Calculusl

Hisashi Yokota



Contents

__Introduction 3
L Real Numberd . . . . . . . . . . . . 0o 3
DZ Tnequalitied . . . - .« o v vt e e e e 4
V.o Inequalities and absolute valud . . . . . . . . ... ... ... .. 5

I—Functions 9
IL.1 Functions of single variablq . . . . . . .. . ... ... ... ... 9
[[Z" Trigonometric Function . ... ... ... ... ... .. ..... 15

2.1  Graph of Ing Functiony . . . . . . . . . . .. ... . ... 17
[[.3" Inverse Trigonometric Functiond . . . . . . . . .. . . ... ... 21
[[4Timif of Sequencd . . . . . . . . . . .. . .. ..., 24
Lo Lomat of Functiond . . . . . . L L Lo o s e e e e e e e e e e e 32
Lol Onesided limatl . . . . . . 0 o o0 0 0 00000 35
L6O Confinous Mnctlond . . . . . . . . v v v v v e e e e e e e e e 37
[[.6.T Properties of Continuous Funcfiond . . . . . . . .. .. .. 39
L./ Exponential Functions/Logarithmic Functiond . . . . . . . . . .. 41

2 Ihtferentiation 47
PTDervafived . . . . . . . . . o e e e e 47
PO Differenfiafion Formnulad . . . . . . . . . . ... 55
B3 Higher Order Derivafived . . . . . . . . .. ... ... ... ... 60
24  Mean Value lTheoreml. . . . . . . .. .. ..o 00000 63
P Timif of Indeferminafe Formd . . . . . . . . ... ... ... ... 67
B:6 Taylor’s Theoreml . . . . . . v v v v v v v v e e e e e e 71
U __Extreme Value of Functiond . . . . . . . . . . . i

R.7T Curve Sketchind . ... ... ... ... ... ....... 79
/2 Polar Coardmated . . . . . . . . . . e e e 80

p__Integration 85
BT Anfiderivafived . . . . . . . . . . . . . . ... 85
B.Z Infegrafion by Substitufiod . . ... ... ... ... .. ... .. 90
B3 Infegrafion by Partd . . . .. . . . .. ... ... ... ...... 91
p.4 Integration of kational Functiony . . . . . . . . ... .. ... .. 94
B.5  Infegration of Trigonomefric Funcfiond . . . . . . ... ... . .. 100
B.6Infegration of Irrafional Functiond . ... ... .. ... ... .. 106
B.7_ _Definife Infegrald . . . . . . . . . . . . .. o oL 109
B.8  Evaluafing Definite Infegral . . . . . . . . . . . ... ... .. .. 116
B.9 Tmproper Infegral . . . . . . . . . . . . ... Lo 121
B.I0 Application of Definite Infegrald . . .. .. .. ... .. ... .. 127

BIOT AT . . . . . . o e e e e 127
BIO2Volumd . . . . . . . . . e e 128
B.I0.3 Arclength. . . . . . . . . ... 130



CONTENTS 1

A—_ANSWERS 135






Chapter 0

Introduction

0.1 Real Numbers ——— Symbols ———

N: Natural numbers

We review the numbers which will be used in this lecture. Natural numbers Z: Integers

are the numbers used for counting such as 1,2,3,4,.... Integers are the natu- Q: Rational numbers

ral numbers with 0 and negative numbers such as ..., —3,—-2,—1,0,1,2,3,.... R: Real numbers

Rational numbers are fractions of integers 7+ with non-zero denominator n. C: Complex numbers
Irrational number are numbers with non repeated infinite decimals such as \_ W,
V2,43, 7. Real numbers are either rational numbers or irrational numbers.

Furthermore, i satisfying i = —1 is called the imaginary unit. e Complex numbers N

