 + |z2|2 ≤ |z1|2 + 2|z1||z2|+ |z2|2

= (|z1|+ |z2|)2

Take square root of both sides, we have |z1 + z2| ≤ |z1|+ |z2|

27
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(c) Since ℜz ≤ |z|, we note that −|z| ≤ −ℜz.

||z1| − |z2||2 = |z1|2 − 2|z1||z2|+ |z2|2 ≤ |z1|2 − 2ℜz1z̄2 + |z2|2 ≤ |z1 − z2|2

Therefore, ||z1| − |z2|| ≤ |z1 − z2|
4.
(a) Cartesian coordinates to polar coordinates is given by r =

√
x2 + y2 ,

θ = tan−1 y
x for −π < θ ≤ pi.

Write −1+i in polar coordinates, it is enough to find r =
√
(−1)2 + 12 =

√
2

and θ = tan−1 −1 = −π
4 . Thus,

−1 + i =
√
2e−pii/4

(b) Cartesian coordinates to polar coordinates is given by r =
√
x2 + y2 ,

θ = tan−1 y
x for −π < θ ≤ pi.

Write 3−
√
3i in polar coordinates, it is enough to find r =

√
(3)2 + (

√
3
2
=

√
12 = 2

√
3 and θ = tan−

√
3 3 = −π

6 . Thus,

3−
√
3i = 2

√
3e−pii/6

(c) Cartesian coordinates to polar coordinates is given by r =
√
x2 + y2 ,

θ = tan−1 y
x for −π < θ ≤ pi.

−1 = −1 + 0i = epi

(d) Cartesian coordinates to polar coordinates is given by r =
√
x2 + y2 ,

θ = tan−1 y
x for −π < θ ≤ pi.

2i = 0 + 2i = 2epi/2

5.
(a) arg z is the angle between the x axis and the straight line drawn from the
origin to the point z. Therefore, this is constant because the set of points z is
a point that forms a constant angle with the x axis from the origin, so it is a
straight line.

Alternate solution arg z = constant means that for some constant c,
tan−1 (y/x) = c. Thus y

x = tan c implies y = tan cx. Therefore, it is a straight
line emitted from the origin.
(b) |z| = constant means that the distance from the origin is constant. There-
fore, it is a circle.
(c) |z−1| means that the distance from point 1. Also, |z−i| is the distance from
the point i. A collection of points where the two are equal is a perpendicular
bisector passing through point 1 and point i.

Alternate solution |z − 1| =
√
(x− 1)2 + y2, |z − i| =

√
x2 + (y − 1)2.

Then rewrite |z − 1| = |z − i|.√
(x− 1)2 + y2 =

√
x2 + (y − 1)2
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Thus,
(x− 1)2 + y2 = x2 + (y − 1)2 ⇒ 2x− 2y = 0 ⇒ y = x

(d) |z − 2i| is the distance from point 2i. Then |z − 2i| = 3 is the circle with
the radius 3 centered at 2i.

Alternate solutoin |z − 2i| =
√
x2 + (y − 2)2 より Rewrite |z − 2i| = 3

x2 + (y − 2)2 = 32

Thus it is a circle with the radius 3 centered at 2i.
(e) |z + 3| means |z − (−3)|. Then it is the distance from the point −3. |z − 1|
is the distance from the point 1. Thus |z+3| = 3|z−1| means that the distance
from the point −3 is 3 times the distance from the point 1. Such a point draws
a circle whose diameter is the point that internally divides the straight line
connecting point-3 and point 1 into 3: 1 and the point that divides it outward.
This circle is called Apollonius circle.

Alternate solution |z+3| =
√
(x+ 3)2 + y2, 3|z− 1| = 3

√
(x− 1)2 + y2.

Then rewrite |z + 3| = 3|z − 1|

(x+ 3)2 + y2 = 9[(x− 1)2 + y2]

Simplify
8x2 − 18x+ 8y2 = 0

or,

8[(x− 9

8
)2 + y2] =

81

8

Thus it is a circle with the radius 9
2
√
2
centered at 9

8 .

1.2 DeMoivre’s theorem and Euler’s formula

1.
By Euler’s formula, eiθ = cos θ + i sin θ. Thus for all real numbers n,

(cos θ + i sin θ)n = (eiθ)n = einθ = cosnθ + i sinnθ

2.
(a) If it contains exponentiation, it is recommended to change the inside of
parentheses to polar form once.

1− i√
2

=
1√
2
− i

1√
2

Then r =
√

1
2 + 1

2 = 1, θ = tan−1 −1 = −π
4 . Thus

1− i√
2

= e−
π
4 i
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This shows that (
1− i√

2

)7

= (e−
π
4 i)7 = e−

7π
4 i = e

π
4 i

= cos
π

4
+ i sin

π

4
=

1 + i√
2

(b) If it contains exponentiation, it is recommended to change the inside of
parentheses to polar form once.

√
3− i = 2e−

π
6 i

Then (√
3− i

)6

= (2e−
π
6 i)6 = 64e−πi

= 64[cosπ − i sinπ] = −64

(c) If it contains exponentiation, it is recommended to change the inside of
parentheses to polar form once.

(1 +
√
3i)6

(−1 + i)10
=

(2eπi/3)6

(
√
2e3πi/4)10

=
26e2πi

25e15πi/2
= 2e2πi−15πi/2 = 2e−11πi/2 = 2eπi/2 = 2i

3.
(a) Use the root formula of the quadratic equation

z2 = i = eπi/2 implies cos π/2+2kπ
2 + i sin π/2+2kπ

2 (k = 0, 1)
(b) Use the root formula of the quadratic equation

z3 = −1 = eπi implies cos π+2kπ
3 + i sin π+2kπ

3 (k = 0, 1, 2)
(c) Use the root formula of the quadratic equation

z4 = −1 +
√
3i = 2e2πi/3 implies 21/4[cos 2π/3+2kπ

4 + i sin 2π/3+2kπ
4 ] (k =

0, 1, 2, 3)
4.
(a) To convert from polar coordinates to Cartesian coordinates, use x =
r cos θ, y = r sin θ.

ei
3
4π = cos 3π/4 + i sin 3π/4 = − 1√

2
+

i√
2

(b) To convert from polar coordinates to Cartesian coordinates, use x =
r cos θ, y = r sin θ.

e−i 1
6π = cosπ/6− i sinπ/6 =

√
3

2
− i

1

2

(c) To convert from polar coordinates to Cartesian coordinates, use x =
r cos θ, y = r sin θ.

e2+iπ = e2eiπ = e2[cosπ + i sinπ] = −e2
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(d) To convert from polar coordinates to Cartesian coordinates, use x =
r cos θ, y = r sin θ.

e2−i 3
2π = e2e−i 3

2π = e2[cos 3π/2− i sin 3π/2] = e2i

5.
(a) To convert from Cartesian coordinates to polar coordinates, we use r =√
x2 + y2 , θ = tan−1 y

x for −π < θ ≤ π.

−2 = −2 + 0i =
√
22 + 02eπi = 2eπi

(b) To convert from Cartesian coordinates to polar coordinates, use r =√
x2 + y2 , θ = tan−1 y

x for −π < θ ≤ π.

i = 0 + i =
√
0 + 12eπi/2 = eπi/2i

(c) To convert from Cartesian coordinates to polar coordinates, use r =
√
x2 + y2

, θ = tan−1 y
x for −π < θ ≤ π.

1 + i =
√
12 + 12eπi/4 =

√
2eπi/2

(d) To convert from Cartesian coordinates to polar coordinates, use r =√
x2 + y2 , θ = tan−1 y

x ただし, −π < θ ≤ π.

√
3− i =

√√
3
2
+ (−1)2e−πi/6 = 2e−πi/6

6. First if |z| = 1 then we show z = eiθ.
Let z = reθ. Then since |z| = 1, we have

|reiθ| = |r||eiθ| = |r| = 1

r ≥ 0 implies r = 1 and z = eθ.
Next, if z = eiθ, then show |z| = 1.

|z| = |eiθ| = | cos θ + i sin θ| =
√
cos θ2 + sin θ2 = 1

2.1 Complex function

1. For z = x+ iy, w = u+ iv, calculate w = z2. Then

w = z2 = (x+ iy)2 = x2 − y2 + i(2xy) = u+ iv

Thus, u = x2 − y2, v = 2xy. Next we solve this for x, y.
Since v = 2xy, y = v

2x . Put this into u = x2 − y2. Then

u = x2 − (
v

2x
)2 = x2 − v2

4x2
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Multiply both sides by 4x2. Then

4x4 − 4x2u− v2 = 0

This can be thought of quadratic equation in x2. Thus let x2 = X. Then. by
the formula of quadratic equation, we have

x2 =
2u±

√
4u2 + 4v2

4
=
u±

√
u2 + v2

2

Note that x is a real part. Thne

x2 =
u+

√
u2 + v2

2

Thus we have

x = ±

√
u+

√
u2 + v2

2

Next find y. Since u = x2 − y2, we have

y2 = x2 − u =
u+

√
u2 + v2

2
− u =

−u+
√
u2 + v2

2

Thus

y = ±

√
−u+

√
u2 + v2

2

Next, consider what kind of curve the straight line y = ±b (b > 0) parallel to
the real axis of the z plane is mapped. By the above equation, y = ±b satisfies

y = ±b = ±

√
−u+

√
u2 + v2

2

Thus,

b2 =
−u+

√
u2 + v2

2

and it is mapped to the parabola v2 = 4b2(b2 + u)
Similarly, a straight line parallel to the imaginary axis of the z plane x =

±a (a > 0) satifies

x = ±a = ±

√
u+

√
u2 + v2

2

Thus

a2 =
u+

√
u2 + v2

2

and it is mapped to parabola v2 = 4a2(a2 − u).
2.
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(a) z = x+ iy, w = u+ ivとおくと

u+ iv = z3 = (x+ iy)3 = x3 − 3xy2 + i(3x2y − y3)

より u = x3 − 3xy2, v = 3x2y − y3.
(b) Let z = x+ iy, w = u+ iv. Then

u+ iv =
z

z + 1
=
z(z̄ + 1)

|z + 1|2
=

|z|2 + z

|z + 1|2

Note that |z|2 = x2 + y2.

u+ iv =
x2 + y2 + x+ iy

(x+ 1)2 + y2

Therefore, u = x2+y2+x
(x+1)2+y2 , v = y

(x+1)2+y2 .

(c) Let z = x+ iy, w = u+ iv. Then

u+ iv =
z − i

z + i
=

(z − i)(z − i)

|z + i|2
=

(x+ i(y − 1))2

|z + i|2

Note that |z + i|2 = x2 + (y + 1)2. Then

u+ iv =
x2 − (y − 1)2 + 2ix(y − 1)

x2 + (y + 1)2

Therefore, u = x2−(y−1)2

x2+(y+1)2 , v = 2x(y−1)
x2+(y+1)2 .

Linear function

1.
(a) w = 1

z takes z1 by inverting the point z with respect to the unit circle
|z| = 1, and then takes symmetrical transformation of z1.

Since the two points P and Q are on the unit circle, they appear at points
P’and Q’symmetrical with respect to the real axis by w = 1

z . Also, the point at
infinity of a straight line is reflected at the origin. Furthermore, w = 1

z is circle
to circle, this straight line maps to the circle going through P’, Q’.
(b) w = 1

z takes z1 by inverting the point z with respect to the unit circle
|z| = 1, and then takes symmetrical transformation of z1.

Since the point P is on the unit circle, it maps to the point P’ which is
symmetric with respect to the real axis by w = 1

z . Also, the point at infinity of
a straight line is reflected at the origin. Furthermore, w = 1

z is circle to circle.
This straight line maps to the circle with the radius of the distance from the
orign to P’.
(c) w = 1

z takes z1 by inverting the point z with respect to the unit circle
|z| = 1, and then takes symmetrical transformation of z1.
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A point a maps to 1
a , a point i maps to 1

i , a point −i maps to 1
−i . Further-

more, w = 1
z is circle to circle, a cricle going through 3 points a, i,−i maps to

a circle going through 3 points 1
a ,

1
i ,

1
−i .

2.
(a) An invariant point is a point that satisfies f(z) = z.

Let w = 1
z = z. Then z2 = 1. Thus we use the quadratic formula.

z2 = 1 = e0 implies the roots are cos 0+2kπ
2 + i sin 0+2kπ

2 (k = 0, 1). In other
words, ±1.
(b) An invariant point is a point that satisfies f(z) = z.

Let w = az+b
cz+d = z. Then cz2 + dz = az + b. Rewrite this, we have

cz2 + (d− a)z − b = 0

Thus,

z =
(a− d)±

√
(a− d)2 + 4bc

2c

2.3 Elementary functions

1.
(a) At this level, use ez = ex(cos y + i sin y).

ez = 1 implies ex(cos y + i sin y) = 1. Note that two complex numbers are
equal if and only if their real parts are equal and their imaginary parts are equal.
Thus we obtain the following system of equations.{

ex cos y = 1
ex sin y = 0

Note that cos2 y + sin2 y = 1. Then

e2x cos2 y + e2x sin2 y = e2x = 1

Thus, 2x = 0. That is x = 0. Putting this into the above equation, we have
cos y = 1, sin y = 0. Thus, y = 2nπ(n = 0,±1,±2, . . .). Therefore, z saitisfies

z = x+ iy = 2nπi

(b) At this level, use ez = ex(cos y + i sin y).
ez = i implies ex(cos y + i sin y) = i. Note that two complex numbers are

equal if and only if their real parts are equal and their imaginary parts are equal.
Then we have the following system of equations.{

ex cos y = 0
ex sin y = 1

Note that cos2 y + sin2 y = 1. Then

e2x cos2 y + e2x sin2 y = e2x = 1

Thus, 2x = 0. That is x = 0. Putting this into the above equation, we have
cos y = 1, sin y = 0. Thus, y = 1

2 + 2nπ(n = 0,±1,±2, . . .). Therefore z is

z = x+ iy = (
1

2
+ 2nπ)i



35

(c) At this level, use ez = ex(cos y + i sin y).

ez = −2 implies ex(cos y + i sin y) = −2. Note that two complex numbers
are equal if and only if their real parts are equal and their imaginary parts are
equal. Then we have the following system of equations.{

ex cos y = −2
ex sin y = 0

Note that cos2 y + sin2 y = 1.

e2x cos2 y + e2x sin2 y = e2x = 4

Then 2x = log 4. That is x = log 2. Putting this into the above equation, we
have cos y = −1, sin y = 0. Thus, y = π + 2nπ(n = 0,±1,±2, . . .). Therefore,
z is

z = x+ iy = log 2 + (π + 2nπ)i

(a) Trigonometric functions are once rewritten using exponential functions.
After that, the polar form can be changed to the orthogonal form.

When sin 2i is expressed using an exponential function, we have

sin z =
eiz − e−iz

2i

Then

sin 2i =
e−2 − e2

2i
= i

e2 − e−2

2

(b) Simplify using the addition theorem.

sin
(π
2
+ i

)
= sin

π

2
cos i+ cos

π

2
sin i

= cos i =
e−1 + e

2

(c) Simplify using the addition theorem.

cos
(π
3
− i

)
= cos

π

3
cos i+ sin

π

3
sin i

=
1

2
cos i+

√
3

2
sin i

=
1

2
· e

−1 + e

2
+

√
3

2
· e

−1 − e

2i

=
e−1 + e

4
− i

√
3(e− e−1)

4

(d) tanz = sin z
cos z
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tan
(π
6
+ 2i

)
=

sin π
6 + 2i

cos π
6 + 2i

=
sin π

6 cos 2i+ cos π
6 sin 2i

cos π
6 cos 2i− sin π

6 sin 2i

=
1
2 · e−2+e2

2 +
√
3
2 · i e

2−e−2

2√
3
2 · e−2+e2

2 − 1
2 · i e2−e−2

2

=
e−2 + e2 + i

√
3(e2 − e−2)√

3(e−2 + e2)− i(e2 − e−2)

=
(e−2 + e2 + i

√
3(e2 − e−2))(

√
3(e−2 + e2) + i(e2 − e−2))

(
√
3(e−2 + e2)− i(e2 − e−2))(

√
3(e−2 + e2) + i(e2 − e−2))

=

√
3(e−4 + 2 + e4)−

√
3(e4 − 2 + e−4) + 3i(e4 − e−4) + i(e4 − e−4)

3(e−4 + 2 + e4) + e4 − 2 + e−4

=
4
√
3 + 4i(e4 − e−4)

4e−4 + 4 + e4
=

√
3 + i(e4 − e−4)

e4 + 1 + e−4

(e)

sin iy =
e−y − ey

2i
= i

ey − e−y

2

(e)

cos iy =
e−y + ey

2

3.
(a) Note that cos2 z + sin2 z = 1.

Divide cos2 z + sin2 z = 1 by cos2 z. Then

cos2 z

cos2 z
+

sin2 z

cos2 z
=

1

cos2 z

Thus

1 + tan2 z =
1

cos2 z

(b)

sin (−z) = e−iz − eiz

2i
= −e

iz − e−iz

2i
= − sin z

(c)

cos (−z) = e−iz + eiz

2
=
eiz + e−iz

2
= cos z

4.
(a) Of the c that satisfies f(z+ c) = f(z), the one with the smallest |c| is called
the period of the function f(z). Note also that e(z+2iπ) = ez.
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Let sin (z + c) = sin z. Then find the value of c.

Since sin (z + c) = ei(z+c)−e−i(z+c)

2i , let sin (z + c) = sin z. Then

ei(z+c) − e−i(z+c) = eiz − e−iz

ei(z+c) − eiz = −e−i(z+c)e−iz(ei(z+c) − eiz)

Note that ei(z+c) − eiz is the common term. Thus,

(ei(z+c) − eiz)(1 + e−i(z+c)e−iz) = 0

and
ei(z+c) = eiz orei(z+c) = −e−iz

Now the period of the exponential function is 2πi. Then eic = 1 implies c = 2nπ.
Also, ei(z+c) = −e−iz implies z + c = −z + nπ.
5.
(a) Set tan z1 = tan z2. Then

sin z1
cos z1

=
sin z2
cos z2

eiz1−e−iz1

2i
eiz1+e−iz1

2

=
eiz2−e−iz2

2i
eiz2+e−iz2

2

i(e−iz1 − eiz1)

eiz1 + e−iz1
=

i(e−iz2 − eiz2)

eiz2 + e−iz2

i(1− e2iz1)

e2iz1 + 1
=

i(1− eiz2

e2iz2 + 1

(1− e2iz1)(e2iz2 + 1) = (e2iz1 + 1)(1− e2iz2)

e2iz2 − e2iz1e2iz2 − e2iz1 + 1 = e2iz1 − e2iz1e2iz2 − e2iz2 + 1

e2iz2 = e2iz1

Thus, z2 = z1 + nπ. Therefore, tan z has the period π.

2.4 Inverse function of an elementary function

1. w =
√
z = z1/2 means that w = z1/2 =

√
rei(θ+2nπ)/2. Thus, it is two-valued

function. Now let z = reiθ. Then

w1 =
√
reiθ/2, w2 =

√
re(θ+2π)i/2 = −w1

2.
(a) Use log z = loge r + i(θ + 2nπ) (n = 0,±1,±2, . . .).

log 2 = loge 2 + i(0 + 2nπ) = loge 2 + 2nπ

(b) Use log z = loge r + i(θ + 2nπ) (n = 0,±1,±2, . . .).
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log (−1) = loge | − 1|+ i(π + 2nπ) = i(π + 2nπ) = (2n+ 1)πi

(c) Use log z = loge r + i(θ + 2nπ) (n = 0,±1,±2, . . .).

log i = loge |i|+ i(
π

2
+ 2nπ) = i(

π

2
+ 2nπ) = (2n+

1

2
)πi

(d) Use log z = loge r + i(θ + 2nπ) (n = 0,±1,±2, . . .).

log (1 + i) = loge |1 + i|+ i(
π

4
+ 2nπ) = loge

√
2 + (2n+

1

4
)πi

3.
(a) Use az = ez log a.

(−1)i = ei log (−1) = ei[loge |−1|+i(π+2nπ)] = e−(2n+1)π

(b) Use az = ez log a.

(i)i = ei log (i) = ei[loge |i|+i(π
2 +2nπ)] = e−(2n+ 1

2 )π

(c) Use az = ez log a.

(2)i = ei log (2) = ei[loge |2|+i(0+2nπ)]

= ei[loge |2|e−2nπ

= e−2nπ[cos (loge 2) + i sin (loge 2)]

(d) Use az = ez log a.

(2)1+i = 2 · 2i = 2ei log (2) = 2ei[loge |2|+i(0+2nπ)]

= 2ei[loge |2|e−2nπ

= 2e−2nπ[cos (loge 2) + i sin (loge 2)]

4.
(a) Show sin−1 z = 1

i log (iz ±
√
1− z2).