The set of real numbers can be expressed either using the symbol R ® The
real numbers can be thought of as points on a number line. In other words,
every real number can be put into one-on-one correspondence with the point on

a + bi with the imaginary
unit ¢ and real numbers
a, b is called complex num-

the number line. ber.
J
-3 -2 -1 0 1 2 3
Absolute value
For x € R, we define
=4 (z>0) |z| = Va2
AR (x <0)
We call |x| absolute value of z. For example, |3| = 3,| — 4] = 4. Now
carefully look at vx2. For if z > 0, then we have V22 = z. For if z < 0, then
we have V2 = —z. This means that V22 and |z| give rise the same number.
Thus, we can say Vz2 = |z|. For example, V32 = 3,/(—4)2 = —(—4) = 4. ——— element ————
Element of the set
A
A distinct object a belongs to the set A is called the element of the set
A and denoted by a € A. a
NOTE The set of natural numbers is N. Then we write 3 € N and say 3 is an
element of N. 0 is not a natural number. Then we write 0 & N.
Subset - J
If all elements of B are also elments of A, then B is subset of A and
denoted by B C A. O subset ——————
NOTE For N, Q, R, we must have N C Q C R. A
E
IR or the interval (—oo, o). b a
3
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Union

The Union of tow sets A and B is the collection of points which are in A
or in B or in A and B, and denoted by AU B.

NOTE The set AU B consists of all elements of A and elements of B.
S Union —

Intersection

The Intersection of two sets A and B is the collection of points which are
. in A and B and denoted by AN B.

\_ ) NOTE The set AN B consists of elements which have both properties of A and
B.

o Intersection —
Subsets of R

. [a,] ={zx €R:a <x <)}

: b)={xeR:a <z <b}
b)={reR:a <z<b}
a,b)={zx€eR:a <z <b}

® O O e o

O O @€ O e

oo b)={reR:—co<z<b} —m o0
a,0)={reR:a <z < oo} ~-
oo, bj={reR:—co<z<b} —— @

0.2 Inequalities

Example 0.1 Solve the inequality

1

5(1 +1x)<6
SOLUTION To solve this inequality, we first multiply both sides of inequality
by 2.

1+2<12

Basic Technique Then subtract 1 from both sides of inequality to obtain

To solve inequality, first

eliminate the outside fac-

1
tor 5

r <11

Then the solution is (—oo,11]7D B
Example 0.2 Solve the inequality?D

1
5(x2—4x+3)<0

SOLUTION To solve this inequality, we first multiply both sides of inequality
by 5.
2’ —4z+3<0

Then factor the left-hand side to obtain
(x—=1)(z—-3)<0

Note that (x — 1)(x — 3) becomes 0 at 1 and 3?DThen we make circle on the
number line at 1 and 3. Then we have 3 separated parts?D

(—00,1), (173)7 (3700)
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In the given interval?Cthe sign of the product (x — 1)(x — 3) does not change.
Thus we have
(=00,1)  sgnf(z —)(z =3)] = (=)(-) =+
(1,3)  sgnf(z = )(z =3)] = (+)(-) = —
(3,00)  sgnf(z —1)(z —3)] = (H)(+) = +
From this we obtain (1, 3)?D

Example 0.3 Solve the inequality?D

x4+ 2
1—=x

>1
SOLUTION To solve this inequality, we add —1 to both sides of the inequality

to get rid of 1.
T+2

—-1>
1—2 20
Simplifying
r+2—-(1—2x) > 0
1—2 -
2a:+1>
1—2 —

Now we would like to get rid of the denominator 1 — z. But if we multiply
1 — x to get rid of the denominator, then we have to be careful about the sign
of 1 — z. Thus instead?Cwe multiply (1 — z)2. Then we have

2z +1)(1—2x)>0

Now as above, the product (22 + 1)(1 — z) becomes 0 at —% and 1?DThen
we make circle on the number line at f% and 17D Next note that the equality
only holds at the point where the numerator is 0. From this we fill the circle at
—%?DFrom this the number line can be separated by 3 parts?D

(o0, =3 [=5:1) (1,00)

2
(—o0,—3] sgn[(2z+1)(1—=)] = (=)(+) = -
[~3.1) sgn[(2z +1)(1 —z)] = (+)(+) = +
(1,00) sgn[(2z +1)(1 —z)] = (+)(=) = -
Therefore, the solution is [-3,1)?D MW

0.3 Inequalities and absolute value

The absolute value of the real number a is given by

_fa (az0) _ _ — /g2
d={ ¢, 020 lal=max{e~a}, jal = Ve
We first consider the inequality

|z] <6

Here 0 is some positive number. Now |z| < ¢ can be thought of the points on

the gumbey jine yhosg distapce from,the prigin I lgss (e O ailtifee from the
point ¢ is less than 6. Thus,