Let sin−1 z = w. Then z = sinw. Note that the complex function sinw is
expressed by the exponential function.

z = sinw =
eiw − e−iw

2i

Now solve this equation for w.

2iz = eiw − e−iw ⇒
2izeiw = (eiw)2 − 1 ⇒

0 = (eiw)2 − 2izeiw − 1 ⇒
eiw = iz ±

√
(iz)2 + 1 ⇒

iw = log(iz ±
√
(iz)2 + 1) ⇒

w =
1

i
log(iz ±

√
(iz)2 + 1)
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Note Assuming that
√

(iz)2 + 1 represents two branches with ± in front of
the radical symbol at the same time by divalentity, only + is required.
(b) Show tan−1 z = 1

2i log
1+iz
1−iz .

Let tan−1 z = w. Then z = tanw. Note that the complex function tanw
can be represented by exponential function.

z = tanw =
sinw

cosw
=

1

i

eiw − e−iw

eiw + e−iw

Now solve this equation for w. Then

iz(eiw + e−iw) = eiw − e−iw ⇒
iz((eiw)2 + 1) = (eiw)2 − 1 ⇒

iz + 1 = (1− iz)(eiw)2 ⇒

(eiw)2 =
1 + iz

1− iz
⇒

eiw =

√
1 + iz

1− iz
⇒

iw = log(

√
1 + iz

1− iz
) ⇒

w =
1

2i
log(

1 + iz

1− iz
)

5.
(a) Use cos−1 z = 1

i log(z ±
√
z2 − 1).

cos−1 (1) =
1

i
log(1±

√
12 − 1) =

1

i
(loge (1) + i(2nπ)) = 2nπ

Alternate solution Let w = cos−1 (1). Then 1 = cosw = eiw+e−iw

2 . Solve
this for w. Then

(eiw)2 − 2eiw + 1 = 0 ⇒
eiw = 1 ⇒
iw = log (1) = loge 1 + i(2nπ) ⇒
w = 2nπ

(b) Use sin−1 z = 1
i log(iz ±

√
1− z2).

Note

loge(2−
√
3) = loge(

(2−
√
3)(2 +

√
3)

2 +
√
3

= log(
1

2 +
√
3
) = − log (2 +

√
3)

より
loge (2±

√
3) = ± loge (2 +

√
3)
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sin−1 (2) =
1

i
log(2i±

√
1− 4)

=
1

i
log(2i± i

√
3) =

1

i
log(i(2±

√
3))

=
1

i
(log (i) + log (2±

√
3)) =

1

i
[i(2n+

1

2
)π + loge (2±

√
3) + i(2nπ)]

= 2nπ ± i loge(2 +
√
3)

(c) Use cos−1 z = 1
i log(z ±

√
z2 − 1).

cos−1 (i) =
1

i
log(i±

√
i2 − 1) =

1

i
log(i(1±

√
2))

=
1

i
(log i+ log(1±

√
2))

Note that

log(1±
√
2) =

{
loge(1 +

√
2) + i(2nπ)

loge(
√
2− 1) + i(π + 2nπ)

cos−1 (i) =

{
−i[(2n+ 1

2 )π + loge(1 +
√
2)]

−i[(2n+ 3
2 )π + loge(

√
2− 1)]

Limit and continuity

1.
In order for the set D to be called a region, it must satisfy the following two

conditions.
1 z0 ∈ D, z ∈ N(z0, δ) = {z : |z − z0| < δ} ⊂ D (open set)
2 z1, z2 ∈ D, z1andz2can be connected by the continuous curve inD.(arc-like connectivity)
Note N(z0, δ) = {z : |z − z0| < δ} is said to be a δ neighborhood of a point

z0.
(a) Let D be the set of the z plane minus the origin O.

1. If you select a point z0 other than the origin and let z0 and half the
distance to the origin |z0|/2 be δ, then the δ neighborhood N(z0, δ) is in D.
Thus D is open set.

2. Any two points in D can be connected by the continuous curve contained
in D, so arc-like connectivity is satisfied.

Therefore, D is a region.
(b) Let D = {z : ℜz > 0}.

1. Choose z0 other than the origin. Let δ be the half of the distance from
z0 to the imaginary axis. The δ neighborhood N(z0, δ) is in D. Thus, D is an
open set.

2. Any two points in D can be connected by the continuous curve contained
in D, so arc-like connectivity is satisfied.
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Thus, D is a region.
(c) Let D = {z : ℑz ≥ 0}.

1. If we choose z0 on the real axiz, then for any δ neighborhoos N(z0, δ)
contains a point other that D. Thus it is not a open set. But, any point in
{z : ℑz = 0}, δ neighborhood of its point contains a point in D and not in D.
A collection of such points is calledboundary of D. Thus, D is a closed set.

2. Any two points in D can be connected by the continuous curve contained
in D, so arc-like connectivity is satisfied. .

Therefore, D is a closed set.
(d) Let {z : 1 < |z| < 2}.

1. Choose z0 other than the origin. Then let δ be half of the distance of
the shorter of two: the distance from z0 to |z| = 1 or to |z| = 2. Then δ
neighborhood N(z0, δ) is in D. Therefore, D is an open set.

2. Any two points in D can be connected by the continuous curve contained
in D, so arc-like connectivity is satisfied. .

Therefore, D is a region.
2.
(a)

lim
z→i

(z2 + 2z) = i2 + 2i = 2i− 1

(b)

lim
z→ i

2

(2z − 3)(z + i)

(iz − 1)2
=

(i− 3)( 3i2 )

(− 3
2 )

2
= −2

3
(1 + 3i)

(c)

lim
z→1+i

z − 1− i

z2 − 2z + 2
= lim

z→1+i

z − (1 + i)

(z − (1− i))(z − (1 + i))
=

1

2i
= − i

2

(d)

lim
z→eiπ/4

z2

z4 + z + 1
=

eπi/2

eπi + eπi/4 + 1
=

i

−1 + 1√
2
+ i 1√

2
+ 1

=

√
2

2
(1 + i)

3.
Note
1. The exponential function ez is continuous at all points on the complex

plane, the logarithmic function log z is continuous except at the origin, and the
meromorphic function is continuous except when the denominator is 0

2. The sum, difference, product, and composition of continuous functions
are also continuous, the denominator is non-zero, and the quotient is also con-
tinuous.
(a) z2 is a meromorphic function. Thus, it is continuous on all points.
(b) ez is continuous at all points..
(c) 2z

z+i is a meromorphic function. Thus it is discontinuous at z = −i.
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(d) 2z−3
z2+2z+2 is a meromorphic function. Thus it is discontinuous ar z = −1 +

i,−1− i.
(e) z+1

z4+1 is a meromorphic function. Thus it is discontinuous at the point where

z4 + 1 = 0.

z4 = −1 = eiπimplieszk = (cos
pi+ 2kπ

4
+ i sin

π + 2kπ

4
) (k = 0, 1, 2, 3)

Therefore,

z0 =
(1 + i)√

2
, z1 =

(−1 + i)√
2

, z2 =
(−1− i)√

2
, z3 =

(1− i)√
2

(f) z2+4
z−2i is a meromorphic function. Thus it is discontinuous at z = 2i.

(g) f(z) =

{
z2+4
z−2i (z ̸= 2i)

4i (z = 2i)
is meromorphic function except at z = 2i. Thus

it is continuous except at z = 2i. Note that f(z) is a piecewise function. Thus
to check to see if it is continuous, we have to go back to the definition. In other
words, if

lim
z→2i

f(z) = f(2i)

then it is continuous at z = 2i.

lim
z→2i

f(z) = lim
z→2i

z2 + 4

z − 2i
= lim

z→2i

(z + 2i)(z − 2i)

z − 2i
= 4i

or f(2i) = 4i. Thus it is continuous at z = 2i.

3.2 Analytic function

1.
Let’s check the differential formula and differential calculus

(a)

(z3 − 2z2 + 3z)′ = (z3)′ − 2(z2)′ + 3z′ (derivatives of a sum is the sum of derivatives)

= 3z2 − 4z + 3 ((zα)′ = αzα−1)

(b)

((z2 + i)3)′ = 3(z2 + i)2(z2 + i)′ (derivatives of composite functions)

= 3(z2 + i)2(2z) = 6z(z2 + i)2

(c)

(
z − i

z + i
)′ =

(z − i)′(z + i)− (z − i)(z + i)′

(z + i)2
(derivatives of quotient)

=
z + i− (z − i)

(z + i)2
=

2i

(z + i)2



43

2.
(a)

(tan z)′ =
sin z

cos z
=

(sin z)′(cos z)− (sin z)(cos z)′

(cos z)2
(derivatives of quotient)

=
cos2 z + sin2 z

cos2 z
=

1

cos2
= sec2 z

(b)

(
1

cos z
)′ =

−(cos z)′

(cos z)2
(derivatives of quotient)

=
sin z

cos2 z
= sec z tan z

(c)

(
√
z2 + 1)′ = ((z2 + 1)1/2)′ =

1

2
(z2 + 1)−1/2(z2 + 1)′ (derivatives of composite functions)

= z(z2 + 1)−1/2

(d)

(sin2 z)′ = ((sin z)2)′ = 2(sin z)(sin z)′ (derivatives of quotient)

= 2 sin z cos z

(e)

(log(z2 + 4i))′ =
1

z2 + 4i
(z2 + 4i)′ (derivatives of composite functions)

=
2z

z2 + 4i

(f)

(icos z)′ = (ecos z log i)′ (az = ez log a)

= ecos z log i(cos z log i)′ (derivatives of quotient)

= ecos z log i(− sin z log i) = −icos z sin z log i

(g)

(sin−1(z − i))′ =
1√

1− (z − i)2
(z − i)′ (derivatives of composite functions)

=
1√

1− (z − i)2
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(h)

(log(z +
√
z2 + 1))′ =

1

z +
√
z2 + 1

(z +
√
z2 + 1)′ (derivatives of quotient)

=
1

z +
√
z2 + 1

(1 +
z√

z2 + 1
)

=
1

z +
√
z2 + 1

(

√
z2 + 1 + z√
z2 + 1

=
1√

z2 + 1

(i)

(log(sin−1 z))′ =
1

sin−1 z
(sin−1 z)′ (derivatives of composite functions)

=
1

sin−1 z
(

1√
1− z2

)

=
1

sin−1 z
√
1− z2

(j)

(zz)′ = (ez log z)′ = ez log z(z log z)′

= ez log z(log z + z
1

z
) = zz(log z + 1)

4.1 Line integral and Green’s theorem

1. To find a complex integral, it is common to parametrize the curve C as
z(t) = x(t) + iy(t).

This curve is a straight line connecting a point (0, 1) and a point (1, 0). Then
we can parametrize this line such as z(t) = (0, 1) + (1,−1)t, 0 ≤ t ≤ 1. Thus,
x(t) = t, y(t) = 1− t, 0 ≤ t ≤ 1. Therefore,∫

c

ydx =

∫ 1

0

(1− t)dt = t− t2

2
|10=

1

2

Alternate solution Since y = 1− x. we can integrate directly.∫
c

ydx =

∫ 1

0

(1− x)dx = x− x2

2
|10=

1

2

This curve is a straight line connecting a point (0, 1) and a point (1, 0).
Then we can parametrize this line such as z(t) = (0, 1) + (1,−1)t, 0 ≤ t ≤ 1.
Thus, x(t) = t, y(t) = 1− t, 0 ≤ t ≤ 1, dy = −dt. Therefore,∫

c

x2dy =

∫ 1

0

t2(−dt) = − t
3

3
|10= −1

3
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This is a curve y = x2 connecting (−1, 1) and (1, 1). Then we can parametrize
this curve by x(t) = t, y(t) = t2, −1 ≤ t ≤ 1, dy = 2tdt. Thus,∫

c

(xydx− y2dy) =

∫ 1

−1

(t3 − t4(2t))dt = 0 (t3, t5are odd function)

This curve is a circle of the radius 1 with the center at the origin. Then
we can parametrize by x(t) = cos t, y(t) = sin t, 0 ≤ t ≤ 2π. Now dx =
− sin tdt, dy = cos tdt. Then∫

c

(xydx− x3dy) =

∫ 2π

0

(− sin2 t cos t− cos4 t)dt

Note that if we let u = sin t, then du = cos tdt,
t : 0 → 2π
u : 0 → 0

. Then

∫ 2π

0

(− sin2 t cos tdt =

∫ 0

0

u2du = 0

Next ∫ 2π

0

cos4 tdt =

∫ 2π

0

(cos2 t)2dt =

∫ 2π

0

(
1 + cos 2t

2
)2dt

=
1

4

∫ 2π

0

(1 + 2 cos 2t+ cos2 2t)dt

=
1

4

∫ 2π

0

(1 = 2 cos 2t+
1 + cos 4t

2
)dt

=
1

4
[
3t

2
+ cos 2t+

sin 4t

8
|2π0 ]

=
3π

4

2.
(a) This curve is already parametrized. Thus,∫

c

(x2 + y)dt =

∫ 1

0

(t+ 1− t2)dt =
t2

2
+ t− t3

3
|10

=
1

2
+ 1− 1

3
=

7

6

(b) This curve is already parametrized. Thus,∫
c

xy2dt =

∫ π
2

0

sin t sin2 tdt

=

∫ π
2

0

sin3 tdt =
2!!

3!!
=

2

3
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Note
∫ π

2

0
sinn tdt =

{
(n−1)!!

n!! (nodd)
(n−1)!!

n!!
π
2 (neven)

n!! = n(n− 2)(n− 4) · · · .
3. Green’s theorem is the line integral of P (x, y), Q(x, y) such that the partial
derivatives are continuous on the simply connected domain R surrounded by a
single closed curve C and it can be expressed as a double integral in the simply
connected domain R. That is∫

c

Pdx+Qdy =

∫ ∫
R

(
∂Q

∂x
− ∂P

∂y
)dxdy

(a) Using Green’s theorem, we have∫
c

(xy2dx− xy2dy) =

∫ ∫
R

(
∂(−xy2)
∂x

− ∂(x2y)

∂y
)dxdy∫ ∫

R

(−y2 − x2)dxdy = −
∫ ∫

R

(x2 + y2)dxdy

= −
∫ 2π

0

∫ 1

r=0

r2|J |drdθ

Now we find the Jacobian J . Then J = ∂(x,y)
∂(r,θ) =

∣∣∣∣ ∂x
∂r

∂x
∂θ

∂y
∂r

∂y
∂θ

∣∣∣∣ = r.

Thus,∫
c

(xy2dx− xy2dy) = −
∫ 2π

0

∫ 1

r=0

r2rdrdθ

= −
∫ 2π

0

dθ

∫ 1

r=0

r3dr = −2π
1

4
= −π

2

(b) Using Green’s theorem, we have∫
c

(ydx+ 2xdy) =

∫ ∫
R

(
∂(2x)

∂x
− ∂(y)

∂y
)dxdy∫ ∫

R

(2− 1)dxdy =

∫ ∫
R

dxdy

= area of R =
π

4

4.2 Complex integral

1. Parametrize a unit circle. Then z(t) = eit, 0 ≤ t ≤ 2π. Thus∫
C

z cos zdz =

∫ 2π

0

eit cos(eit)ieitdt

(
u = eit dv = ieit cos(eit)dt
du = ieitdt v = sin(eit)

= eit sin(eit) |2π0 −
∫ 2π

0

ieit sin(eit)dt

= cos(eit) |2π0 = cos(e2πi)− cos(0) = 0
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2.

case1. The integral path is 0 to 1 and 1 to 1 + i along the sides of the square.

A straight line c1 connecting 0 and 1 can be parametrized by z(t) = (0, 0)+
(1, 0)t, 0 ≤ t ≤ 1. Thus, x(t) = t, y(t) = 0, 0 ≤ t ≤ 1. Therefore, z = x+ iy = t
and ∫

c1

z̄dz =

∫ 1

0

t(dt) =
t2

2
|10=

1

2

A straight line c2 connecting 1 and 1+ i can be parametrized by z(t) = (1, 0)+
(0, 1)t, 0 ≤ t ≤ 1. Thus, x(t) = 1, y(t) = t, 0 ≤ t ≤ 1. Therefore, z = x+ iy =
1 + it and∫

c2

z̄dz =

∫ 1

0

(1− it)(idt) =

∫ 1

0

(i+ t)dt = [it+
t2

2
|10= i+

1

2

Then the integral is given by∫
c

z̄dz =

∫
c1

z̄dz +

∫
c2

z̄dz = 1 + i

case2. The integral path is 0 to i and i to 1 + i along the sides of the square.

A straight line c3 connecting 0 and i can be parametrized by z(t) = (0, 0) +
(0, 1)t, 0 ≤ t ≤ 1. Thus, x(t) = 0, y(t) = 1, 0 ≤ t ≤ 1. Therefore, z = x+iy = it
and ∫

c

z̄dz =

∫ 1

0

(−it)(idt) = t2

2
|10=

1

2

A straight line c4 connecting i and 1+ i can be parametrized by z(t) = (0, 1) +
(1, 0)t, 0 ≤ t ≤ 1. Thus, x(t) = t, y(t) = 1, 0 ≤ t ≤ 1. Therefore, z = x+ iy =
t+ i and ∫

c

z̄dz =

∫ 1

0

(t− i)(dt) = [
t2

2
− it |10=

1

2
− i

Then the integral is given by∫
c

z̄dz =

∫
c3

z̄dz +

∫
c4

z̄dz = 1− i

case3. The integral path is 0 to 1 + i along the diagonal of the square.

A straight line c5 connecting 0 and 1 + i can be parametrized by z(t) =
(0, 0) + (1, 1)t, 0 ≤ t ≤ 1. Thus, x(t) = t, y(t) = t, 0 ≤ t ≤ 1. Therefore,
z = x+ iy = t+ it and∫

c5

z̄dz =

∫ 1

0

(t− it)(1 + i)dt =

∫
c5

2tdt = t2 |10= 1
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4.3 Cauchy’s integral theorem

1. Let C be a curve C1 connecting from a starting point a to b. Then the curve
connecting from a point b to a can be represented by −C2. Now let C = C1−C2.
Then the curve C is a closed curve in the region D. Here using Cauchy’s integral
theorem, we have

0 =

∫
C

f(z) dz =

∫
C1

f(z) dz +

∫
−C2

f(z) dz

=

∫
C1

f(z) dz −
∫
C2

f(z) dz

Therefore, ∫
C1

f(z) dz =

∫
C2

f(z) dz

First, bridge from curve C1 to curve C2. Then, while turning along the
curve C1, cross the bridge and move to the curve C2, Let C be the curve that
goes in the opposite direction, crosses the original bridge, returns to the curve
C1, and goes around. At this time, C is a closed curve included in the region
D, so if Cauchy’s integral theorem is used,

0 =

∫
C

f(z) dz =

∫
C1

f(z) dz +

∫
−C2

f(z) dz

=

∫
C1

f(z) dz −
∫
C2

f(z) dz

Therefore, ∫
C1

f(z) dz =

∫
C2

f(z) dz

Since the curve C is the circumference of a radius r > 1 centered at the origin,
f(z) = 1

z2+1 is not analytic inside of this circle. Then, expand f(z) = 1
z2+1 by

using partial fraction.

1

z2 + 1
=

1

(z + i)(z − i)
=

1

2i
[

1

z − i
− 1

z + i
]

Here we use the basic integral formula∫
|z−a|=r

1

(z − a)n
=

{
2πi n = 1
0 n ̸= i

∫
|z|=r

1

z2 + 1
dz =

1

2i
[

∫
|z|=r

1

z − 1
dz −

∫
|z|=r

1

z − 1
dz

=
1

2i
[2πi− 2πi] = 0
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Since the curve C is the circumference of a radius r > 1 centered at the
origin, f(z) = z

(2z+i)(z−2) is not analytic inside of this circle. Then , expand

f(z) = z
(2z+i)(z−2) by using the partial fraction expansion.

z

(2z + i)(z − 2)
=

A

2z + i
+

B

z − 2

Clear the denominators,

z = A(z − 2) +B(2z + i)

Now let z = 2. Then

2 = B(4 + i) ⇒ B =
2

4 + i

Also, let z = − i
2 . Then

− i

2
= A(− i

2
− 2) ⇒ A =

i

4 + i

Thus,∫
|z|=1

z

(2z + i)(z − 2)
=

i

4 + i

∫
|z|=1

1

2z + i
dz +

2

4 + i

∫
|z| = 1

1

z − 2
dz

Here using the basic integral formula, we have∫
|z−a|=r

1

(z − a)n
=

{
2πi n = 1
0 n ̸= i

∫
|z|=1

z

(2z + i)(z − 2)
=

i

4 + i

∫
|z|=1

1

2(z + i/2)
dz + 0

=
i

2(4 + i)
· 2πi = −π

4 + i
= −4− i

17
π

Since this curve is centered on the origin, the circumference of the upper half
of a circle with radius r¿ 1, and the diameter on the real axis, f(z) = 1

z4+1 is

not analytic inside of this circle. Then expand f(z) = 1
z4+1 by using the partial

fraction expansion. Solutions of z4 = −1 are give by

zk = cos (
π + 2kπ

4
) + sin (

π + 2kπ

4
, k = 0, 1, 2, 3

Thus,

z0 =
1 + i√

2
= e

π
4 , z1 =

−1 + i√
2

= e
3π
4 , z2 =

−1− i√
2

, z4 =
1− i√

2
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Therefore,
1

z4 + 1
=

A

z − z0
+

B

z − z1
+

C

z − z2
+

D

z − z3

Here we only need to find A and B.