-~ Inequality in Fraction ~

To solve the inequality
with the fraction, first
transpose an expression to
get one side of inequality is
0. Then eliminate the de-
nominator by multiplying
the square of the denomi-
nator




e Traiangle Inequality ~

|a + b| can be thought of
the length of hypotenuse
of triangle and |a|+ |b| can
be thought of the sum of
the length of oppsite and
adjacent

- J
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lt—c<de -d<zr—-c<dsSc—d<x<c+d

Lastly?C0 < |z — ¢| < 0 can be thought of 0 < |z — ¢| and |z — ¢| < §?DThe
first inequality is « # ¢. Thus?C

O0<|z—¢c|<dec—0d<z<corc<z<c+0

Example 0.4 Solve the inequality?D
|z +2] <3
SOLUTION By the inequality (@)7C
[t+2/ <3 3<zr+2<3e -b<z<l
Thus the solution is (—5,1) W

Let € > 0. Then |a| > ¢ can be think of the distance from the origin to a is
larger than e?DThus?C

la| >e e a>cora< —¢ (3)
Example 0.5 Solve the inequality
|22 43| > 5
SOLUTION By the inequality (8)7C
20 +3]>5&2x+3>50r2x4+3< -5

By the first inequality, we have 2z > 2. Thus x > 1. By the second inequal-
ity?Cwe have 22 < —8. Thus x < —47?DFrom this, the solution is (—oo, —4) U
(I,oo) W

One of the popular inequalities of calculus is the triangle inequality?D
Theorem 0.1 For all real numbers a, b,
la+b] < |a] + [b]
PROOF If you think of || as v/22, then the proof is easy. Note that

(a+b)> = a® +2ab+ b < [af> + 2lal o] + [b[> = (Ja] + [6])*.

Now taking square roots?C we have

V(a+b)? <la| + |b]

Now note that?C
V@07 = |a+b)
Then the result follows?D W
Here is another inequality used in calculus.

llal — bl < la — bl
Exercise A

1. Solve the following inequalities?D
1 1
(@) 2+3x<5 [b] 5(1+gc) < g(1—gc) 4(x? =3 +2) >0
2-9 1

1 T 4
(d) —<z [e) >0 ] —+——>0
33 (e) r+1 x— T —
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2. Which is larger?
z z+1

x+1 Vae+2

3. Solve the following inequalities?D
(@) | <2 () Jo+2 <i (©) 0<|e—3<8 (d) [2z+45/>3
4. Show that for all real numbers a, b?C
la— B[ < Ja] + b

is true?D
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Chapter 1

Functions

1.1 Functions of single variable

Functions
For each variable z in D C R, there is exactly one y so that the ordered pair Not a function
(z,y) is contained in the subset defining rule f. This rule is called function P ——

and denoted by y = f(x).

NOTE A variable in D is called an independent variable, The value y deter-
mined by z is called the dependent variable. If y is a function of =z,

Dom(f) = {z € R: f(z) € R} Domain of f

is called the domain of f and

Range(f) ={y € R:y = f(x),z € Dom(f)}

is called the range of f.
Example 1.1 Find the domain of the function

The domain of f is the set
of variables of x for which
f(z) is also a real.

_ 4x? — 323

9) = 57 30
Examplel-1
SOLUTION To find the domain of g(z), it is enough to find the set of variables For the

2 3 denominator is 0, the
4a® — 3x° | 9 . i e
x so that e is also real. Note that for 622 + 3z # 0, g(z) is real. function is not defined. So,
9 B . 1 we look for the wvariables x
62% + 3z = 3(2z + 1) # 0 imples that = # 0, 3+ Thus, for which the denominators are
1 not 0.
Dom(g) ={z €R:2#0,~7} e
Using the intervals’ notation, we have 1 0¢
2
1 1 1
(=00, —=)U(==,0) U (0,00) W
2 2
Exercise 1.1 Find the domain of the function If the number inside the
1 1 4o? — 3a® radical is negative, it be-
v1—=x 622 4 3x comes a complex number.

Lx#£0, —% means that z can be in any one of the intervals (—oo, —%), (—%,O)., (0,00).
Thus we use cup.

{Excercise 1-1-1. }

9 )
—_—OO—
1




— Rational Inequality ~

Multiplying both sides of
the equation by the square
of the denominator, we
can get rid of the de-
nominator without chang-
ing the inequality sign.