A = lim
z→z0

(z − z0)
1

z4 + 1
=

1

4z30

=
1

4
z−3
0 =

1

4
e−3π4

B = lim
z→z1

(z − z1)
1

z4 + 1
=

1

4z31

=
1

4
z−3
1 =

1

4
e−9π4

Thus ∫
C

1

z4 + 1
dz = A

∫
C

1

z − z0
dz +B

∫
C

1

z − z1

=
1

4
e−3π4 · 2πi+ 1

4
e−9πi · 2πi

=
πi

2
[e

−3πi
4 + e

−9πi
4 ]

=
πi

2
[
−1− i√

2
+

1− i√
2
] =

π

2

3.
(a) ∫ 1

i

z2dz =
1

3
z3 |1i=

1 + i

3

(b) ∫ i

0

zez dz = [zez − ez |i0= iei − ei

(c) Recall that
log z = loge |z|+ i arg z

∫ 1+i

0

z

z + 1
dz =

∫ 1+i

0

(1− 1

z + 1
) dz

= [z − log(z + 1) |1+i
0 = 1 + i− log(2 + i) = 1 + i− (loge |2 + i|+ i arg(2 + i))

= 1 + i− 1

2
loge(5)− i tan−1 1

2

= 1− 1

2
loge 5 + i(1− tan−1 (

1

2
))

(d) Recall that

(sin−1 z)′ =
1√

1− z2
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sin−1 z =
1

i
log(iz +

√
1− z2)

∫ i

0

1√
1− z2

dz = [sin−1 z |i0

= sin−1 i− sin0 =
1

i
[log(i2 +

√
1− i2)− log 1

=
1

i
log(−1 +

√
2) =

1

i
[loge | − 1 +

√
2|+ i arg(−1 +

√
2)]

=
1

i
[loge(

√
2− 1)]

4. A function u(x, y) is called a harmonic function if ∆u = uxx+uyy = 0. Also,
∆ is said to be Laplacian, the equation ∆u = 0 is called a Laplace equation.
Make sure that the holomorphic function w = u + iv with u in the real part
satisfies Cauchy-Riemann’s equation.
(a) For u = x2 − y2, we find ∆u. Then

ux = 2x, uxx = 2, uy = −2y, uyy = −2

Thus, ∆u = 0 and u is a harmonic function. Next find a holomorphic function
w which has u as a real part. Let w = u+ iv. Then

ux = vy = 2x, vx = −uy = 2y

Thus,

v(x, y) =

∫
vy dy =

∫
2xdy = 2xy + ϕ(x) (A.1)

Differentiate the equation A.1 by x,

vx = 2y + (ϕ(x))′ (A.2)

Now by the condition vx = 2y, we have ϕ′(x) = 0 which implies ϕ(x) = c and

v(x, y) = 2xy + c

(b) Find ∆u for u = ex cos y. Then

ux = ex cos y, uxx = ex cos y, uy = −ex sin y, uyy = −ex cos y

Thus, ∆u = 0 and u is a harmonic function. Next find w which has u as a real
part. Let w = u+ iv. Then

ux = vy = ex cos y, vx = −uy = ex sin y

which implies

v(x, y) =

∫
vy dy =

∫
ex cos y dy = ex sin y + ϕ(x)

vx = ex sin y + (ϕ(x))′ = ex sin yimplies ϕ(x) = c (constant)

v(x, y) = ex sin y + c
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(c) Find ∆u for u = cosx sinh y.

ux = − sinx sinh y, uxx = − cosx sinh y, uy = cosx cosh y, uyy = cosx sinh y

Thus, ∆u = 0 and u is a harmonic function. Next find w which has u as a real
part. Let w = u+ iv. Then

ux = vy = ex cos y, vx = −uy = ex sin y

which implies

v(x, y) =

∫
vy dy =

∫
ex cos y dy = ex sin y + ϕ(x)

vx = ex sin y + (ϕ(x))′ = ex sin yimpliesϕ(x) = c (constant)

v(x, y) = ex sin y + c

(d) Find ∆u for u = 1
2 loge(x

2 + y2).

ux =
x

x2 + y2
, uxx =

x2 + y2 − x(2x)

(x2 + y2)2
=

y2 − x2

(x2 + y2)2

uy =
y

x2 + y2
, uxx =

x2 + y2 − y(2y)

(x2 + y2)2
=

x2 − y2

(x2 + y2)2

Thus, ∆u = 0 and u is a harmonic function. Next find w which has uas a real
part. Let w = u+ iv. Then

ux = vy =
x

x2 + y2
, vx = −uy = − y

x2 + y2

which implies

v(x, y) =

∫
vy dy =

∫
x

x2 + y2
dy

= x(
1

x
tan−1 (

y

x
)) + ϕ(x) (note

∫
1

a2 + t2
dx =

1

a
tan−1 (

t

a
)

= tan−1 (
y

x
) + ϕ(x)

Now take partial derivative with respect to x,

vx =
− y

x

(1 + ( yx ))
2
+ ϕ′(x)

= − y

(x2 + y2)2
+ ϕ′(x)

By the condition vx = − y
(x2+y2)2 . Thus ϕ

′(x) = 0 and ϕ(x) = c. Therefore,

v(x, y) = tan−1 (
y

x
) + c
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4.4 Cauchy’s integral formula

2. Cauchy’s integral formula

If z = a is inside of the curve C and f(z) is analytic inside of the region
containing curve C, then ∫

c

f(z)

z − a
dz = 2πif(a)

Cauchy’s integral theorem

If f(z)
z−a is analytic inside of curve C, then∫

c

f(z)

z − a
dz = 0

(a) Since |z| = 3, z = 2 is inside of this curve. Then by Cauchy’s integral
formula, we have ∫

|z|=3

ez

z − 2
dz = 2πif(2) = 2πie2

(b) Since |z| = 1, z = 2 is not inside of this circle. Then the integrand is
analytic. Thus by Cauchy’s integral theorem,∫

|z|=1

ez

z − 2
dz = 0

(c) Since |z| = 3, z = 0 is inside of this circle. Then by Cauchy’s integral
formula, ∫

|z|=3

sin3 z

z
dz = 2πif(0) = 2πi sin3 0 = 0

(d) Since |z| = 3, z = πi
2 is inside of this circle. Then by Cauchy’s integral

formula,∫
|z|=3

e3z

2z − πi
dz =

1

2

∫
|z|=3

e3z

z − πi
2

dz

= πif(
πi

2
) = πie

3πi
2

= πi(cos (3π/2) + i sin (3π/2)) = πi(−i) = π

(e) Since |z| = 1, z = πi
2 is not inside of this circle. Then the integrand is

analytic. Thus by Cauchy’s integral theorem,∫
|z|=1

e3z

2z − πi
dz = 0
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(f) Since |z| = 3, z = ±i is inside of this circle. Then by Cauchy’s integral
formula,∫

|z|=3

cos z

z2 + 1
dz =

1

2i

∫
|z|=3

cos z(
1

z − i
− 1

z + i
) dz

=
1

2i
[2πi(f(i)− f(−i))] = π[cos (i)− cos (−i)]

= π[
ei

2

+ e−i2

2
− (

e−i2 + ei
2

2
)] = 0

(g) Since |z| = 1, z = 0 is inside of this circle. Then by Cauchy’s integral
formula, ∫

|z|=1

ez

z4
dz =

2πi

3!
f (3)(0) =

2πie0

6
=
πi

3

(h) Since |z| = 3, z = π
2 is inside of thie circle. Then by Cauchy’s integral

formula, ∫
|z|=3

sin z

(2z − π)3
dz =

1

8

∫
|z|=3

sin z

(z − π/2)3
dz

=
1

8

2πi

2!
f ′′(

π

2
)

Note that f(z) = sin z, f ′(z) = cos z, f ′′(z) = − sin z. Then f ′′(π2 ) = −1.
Thus ∫

|z|=3

sin z

(2z − π)3
dz = −1

8

2πi

2!
= −πi

8

(i) Since |z| = 1, z = π
2 is not inside of thie circle. Then the integrand is

analytic. Thus by Cauchy’s integral theorem,∫
|z|=1

e3z

2z − πi
dz = 0

5.1 Laurent expansion

1. Laurent expansion around z = 0 is expressed by

∞∑
n=1

an
zn

+

∞∑
0

anz
n

To find Laurent expansion, it is useful to know the following Taylor expan-
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sion..

ez = 1 + z +
z2

2!
+
z3

3!
+ · · ·+

sin z = z − z3

3!
− z5

5!
+ · · ·+

cos z = 1− z2

2!
+
z4

4!
− · · ·+

1

1− z
= 1 + z + z2 + z3 + z4 + · · ·+ (here, |z| < 1)

(a) Since |z| < 1, 1
1−z can be Taylor expanded. First we expand 1

z2−3z+2
by using partial fraction expansion. Then

1

z2 − 3z + 2
=

1

(z − 1)(z − 2)
=

A

z − 1
+

B

z − 2

=
−1

z − 1
+

1

z − 2

Note that −1
z−1 = −1

1−z . Then

−1

z − 1
=

−1

1− z
= −(1 + z + z2 + z3 + z4 + · · · ) = −

∞∑
n=0

zn

Next since |z| < 1, we write 1
z−2 by

1

z − 2
=

−1

2

1

1− z
2

Note that | z2 | < 1. Then we can use Taylor expansion.

1

z − 2
=

−1

2

1

1− z
2

= −1

2
(1 +

z

2
+ (

z

2
)2 + (

z

2
)3 + · · ·+ =

∞∑
n=0

(
z

2
)n

Therefore,

1

z2 − 3z + 2
=

−1

z − 1
+

1

z − 2

= −
∞∑

n=0

zn +

∞∑
n=0

(
z

2
)n =

∞∑
n=0

(zn − (
z

2
)n)

=

∞∑
n=0

(1− 1

2n
zn)
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(b) Since 1 < |z| < 2, 1
1−z can not be Taylor expanded. But if we write

1

1− z
=

−1

z

1

1− 1
z

Then | 1z | < 1. Thus we can use Taylor expansion. We expand 1
z2−3z+2 using

partial fraction expansion.