/
Solving inequality —

To solve 3x3(2x + 1)(4 —
3z) > 0, we solve 3z (2x +
1)(4 — 3z) = 0. Then we

have x =0, z = f%, and

Lol

xr =

J
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SOLUTION 1. Note that \/11_7 is real whenever the denominator is not 0 and

1 —2 > 0. With these conditions, we have 1 — z > 0. Rewriting to get x < 1.
Using the interval, (—oo,1) B

9 4x2—3x3
6x2+3z

radical has to be non-negative. With these conditions,

is real whenver the denominator is not 0 and the inside the

472 — 328

2
622 1 32 >0 and 6z° + 3z # 0.

To get rid of the denominator, we multiply the both sides by (622 + 3z)2

9 4x? — 323

627 130 (627 4 3x)(42* — 32%) > 0.

((62” + 3z)
Simplifying to get
323(2x +1)(4 — 3x) > 0.

Now we solve the equation instead of the inequality, Note that by the condition
on the fraction which claims the denominator can not be 0. Then for x = 0

and z = —%, we have the denominators 0. Thus these values do not satisfy
the inequality. We put circle on the number line. On the other hand, z = %

satisfies the inequality, we put dot on the number line to indicate this number
is included. Now we check the sign 32%(2x + 1)(4 — 3z).

t o o + i —
1 4
-3 0 3
Using the interval, we have
1 4
—00,—=)U(0,-) N
(~00,=3) U (0,5)
Graph

For a function f(z), the set of points (z, f(x)) on the xzy-plane is called the
graph. of a function f(z).

graph —

y=a2 3 +1,2* -2 -1

fog ~
e g(z) b flg(x))
ﬁ,—/
Jog
J

NOTE The graph of the function f is one way to express the rule between two
sets. To draw a nice graph, one must know about the critical points, concave
up, concave down.

Composite Function

For the range of g(z) is in the domain of f, the correspondense between
and f(g(x)) is called the composite function and denoted by f o g.

NOTE The range of g(z) has to be in the domain of f(z). Otherwise, f(g(z))
can not be defined.

1
Example 1.2 Let f(z) = 2? =5, g(x) = — + 1. Find (fog)(z) and (go f)(z).
x
SOLUTION The range of g(z) is (—o00,1) U (1, 00) and these are in the domain
of f(x). Thus,

1

(f o g)(z) = flg(x)) (C+1)?-5 m

Next, since the domain of g(z) is (—o0,0) U (0, 00), the range of f(x) given by
[-5,00) is not in the domain of g(x). Then, exclude the value of f(z) which
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Ezflzmes 0, the range of f(x) is in the domain of g(x). So, for #2 — 5 # 0, we Y= g(x) —
1 1 Solve y = % + 1 for z, we
(go fiz) = g(f(x))= +1= +1 have x = ——. Then y can
f(x) % =5 not take 1{
_ 1+x2—5_m2—4. /
22—-5  x2-5 _
— Examplel-2 —
Exercise 1.2 Find the composite function (f o g)(z).
1 1 8
1_ = - — — = - 6
f@) =1 - gl = N
l—2, <0 - -z, x<l1 2
2. f(a:)—{ 22, >0 ,g(:r)—{ 1+2, >1 G -z} z\‘ !
SOLUTION 1. \_ )
1 1 1 x Exercisel-2-1. fog
= = — — = — — = — /_ ¢ - ﬂ
Fo0)e) = Fo@) = s~ T = T~ T4 = 5o A
1 1 1 3
z z+1 z(z+1)
. (@), g(x)
_ 1-— g\r), g\x S O -2 -1 1 2
f(g(x)) = { (g(x))z, g(z) >0 . J
By looking at the graph of g(z), for 0 < z < 1, we have g(x) < 0. Also, for / Exercisel-2-1. go f N
x < 0orz>1, we have g(x) > 0. Thus, s /
z2, z<0 ’
flg(x)) = 14z, 0<z2<1 !
(1 + 37)2, z>1 2 T i 2
Similarly for g(f(z)), we obtain " J
o((&)) = { —f(@), flx)<1 ~ Create Composite fct ~
1+ f(z), flz)=1 To find f(g(z)), the range

Now by the graph of f(z), for 0 < x < 1, we have f(x) = % < 1. Also, for
x <0, we have f(z) = 1 —2 > 1, and for * > 1, we have f(z) = 2% > 1.
Therefore,

of g must be in the do-
main of f. Thus, replace x
of f(x) by g(x), and check

the graph of g(z).

g(f(z)) = 2—_33233,7 gfg <1 W N~ ~
1422, z>1 — Exercisel-2-2. go f —~
One-to-one Function ~ j /
For any z1,z2 € Dom(f), s
11 # 12 = f(21) # f(22) B S A
Then f is said to be one-to-one. ) N . J

The contrapositive of the statement ©1 # o = f(z1) # f(x2) is f(x1) =
f(x2) = 21 = x5 Thus, once we show that the contrapositive is true whenever
the original statement is true, we can use the contrapositive. 2

2A statement is an assertion that can be determined to be true or false. We use p,q for-1-

statements. The statement p — ¢ becomes false only if p is true and ¢ is false.

The graph of y = f(x)
is intersected with more
than two points with the
line y = 1. Thus, it is not

one-to-one.




T one-to-one —\
To find the given func-
tion is one-to-one, it is
enough to show f(z1) =
flas) — 21 = To
show it is not one-to-one,
it is enough to give one
counter example.

-

9.

J

— Symmetric —
The inverse function y =
f~Yx) and the function

y = f(x) is symmetric
with respect to the line
y = .

- J

How to find the inver

We put f(y) = x and solve
for y.

/— expansion ﬁ

—a N

Bx,+ 1), -2) =
N—

A

3:{112 - 6x1+x2 - 2

o J
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Example 1.3 Find the following functions are on-to-one or not.

T
1. = — 2. = —
f(z) 2] fla)=~
SOLUTION 1.
on-to-one M
2. Suppose that f(z1) = f(z2). Then zll+2 = ﬁ Multiply (z1 + 2)(z2 + 2)
to the both sides, we have 1 +2 =254+ 2. Thus 21 =z, B

, —2<zx

For ©1 = 1,25 = 2, we have fl. = 1 = f2.. Thus, it is not

Exercise 1.3 Find the following function is one-to-one.
y=fle)=2a’+1

SOLUTION We show f(z1) = f(x2) — x1 = x9. f(x1) = f(x2) implies that
23 +1 = 23 + 1 which implies that 23 = x3. Now we have show z1 = x5 is the
only solutioin. To show this, we write 2 — 23 = (v1 — x2)(2? + 2122 + 22) = 0.
Then we have 2% + z122 + 23 = (z1 + %)% + %. This is sums of squres. Thus
they are never 0 except ©1 = x3 = 0. This shows that z; = x5 is the only
solution. W

Inverse Function

For a function f is one-to-one, the correspondence f between each y € R(f)
and unique z such that z = g(y) is called the inverse function of f and
denoted by f~1.

NOTE The inverse function of y = f(z) is * = g(y) and satisfies y = f(z) =
f(g(y)). Thus we can write

y=[f"z) e z=[f(y)

From this, to find the inverse function of y = f(x), we can simply change z and
y and solve for y. This way we can find the inverse function of y = f(z).
Example 1.4 Show the following function is one-to-one. Then find the inverse

function.
3z +1

x—2"’

2<r <o

y = f(x)

SOLUTION Suppose that f(z1) = f(z2). Then 3;”11%21 = %

both sides by (z1 — 2)(z2 — 2) and simplify the equation to get

Now multiply

3rx1T9 — 621 + o — 2 = 31122 + 1 — 629 — 2.

Simplifying the equation to obtain —7x; + 729 = 0. Thus 1 = 5.
Next we find the inverse f~!. Using f(f~!(z)) = z to obtain

_ 3y+1
U @) = fly) = =z
y—2
Solve this for y, we get 3y + 1 = zy — 2z. Then zy — 3y = 22 + 1 and
2z 41
-1 8
= = .
y=f"@)=——3

3How to find the inverse
X P. Replace x by y.
2. Solve for y.
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Exercise 1.4 Determine the following function is one-to-one or not. If so, find
the inverse of the function.

1 1 : s
1. = —1 2. = - Exercisel-4-2’s graph
f@)= 1 @) = G ~ ~
y
SOLUTION 1. Suppose that f(z1) = f(z2). Then 2~ —1 = =~ — 1. [|*

Clearing denominators, we have 1 — 1 = 1 — x5 which implies that x; = x».