1

z2 − 3z + 2
=

1

(z − 1)(z − 2)
=

A

z − 1
+

B

z − 2

=
−1

z − 1
+

1

z − 2

Note that since |z| > 1, we write 1
z−1 by −1

z−1 = −1
z

1
1− 1

z

.

−1

z − 1
=

−1

z

1

1− 1
z

= −1

z
(1 +

1

z
+ (

1

z
)2 ++ · · · )

= −1

z

∞∑
n=0

(
1

z
)n

= −
∞∑

n=0

(
1

z
)n+1

Next since |z| < 2, we write 1
z−2 by

1

z − 2
=

−1

2

1

1− z
2

Note that | z2 | < 1. Then we can use Taylor expansion.

1

z − 2
=

−1

2

1

1− z
2

= −1

2
(1 +

z

2
+ (

z

2
)2 + (

z

2
)3 + · · ·+ = −

∞∑
n=0

(
z

2
)n

Therefore,

1

z2 − 3z + 2
=

−1

z − 1
+

1

z − 2

= −
∞∑

n=0

(
1

z
)n+1 −

∞∑
n=0

(
z

2
)n

(c) Since |z| > 2, 1
1−z can not be Taylor expanded. But if we write

1

1− z
=

−1

z

1

1− 1
z
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Then | 1z | < 1. Thus it can be Taylor expanded. We expand 1
z2−3z+2 using

partial fraction expansion.

1

z2 − 3z + 2
=

1

(z − 1)(z − 2)
=

A

z − 1
+

B

z − 2

=
−1

z − 1
+

1

z − 2

Note that since |z| > 2, we write 1
z−1 by −1

z−1 = −1
z

1
1− 1

z

.

−1

z − 1
=

−1

z

1

1− 1
z

= −1

z
(1 +

1

z
+ (

1

z
)2 ++ · · · )

= −1

z

∞∑
n=0

(
1

z
)n

= −
∞∑

n=0

(
1

z
)n+1

Next since |z| > 2, we write 1
z−2 by

1

z − 2
=

1

z

1

1− 2
z

Here | 2z | < 1. Then it can be Taylor expanded. Thus

1

z − 2
=

1

z

1

1− 2
z

=
1

z
(1 +

2

z
+ (

2

z
)2 + (

2

z
)3 + · · ·+ =

∞∑
n=0

2

zn+1

Therefore,

1

z2 − 3z + 2
=

−1

z − 1
+

1

z − 2

= −
∞∑

n=0

(
1

z
)n+1 +

∞∑
n=0

2

zn+1

= −
∞∑

n=0

2n − 1

zn+1

2.
(a) Since it is a Laurent expansion with z = 0, we do not do anything with

1
z3 . Thus we expand 1

z+1 using Taylor expansion. Then

1

z + 1
=

1

1− (−z)
= 1 + (−z) + (−z)2 + (−z)3 + · · · =

∞∑
n=0

(−z)n
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Therefore,

1

z3(z + 1)
=

1

z3
1

z + 1

=
1

z3
(1 + (−z) + (−z)2 + (−z)3 + · · · )

=
1

z3
− 1

z2
+

1

z
− 1 + z − z2 + · · ·

Note that the singularity 0 is the 3rd pole.
(b) For Laurent expansion of z = −1, let t = z + 1. Then

1

z3(z + 1)
=

1

(t− 1)3t

and it is a Laurent expansion with t = 0. Now we have nothing to do with 1
t .

Thus, we expand 1
(t−1)3 using Taylor expansion. Then

1

(t− 1)3
= (− 1

1− t
)3 = −(1 + t+ t2 + · · · )3 = −(1 + 3t+ 6t2 + 10t3 + · · · )

Therefore,

1

z3(z + 1)
=

1

(t− 1)3t

= −1

t
(1 + 3t+ 6t2 + 10t3 + · · · )

= −[
1

t
+ 3 + 6t+ 10t2 + · · · ]

= −[
z + 1

+
3 + 6(z + 1) + 10(z + 1)2 + · · · ]

Note that the singularity z = −1 is the 1st pole.
(c) For a Laurent expansion with z = 0, we have nothing to do with 1

z3 .

Then expand ez
2

using Taylor expansion.

ez
2

= 1 + z2 +
(z2)2

2!
+

(z2)3

3!
+ · · ·

Thus,

ez
2

z3
=

1

z3
ez

2

=
1

z3
(1 + z2 +

(z2)2

2!
+

(z2)3

3!
+ · · · )

=
1

z3
+

1

z
+
z

2
+
z3

3!
+ · · ·

Note that the singularity z = 0 is the 3rd pole.
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(d) For a Laurent expansion with z = π, let t = z − π. Then

sin z

z − π
=

sin(t+ π)

t
=

− sin t

t

and it is a Laurent expansion with t = 0.
Note that we have nothing to do with 1

t . Thus expand − sin t using Taylor
expansion.

− sin t = −(t− t3

3!
+
t5

5!
− t7

7!
+ · · ·

Therefore,

sin z

z − π
=

− sin t

t

= −1

t
(t− t3

3!
+
t5

5!
− t7

7!
+ · · · )

= −1 +
t2

3!
− t4

5!
+ · · ·

= −1 +
(z − π)2

3!
− (z − π)4

5!
+ · · ·

Note that the singularity z = π is removal singularity.

5.2 Residue

1. A singular point is a point where the function f(z) is not regular. It is the
point where the denominator is 0 in a rational function.

Basic formula ∫
|z|=r

1

(z − z)n
dz =

{
2πi, n = 1
0, n ̸= 1

As you can see from this formula, the integral of 1
z−a does not become 0 when

Laurent expanded, but everything else becomes 0. From this, the coefficient of
1

z−a is called a residue, which means that it does not become 0 when integrated,
and is expressed as Res[a].

Residue formula For a is the singularity of f(z) with pole of order m,

Res[a] =
1

(m− 1)!
lim
z→a

dm−1

dzm−1
(z − a)mf(z)

(a) The points where the denominator is 0 are z = 0, 1. Then we find the
residue of z = 0, 1. Expand 1

z(z−1)2 using partial fraction expansion. Then

1

z(z − 1)2
=
A

z
+

B

(z − 1)
+

C

(z − 1)2
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Clear the denominators.

1 = A(z − 1)2 +Bz(z − 1) + Cz

Let z = 0. Then
1 = A

Let z = 1. Then
1 = C

Match the coefficients of z2. Then

0 = A+B ⇒ B = −A = −1

Thus
1

z(z − 1)2
=

1

z
+

−1

(z − 1)
+

1

(z − 1)2

Therefore,

Res[0] = coefficient of
1

z
= 1

Res[1] = coefficient of
1

z − 1
= −1

(b) The points where the denominator is 0 are z = − 1
2 , 2. Then we find the

residue of z = − 1
2 , 2. Expand

z
(2z+1)(z−2) using partial fraction expansion.

z

(2z + 1)(z − 2)
=

A

2z + 1
+

B

z − 2

Clear the denominators. Then

z = A(z − 2) +B(2z + 1)

Let z = 2. Then we have

2 = 5B ⇒ B =
2

5

Let z = − 1
2 . Then we have

−1

2
= A(−5

2
⇒ A =

1

5

Thus.
z

(2z + 1)(z − 2)
=

1/5

2z + 1
+

2/5

z − 2

But the residue is the coefficient of 1
z−a . So, we rewrite

z

(2z + 1)(z − 2)
=

1/5

2(z + 1
2

+
2/5

z − 2
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Thus,

Res[2] = coefficient of
1

z − 2
=

2

5

Res[−1

2
] = coefficient of

1

z + 1
2

=
1

10

(c) The points where the denominator is 0 are z = nπ (n = 0,±1,±2, . . .).
Then find the residue of nπ. We can not use the partial fraction expansion
on 1

sin z . So, we use Taylor expansion on sin z at z = nπ. Then divide. Let
t = z − nπ. Then

sin z = sin(t+ nπ) =

{
sin t, n偶数
− sin t, n奇数

First for n is even.

1

sin z
=

1

sin t

=
1

t− t3

3! +
t5

5! − · · ·
=

1

t
+

t

3!
+ · · ·

=
1

z − nπ
+
z − nπ

3!
+ · · ·

Thus,

Res[nπ] = coefficient of
1

z − nπ
= 1

Next for n is odd.

1

sin z
= − 1

sin t

= − 1

t− t3

3! +
t5

5! − · · ·
=

1

t
+

t

3!
+ · · ·

= − 1

z − nπ
− z − nπ

3!
− · · ·

Thus

Res[nπ] = coefficient of
1

z − nπ
= −1

(d) The points where the denominator is 0 are z = 1,−2. Then find the
residue of z = 1,−2. Expand ez

(z−1)(z+2)2 using the partial fraction expansion.

Then
ez

(z − 1)(z + 2)2
=

A

z − 1
+

B

z + 2
+

C

(z + 2)2

Clear the denominators.

ez = A(z + 2)2 +B(z − 1)(z + 2) + C(z − 1)
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Let z = 1. Then
e = 9A⇒ A =

e

9
Let z = −2. Then

e−2 = −3C ⇒ C =
−e−2

3
Thus,

Res[1] = coefficient of
1

z − 1
=
e

9
Lastly, we want to find the value of B. But we can not use the matching of
coefficients. Because, ez is not polynomial. Then we use Heaviside’s expansion
theorem or residue formula. Here, we use residue formula. −2 is the pole of
order 2, by residue formula, we have

Res[−2] =
1

(2− 1)!
lim

z→−2

d

dz
(z + 2)2

ez

(z − 1)(z + 2)2
= −4e−2

9

2. Residue formula
The function f(z) is analytic on and inside the single closed curve C and

monovalent, except for the finite number of points a1, a2, . . . , an inside it. Then∫
C

f(z) dz = 2πi{Res[a1] +Res[a2] + · · ·+Res[an]}

holds.
(a) By the residue theorem,∫

|z|=2

dz

z(z − 1)2
= 2πi{Res[0] +Res[1]} (z=0,1 are inside of|z| = 2)

= 2πi(1− 1) = 0 byA,

(b) By the residue theorem,∫
|z|=1

z

(2z + 1)(z − 2)
dz = 2πiRes[−1

2
] (z=2 is not inside of|z| = 1)

= 2πi
1

10
=
πi

5
bytheresultofA.

(c) By the residue theorem,∫
|z|=1

dz

sin z
= 2πiRes[0] (z=0 is in|z| = 1)

= 2πi byA,

(d) By the residue theorem,∫
|z|=3

ez

(z − 1)(z + 2)2
dz = 2πi(Res[1] +Res[−2]) (z=1,2 are in|z| = 3)

= 2πi(
e

9
− e−2

9
) byA

=
2πi

9
(e− e−2)
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3.
(a) The circle |z| = 1 contains the singularity z = 0. So find Res[0]. Then

Res[0] = lim
z→0

d

dz
z2(

e2z

z2(z2 + 2z + 2)

= lim
z→0

d

dz
(

e2z

z2 + 2z + 2
)

= lim
z→0

(
2e2z(z2 + 2z + 2)− e2z(2z + 2)

(z2 + 2z + 2)2

=
4− 2

4
=

1

2

By the residue theorem,∫
|z|=1

e2z

z2(z2 + 2z + 2)
dz = 2πiRes[0] = πi

(b) The circle |z − i| = 2 contains the singularity z = 0,−1 + i. Here Res[0]
is found by A. Thus, we find Res[−1 + i].

Res[−1 + i] = lim
z→−1+i

(z − (−1 + i))(
e2z

z2(z2 + 2z + 2)

= lim
z→−1+i

(
e2z

z − (−1− i)
)

=
e2(−1+i)

(−1 + i)2(−1 + i+ 1 + i)

=
e2(−1+i)

4

Thus by the residue theorem,

∫
|z−i|=2

e2z

z2(z2 + 2z + 2)
dz = 2πi(Res[0] +Res[−1 + i])

= 2πi(
1

2
+
e2(−1+i)

4
)

(c) The circle |z| = 3 contains all singularity z = 0,−1 + i,−1 − i. Note
that Res[0], Res[−1 + i] are already found by A. So, we find Res[−1− i].

Res[−1− i] = lim
z→−1−i

(z − (−1− i))(
e2z

z2(z2 + 2z + 2)

= lim
z→−1−i

(
e2z

z − (−1 + i)
)

=
e2(−1−i)

(−1− i)2(−1− i+ 1− i)

=
e−2(1+i)

4
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Then by the residue theorem,

∫
|z|=3

e2z

z2(z2 + 2z + 2)
dz = 2πi(Res[0] +Res[−1 + i] +Res[−1− i])

= 2πi(
1

2
+
e2(−1+i)

4
+
e−2(1+i)

4
)

= 2πi(
1

2
+
e−2e−2i + e−2e2i

4
)

= 2πi(
1

2
+
e−2

2

e2i + e−2i

2
)

= πi(1 +
e−2

cos
2)

5.3 Application of real integral

1.
(a) ∫ ∞

−∞

1

x2 + x+ 1
dx

Let the closed curve C be the straight line connecting −R and R on the real
axis, and CR be the curveof the radius R with center 0 connecting R and −R.
Then the integral can be expressed as follows.∫

C

1

z2 + z + 1
dz =

∫ R

−R

1

x2 + x+ 1
dx+

∫
CR

1

z2 + z + 1
dz

Now we find
∫
C

1
z2+z+1 dz. The singularities are z = −1±

√
3i

2 = e−
2πi
3 . But

z = −1+
√
3i

2 = e−
2πi
3 is inside of the curve C. Thus by the residue theorem, we

have ∫
C

1

(z2 + 1)(z2 + 4)
dz = 2πi(Res[e−

2πi
3 ])

Thus,

Res[
−1 +

√
3i

2
] = lim

z→−1+
√

3i
2

(z − −1 +
√
3i

2
)

1

z2 + z + 1

= lim
z→−1+

√
3i

2

1

2z + 1
=

1√
3i

(L’Hospital’s rule)

and ∫
C

1

z2 + z + 1
dz = 2πi(

1√
3i
) =

2π√
3

Next, if we can show
∫
CR

1
z2+z+1 dz → 0 (R→ ∞), then∫ ∞

−∞

1

x2 + x+ 1
dx =

∫
C

1

z2 + z + 1
dz =

2π√
3
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and we have found the real integral. Note that
∫
CR

1
z2+z+1 dz → 0 (R→ ∞)を

示す.

|z1 + z2| ≤ |z1|+ |z2|, |z1 − z2| ≥ |z1| − |z2|

Then

|z2 + z + 1| = |z2 − (−z − 1)| ≥ |z2| − | − (z + 1)| = |Z2| − |z| − 1 = R2 −R− 1

Thus,

| 1

z2 + z + 1
| ≤ 1

|z2| − |z| − 1

≤ 1

R2 −R− 1
→ 0 (R→ ∞)

(b) ∫ ∞

0

1

(x2 + 1)(x2 + 4)
dx =

1

2

∫ ∞

−∞

1

(x2 + 1)(x2 + 4)
dx

Let the closed curve C be the straight line connecting −R and R on the real
axis, and CR be the curve of the radius R with center 0 connecting R and −R.
Then the integral can be expressed as follows.∫

C

1

(z2 + 1)(z2 + 4)
dz =

∫ R

−R

1

(x2 + 1)(x2 + 4)
dx+

∫
CR

1

(z2 + 1)(z2 + 4)
dz

Now we find
∫
C

1
(z2+1)(z2+4) dz. The singularites are z = ±i,±2i. But z = i, 2i

are only points inside of C. Thus by the residue theorem, we can find the
integral by ∫

C

1

(z2 + 1)(z2 + 4)
dz = 2πi(Res[i] +Res[2i])

Here,

Res[i] = lim
z→i

(z − i)
1

(z2 + 1)(z2 + 4)
= lim

z→i

1

(z + i)(z2 + 4)
=

1

2i(3)
=

1

6i

Res[2i] = lim
z→2i

(z−2i)
1

(z2 + 1)(z2 + 4)
= lim

z→2i

1

(z2 + 1)(z + 2i)
=

1

−3(4i)
=

−1

12i

implies ∫
C

1

(z2 + 1)(z2 + 4)
dz = 2πi(

1

6i
− 1

12i
) = 2πi(

1

12i
) =

π

6

Next if we can show
∫
CR

1
(z2+1)(z2+4) dz → 0 (R→ ∞), then∫ ∞

−∞

1

(x2 + 1)(x2 + 4)
dx =

∫
C

1

(z2 + 1)(z2 + 4)
dz =

π

6
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and we have found the real integral. So, we need to show
∫
CR

1
(z2+1)(z2+4) dz →

0 (R→ ∞).

|z2 + 1| = |z2 − (−1)| ≥ |z2| − | − 1| = |Z2| − 1 = R2 − 1

|z2 + 4| = |z2 − (−4)| ≥ |z2| − | − 4| = |z2| − 4 = R2 − 4

Then

| 1

(z2 + 1)(z2 + 4)
| ≤ 1

|z2 + 1||z2 + 4|

≤ 1

R2 − 1

1

R2 − 4
→ 0 (R→ ∞)

Thus, limR→∞
∫
CR

1
(z2+1)(z2+4)dx = 0.

(c) It is a integral of a trigonometric function. So, we let z = eiθ. Then
the curve C is a unit circle with the center at the origin. Next we write sin θ
using z.

sin θ =
eiθ − e−iθ

2i
=
z − z−1

2i

Then dz = ieiθ = izdθ. Thus,∫ 2π

0

dθ

1 + sin θ
=

∮
C

1

2 + z−z−1

2i

dz

iz
=

∮
C

2

z2 + 4iz − 1
dz

The singularities are z = −2i±
√
3i. But z = −2i−

√
3i is outside of the curve

C. So, we need to find the residue of z = −2i +
√
3i. Since z = −2i +

√
3i is

the pole of the 1st order,

Res[−2i+
√
3i] = lim

z→−2i+
√
3i
(z−(−2i+

√
3i))

1

z2 + 4iz − 1
= lim

z→−2i+
√
3i

2

2z + 4i
=

1√
3i

Therefore, ∮
C

2

z2 + 4iz − 1
dz = 2πi

1√
3i

=
2π√
3

and ∫ 2π

0

dθ

2 + sin θ
=

2π

3

(d) To solve this integral, we conside the curve C represented by z = eiθ.

Then sin θ = z−z−1

2i , dz = izdθ. Thus∫ 2π

0

1

(2 + sin θ)2
dθ =

∮
C

1

(2 + z−z−1

2i )2
1

iz
dz

Using the residue theorem, we find
∮
C

1

(2+ z−z−1

2i )2
1
izdz. Since

(2+
z − z−1

2i
)2 = (2+

z2 − 1

2iz
)2 = 4+

4(z2 − 1)

2iz
+
z4 − 2z2 + 1

−4z2
=
z4 + 8z3i− 18z2 − 8zi+ 1

−4z2
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we have
1

(2 + z−z−1

2i )2
=

−4z2

z4 + 8z3i− 18z2 − 8zi+ 1

Note that z4 + 8z3i − 18z2 − 8zi + 1 = (z2 + 4iz − 1)2. Then the singularities
are z = −2i ±

√
−3 = −2i ±

√
3i. Here, −2i −

√
3i is otuside of the curve C.