Thus one-to-one. We next find the inverse function. Replace = by y, we get

fly) = ﬁ — 1 = z which implies that ﬁ = x + 1. Now take the reciprocal of
St

both sides, we have 1 —y = %H which implies that y =1 — %H ] _ | J

2. f(0)=1,f(-2) = ﬁ = ﬁ = 1. Thus this is not one-to-one W (_1y2/3
ExercisesA

1. Find the value fo f(z) when the value of z is 17D (—1)*/?

@ fx)=12—2z| [B) flz) =4+10z —2* [c] f(x)=1+cos(z —1 25*1
2. Find the domain and range of the following functions?D =1
(a) flz)=2"-1 (b) gle)=vV1I-z () h(z)=]sinz|
3. Using the graphs of y = % and y = \/z, draw the graph of the following
functions?D y= % +1 y=+vV1-z

4. Find the composite functions: (f o g)(x) and g(f(x))?D

1 1
@ f(x) =245, ga) =a* B fla) = 5. gl@) =,
1 1 1
f(l“)zg—m, g(x):ﬁ
5. Determine the following functions are one-to-one. If so, find the inverse.?D
T
@ f(z) =7z -4 [B] f(z) = (¢ +1)° +2 f(x)=m

=}

A function f(x) is called even function provided f(—z) = f(z) inx € D(f).
On the other hand if f(—z) = —f(x), then the function is called odd
function. Determine the following functions are even or odd functions.

fla) =a? flz) =a(@® +1)

ExercisesB
1. Determine the following rule gives rise a single-valued function or not?D
(a) ==z, x>0 (b) ¢* =2
2. Find the domain of the following functions. Then draw the graph of f(x)?D
4x? — 323
(a) f(z)=+V4—2a? (b) h(z)= 622 + 3z
3. Find the composite functions: (f o g)(z) and g(f(z)) ?D
(8) f(2) =201, g(s) =a®+1

l1—z, <0 . -z, x<l1
o) s ={ 150 TS0 e ={ TS
4. Find the inverse of the following functions.?D

(a) f(m):%_m, —2<z  (b) flz)=a2>+4z—2
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5. Determine the following functions are even or odd functions?D

(a) f(z) : (b) f(z) =sinz

oz
1z

6. Determine the following function is even or odd?D

(a) A product of even function and odd function?D



1.2. TRIGONOMETRIC FUNCTION

1.2 Trigonometric Function

Radians

As in the figure, we let the origin O. Take points A(1,0), P(z,y) on the unit
circle 22 + 32 = 1. Now set ZPOA as 6. The angle ZPOA for which the
arclength of AP is 1 is called 1 radian and denoted by 1rad®.

%radian.

NOTE Suppose that ZPOA is 0 degree and z radian. Then

0 T

%:277

Also, basic angles are measured in degrees and radians to give

Degree | 0 30 45 60 90 120 150 180 360
Radian | 0 % % g g %” %ﬂ T 21

Trigonometric Functions

Suppose that § = ZPOA. Then the following functions of 6 are called
Trigonometric functions.
¥ _ sin 6 d
r r

= tanf

= cosf ¥
T

NOTE As 6 chages the value, the point P(x, y) and the shape of the right triangle
A OPH changes.

Example 1.5 Find the value of the followings.
1. sinZ 2 sin(-%) 3 cos®T 4 tan(—2F)

SOLUTION 1. Draw a unit circle with the origin O and draw a line OP with
¢ = 5. Then the value of y coordinate of P is equal to sin %.

3
T V3
sin — = —
3 2
2. Similarly, the value of y coordinate of P where § = —% is equal to sin — 3.

3
Thus we have

m V3

R
sin ( 3) 5
3. The value of x coordinate of P where 6 = ?jf is equal to cos %’T. Thus we
have 5 )
™
cos—=——7 1
4 V2

4. Stretch the line OP with 0 = —?jf so that x coordinate is -1. Then the

ratio of the values of y coordinate and = coordinate is tan —%”. Thus we have
3T
tan (_I) =10

Exercise 1.5 Find the value of the following.

9. tan(—2)

. o
Sln(—g) 3

5w
1. — 2.
cos 1

15

—— Radians ————

A
1
1
lrad 5

>

Then angle 6 is positive
if you measure counter
clockwise from the posi-
tive z-axis.

. J

Radian < Degree
m = 180°

— Trig function —

A

Examplel-5- DA

Examplel-5-3:

Examplel-5-



16 CHAPTER 1. FUNCTIONS

SOLUTION 1. Draw a unit circle with the origin O and draw a line OP with
0= 5—” Then the value of & coordinate of P is equal to cos 2&. Thus we have

51 V2

bl e |
cos 5

2. Draw a unit circle with the origin O and draw a line OP with 6 = —%’“.

Then the value of y coordinate of P is equal to Sin(—%”). Thus we have
) om 1
v n——)=_—-H
: % sin( . ) 5
3. Stretch the line OP with 6 = —% so that x coordinate is 1. Then the

Exercisel-5-1

Exercisel-5-2>
ratio of the values of y coordinate and = coordinate is tan —%. Thus we have

tan (— ) —V/3m

Basic Trig Identities

For all o, 3,

- 1. cos’a+sin’a=1

snasinf 2. sin(a £ B) =sinacos f + cosasin 8
3. cos(a+ B) = cosacosf Fsinasinf

Exercisel-5-3.

sin a cos f3

NOTE 1. Consider the point P(z,y) on the unit circle. Then /22 +y? =

Veos?a+sin®a = 1.

cosasin f3 2. ,3. Look at the figure, you will see sin(« + ) = sin «cos 8 + cos asin 8
2. 3. Write sin(a — cos ) as sin(a + (—8)) and note that cos(—8) =
cos 3, sin(—f) = —sin S.

cos(a+f) Example 1.6 Find the value of cos %’r.

Value of Trig Fct
Using the know trig values
to create the new one.

sin(a+fB)

cos a cos f3

SOLUTION

2 2 1
= (_1).£_0.£:_7-
5m 2 2 V2
) . : s
Exercise 1.6 Find the value of sin <.
Sr _ mdn _ 1y 2n
6 6 3
/) SOLUTION
. . om in( 7r) . T .o 1 -
s sin — =sin(mr — =) =sinmcos — — coswsin — = —
2 ™ 6 6 6 6 2
T 7
13 1 equivalent to 105° Example 1.7 Find the value of sin( 7T)
and 105° = 60° + 45° 12
SOLUTION %r = % = 7 + 5. Now using trigonometric addition formula,
we have
,(77'(') ,(7r+7r) . 7r+ T, T
sin(—) = sin(— + =) =sin — cos — 4 cos — sin —
12 4 3 4 3 4 3
_ V2 1 V2 V3 VRHVE g
- 22" 2 4

)-

2
Exercise 1.7 Find the value of cos(%
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SOLUTION cos(§ + §) = cos§ = % = g Using trigonometric addition
formula,,
T T ™ T ™ T
cos(= + =) = cos? = —sin® = = cos® = — (1 —cos? =) = 2cos® = — 1.
8 8 8 8 8 8 8
Thus, 20052§ =1+ g = 2+2‘/§. cos2§ = %. Here, cos § > 0, we have

T o \/2+\/§
cos g = 5 |

1.2.1 Graph of Trig Functions

We have been using 6 to express the angle. But from now on, we use x as
independent variable and y as dependent variable. In other words, we write

y=sinz, y=cosz, y=tanz

We study the graphs of these functions. First one is the graph of f(z) =
sinz. Since f(—z) = sin(—z) = —sinx = —f(x), f(zr) = sinz is an odd
function and symmetric with respect the origin. Also, the function satisfies
f(x + 27) = sin(z + 27) = sinz. Thus f(x) = sinx has the period 2. @ From
these information, we can draw the graph of y = sin x by checking the values of
x from 0 to 7 and corresponding values of y.

z_|0]

sinx‘O‘

Using the fact that it is symmetric with respect to the origin, we obtain the

figure .
-6 -4 \-2 2 4 —— y=sin x
1
Figure 1.1:

Example 1.8 Solve the following inequality.

NI N

S
S

2sinz > 1, 0 <z <27

— Half-angle formulas ~

cos? 5= L@;”
2 x _ 1l—cosx
sin” § = =%

- J
/Symmetrlc wrt OI’lgll’l\
Suppose  the function
satisfies the equation
f(=z) = —f(x). Then it

is symmetric with respect
to the origin.

\_

-

. 0t

Graph of symmetric fe

To draw the graph of sym-
metric function with re-
spect to the origin, it is
enough to check the values
of x > 0.