So, we only need to find the residue of −2i+
√
3i. Since,∮

C

1

(2 + z−z−1

2i )2
1

iz
dz =

∮
C

−4πi

z4 + 8z3i− 18z2 − 8zi+ 1

, z = −2i+
√
3i is the pole of the 2nd order. Thus,

Res[−2i+
√
3i] = lim

z→−(2−
√
3)i

(
4πi

(z − (−2−
√
3i)2

)′

=
32
√
3i

48
=

−2
√
3i

3

Therefore, ∮
C

1

(2 + z−z−1

2i )2
1

iz
dz = 2πi(

−2
√
3i

3
) =

4
√
3π

3

(e) Consider the straight line C1 connecting a point R and −R and the
curve CR connecting a point R to −R. Let C be the closed curve formed by C
and CR. Here, we conside the following integral.∫

C1

eix

(x2 + 1)2
dx+

∫
CR

eiz

(z2 + 1)2
dz =

∮
C

iz

(z2 + 1) 2
dz

First we evaluate
∮
C

eiz

(z2+1)2 dz using the residue theorem. z = ±i is the singular
points. But z = −i is outside of the curve C. Then we find the residue of z = i.
Since z = i is the pole of the order 2, we have

Res[i] = lim
z→i

(
(z − i)2

eiz

(z + i)2(z − i)2

)′

=
−ie−1

2

Thus, ∮
C

eiz

(z2 + 1)2
dz = 2πi(

−ie−1

2
) = πe−1

Next we integrate on C1.∫
C1

eix

(x2 + 1)2
dx =

∫ R

−R

eix

(x2 + 1)2
dx =

∫ 0

−R

eix

(x2 + 1)2
dx+

∫ R

0

eix

(x2 + 1)2
dx

=

∫ R

0

e−ix

(x2 + 1)2
dx+

∫ R

0

eix

(x2 + 1)2
dx = 2

∫ R

0

cosx

(x2 + 1)2
dx

We integrate on CR. We show
∫
CR

eiz

(z2+1)2 dx → 0 as r → ∞. To do so, we

only need to show that there exists M,k such that | eiz

(z2+1)2 | ≤
M
Rk .

eiz

(z2 + 1)2
| ≤ |eiz|

(z2 + 1)2
≤ 1

z4 − 2z2
≤ 1

R4 −R2
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Thus, since∫
C1

eix

(x2 + 1)2
dx+

∫
CR

eiz

(z2 + 1)2
dz =

∮
C

iz

(z2 + 1) 2
dz = πe−1

we have

2

∫ R

0

cosx

(x2 + 1)2
dx =

π

2e

(f) Consider the straight line C1 connecting a point R and −R and the
curve CR connecting a point R to −R. Let C be the closed curve formed by C
and CR. Here, we conside the following integral.∫

C1

−ixeimx

x2 + 1
dx+

∫
CR

−izeimz

z2 + 1
dz =

∮
C

−izeimz

z2 + 1
dz

First we evaluate
∮
C

−izeimz

z2+1 dz. Note that z = ±i are the singularities. But

z =i is outside of the curve C. Thus we only need to find the residue of z = i.
Since z = i is the pole of the order 1. Thus,

Res[i] = lim
z→i

−izeimz

(z + i)(z − i)
=
e−m

2i

Thus, ∮
C

−izeimz

z2 + 1
dz = 2πi

e−m

2i
= πe−m

Next we consider the integral on C1.∫
C1

−ixeimx

x2 + 1
dx =

∫ R

−R

−ixeimx

x2 + 1
dx =

∫ 0

−R

−ixeimx

x2 + 1
dx+

∫ R

0

−ixeimx

x2 + 1
dx

=

∫ R

0

ixe−imx

x2 + 1
dx+

∫ R

0

−ixeimx

x2 + 1
dx =

∫ R

0

−ix(eimx − e−imx)

x2 + 1
dx

= 2

∫ R

0

x sinmx

x2 + 1
dx

Finally, we consider the integral on CR. We show that
∫
CR

−izeimz

z2+1 dx con-

verges to 0 as R→ ∞. For CR, z = Reiθ. Thus dz = Rieiθ and∫
CR

|−ize
imz

z2 + 1
|dz =

∫ π

0

|−iRe
iθeiRmeiθ

R2e2iθ
Rieiθ|dθ =

∫ R

0

|eiRmeiθ |dθ

=

∫ π

0

|eiRm(cos θ+i sin θ)|dθ =
∫ π

0

|eiRm(cos θ) · eiRm(sin θ|dθ

=

∫ π

0

e−Rm sin θdθ
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Now we consider the graph of sin θ and divide the above integral for [0, π2 ] and
[π2 , π]. Then ∫ π

0

e−Rm sin θdθ = 2

∫ π/2

0

e−Rmsinθdθ

Note that for [0, π2 ], sin θ ≥
2θ
π . Thu

2

∫ π/2

0

e−Rmsinθdθ ≤ 2

∫ π/2

0

e−Rm 2θ
π dθ

= 2
−π
2Rm

e−Rm 2θ
π |π/20

=
π

Rm
(e−Rm − 1) → 0 (R→ ∞)

Thus, ∫
C1

−ixeimx

x2 + 1
dx+

∫
CR

−izeimz

z2 + 1
dz =

∮
C

−izeimz

z2 + 1
dz = πe−m

and ∫
C1

−ixeimx

x2 + 1
dx = 2

∫ R

0

x sinmx

x2 + 1
dx

Therefore, ∫ ∞

0

x sinmx

x2 + 1
dx =

π

2em

(g) To evaluate
∫∞
0

sin x
x(x2+1)2 dx, we consider the straight line C1 connecting

point ε to R, the curve C2 connecting R to −R, the straight line C3 connect-
ing −R to ε, the curve C4 connecting −ε to ε. The curve C is composed of
C1, C2, C3, C4. We consider the following integral.∫
C1

−ieix

x(x2 + 1)2
dx+

∫
C2

−ieiz

z(z2 + 1)2
dz+[

∫
C3

−ieix

x(x2 + 1)2
dx+

∫
C4

−ieiz

z(z2 + 1)2
dz =

∮
C

−ieiz

z(z2 + 1)2
dz

First by using the residue theorem, we evaluate
∮
C

−ieiz

z(z2+1)2 dz. The singular-

ities are z = 0,±i. But z = −i is outside of C. So, we need to find the residue
of z = 0, i.

Res[0] = lim
z→0

−zieiz

z(z2 + 1)2
= −i

z = i is the pole of the 2nd order. So,

Res[i] = lim
z→i

(
(z − i)2

−ieiz

z(z2 + 1)2

)′

=
−12ie−1

−16
=

3i

4e

Thus, ∮
C

−ieiz

z(z2 + 1)2
dz = 2πi(−i+ 3i

4e
) = 2π − 3π

2e
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Next we evaluate the integral on C1 and C3.∫ R

ε

−ieix

x(x2 + 1)2
dx+

∫ −ε

−R

−ieix

x(x2 + 1)2
dx

Let x = −u. Then dx = −du. For x : −R→ −ε, u : R→ ε. Thus,∫ −ε

−R

−ieix

x(x2 + 1)2
dx =

∫ ε

R

−ieiu

(−u)(u2 + 1)2
(−du) =

∫ R

ε

−ie−ix

x(x2 + 1)2
dx

Therefore,∫ −ε

−R

−ieix

x(x2 + 1)2
dx+

∫ R

ε

−ieix

x(x2 + 1)2
dx =

∫ R

ε

ie−ix − ieix

x(x2 + 1)2
dx = 2

∫ R

ε

eix − e−ix

2ix(x2 + 1)2
dx

= 2

∫ R

ε

sinx

x(x2 + 1)2
dx

We evaluate the integral on C2. Here we show
∫
C2

−ieiz

z(z2+1)2 dz converges to 0

as R→ ∞. Since z = Reiθ,∫
C2

| −ieiz

z(z2 + 1)2
dz| ≤ 1

|z||z2 − 1|2
|dz| ≤ 1

R(R4 − 2R2)
πR ≤ 1

R4 −R2

Thus, this integral converges to 0 as R goes to ∞.

Lastly, we evaluate the integral on C4. Let f(z) = −ieiz

z(z2+1)2 . Then Laurent

expansion of f(z) around z = 0 is

f(z) =
−i
z

+ 1 +
z

2
+ · · ·

Here we integrate the 1st term. Since z = εeiθ, dz = εieiθ. Thus,∫
C4

−i
z
dz = −i

∫
C4

εieiθ

εeiθ
dθ =

∫ 0

π

dθ = π

Now the integration of the rest of terms are∫
C4

αzndz = α

∫ 0

π

|εneinθ(iεeiθ)dθ| ≤ α

∫ 0

π

|iεn+1ei(n+1)θ|dθ = −αεn+1π → 0 (ε→ 0)

Putting all integrals together, we have∫ ∞

−∞

sinx

x(x2 + 1)2
dx = 2π − 3π

2e
− π

Therefore, ∫ ∞

0

fracsinxx(x2 + 1)2dx =
π

2
− 3π

4e
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(g) To evaluate
∫∞
0

1−cosmx
x2 dx, we consider the straight line C1 connecting

point ε to R, the curve C2 connecting R to −R, the straight line C3 connect-
ing −R to ε, the curve C4 connecting −ε to ε. The curve C is composed of
C1, C2, C3, C4. We consider the following integral.∫
C1

1− eimx

x2
dx+

∫
C2

1− eimz

z2
dz+

∫
C3

1− eimx

x2
dx+

∫
C4

1− eimz

z2
dz =

∮
C

1− eimz

z2
dz

First we evaluate
∮
C

1−eimz

z2 dz using the residue theorem. Expand f(z) = 1−eimz

z2

using Laurent expansion about z = 0. Then

f(z) =
1− (1 + imz + 1

2 (imz)
2 + · · ·

z2
=

−im
z

+m2 + · · ·

Thus, z = 0 is the pole of the 1st order and the residue is −im. Therefore,∮
C

1− eimz

z2
dz = 2πi(−im) = 2πm

Next we evaluate the integral on C1 and C3.∫ R

ε

1− eimx

x2
dx+

∫ −ε

−R

1− eimx

x2
dx

Here, we set x = −u. Then dx = −du and x : −R→ −ε, u : R→ ε. Thus,∫ R

ε

1− eimx

x2
dx+

∫ R

ε

1− e−imx

x2
dx = 2

∫ R

ε

1− cosmx

x2
dx

We evaluate the integral on C2. We show that
∫
C2

1−eimz

z2 dz → 0 as R→ ∞.∫
C2

1− eimz

z2
dz ≤ 1

|z|2
|dz| ≤ 2πR

R2
≤ 2π

R
→ 0 (R→ ∞)

Finally , we evaluate the integral on C4. Let f(z) =
1−eimz

z2 . Then expand f(z)
using Laurent expansion about z = 0.

f(z) =
1− (1 + imz + (imz)2

2 + · · · )
z2

=
−im
z

+
m2

2
+ · · ·

We let z = εeiθ. Then dz = εieiθdθ. Also, θ moves from π to 0. We evaluate
this integral for the 1st term. Then

∫
C4

−im
z

dz =

∫ 0

π

−im
εeiεeiθ

(iεeiθ)dθ =

∫ 0

π

−im
i
dθ = mθ |0π= −mπ

Putting all integrals together, we have∫
C1

1− eimx

x2
dx+

∫
C2

1− eimz

z2
dz+

∫
C3

1− eimx

x2
dx+

∫
C4

1− eimz

z2
dz =

∮
C

1− eimz

z2
dz = 2mπ
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Therefore,

lim
R→∞

∫ R

−R

1− cosmx

x2
dx = 2πm+mπ = 3mπ

and ∫ ∞

0

1− cosmx

x2
dx =

3mπ

2