Examplel-8

SOLUTION Since 2sinz > 1, we have sinx > % The region satisfying 0 <

27 and sinz > % is the set of points (z,y) such that y > %
Thus,

1
s 51
6 6

Exercise 1.8 Solve the following inequality.

<z< |

0.8

0.6

0.4

- 0.2
0.5

1<2sinx§\/§, 0<z <27

ﬁ:
0.6
0.4

SOLUTION We separate 1 < 2sinz < /2 into two inequalities such as X

2sinz and sinz > % The region satisfying 0 < x < 27 and sinz > % is the

set of points (z,y) such that y > % Now 2sinz < /2 implies that sinz < §
Thus the region satisfying 0 < x < 27 and sinx < @ is the set of all points

(z,y) such that y < g See the figure.

Putting these toghether, we have

T 37 <z< 5T
22wt
4’ 4 — 6
= f(z), we say f(x) has the period L.

4When the function satisfies f(x + L)

-0.5
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Next we probe the graph of the function f(z) = cosz. Since f(—z) =
cos(—z) = cosz = f(z), f(x) = cosz is an even function and symmetric with
respect to the y-axis. Furthermore, f satisfies f(x+27) = cos(x+27) = cosx =
f(z). Thus, f(x) has the period 2.

Thus to draw the graph of y = cosz, it is enough to check the values of x

— symmetry wrt y — from 0 to m. From these information, we can draw the graph of y = cosx by

) . . checking the values of x from 0 to 7 and corresponding values of y.
A function f is symmetric

with respect to the y-axis T ‘ 0 ‘ ™ ‘ s ‘ s ‘ s ‘ 2m ‘ % ‘ sm ‘ T
. o 6 4 | 312 ]73 6
if and only if Cosx‘l‘ﬁ‘@‘1‘0‘—1‘—ﬁ‘—@‘—1
f(~x) = —f(z). R I
A Now using symmetry of the function, we obtain the figurel™=
. T -
5
-6 U v 6 | —— y=CO0S X
. ' -0.5 I
-x b 1
\_ ) Figure 1.2:

Now note that the functions y = sinx and y = cosx satisfy the relation
sin(x + §) = cos .

Example 1.9 Solve the following inequality.
\/§cosa:>17 0<z<2m

SOLUTION Since v2cosz > 1, we have cosz > —-. The region satisfying

=9

0 <z < 27 and cosz > % is the set of points (x,y) so that the value of

1
From the figure, we have

7
0§$<%,£<x§27r m

Exercise 1.9 Solve the following inequality.
cosx>§, 0<zx<2m

SOLUTION The region satisfying 0 < x < 27 and cosz > @ is the set of points

(z,y) such that the value of x > §
From this figure, we have
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At the end we investigate the graph of function f(z) = tanz. Since f(—z) =
tan(—z) = z;z((:i)) = =% — _tang, f(z) = tanz must be symmetric with
respect to the origin. Furthermore, the function satisfies the following;:

flx+7)=tan(x +7) = sin (@ + ) = 7MY tang
cos(z+m) —cosz

Thus, f(x) is a periodic function with the period 7. This means that to draw
the graph of the function y = tanz, it is enough to check the values of x such
that 0 < z <

fracm2 and corresponding y. We note that the function f is not defined at
x = 5. To overcome this problem, we use the limit: lim,,z_ tanz = oo.

Left-hand limit

We study lilrlaHg, in the
next chapter. Just note
that = approaches 5
ing smaller values of

— y-tan x I Examplel-10

Figure 1.3: 0.5

Example 1.10 Solve the following inequality.

tanx > 1, 0 <ax <27

ol
o
, o
o
9
I | I

Exercisel-10

SOLUTION The region satisfying tanx > 1 is the set of points (z,y) such that
either x <landy>1lorz>—1and y < —1. os
From the figure, we have

5w 3
. -0.5
1 <z < 72

T T
T el
4 2’

°
@
°
@

Exercise 1.10 Solve the following inequality.
\/§tanx>1, 0<z<2m

SOLUTION The region satisfying tanx > % is the set of points such that either
r<landy>+3/30rz>—1andy< —/3/3. Thus, we have

7 3
7T<x<—ﬂ-l

< <7T
TS97 2

T
6
Exercise A
1. Express the following angle by the radian?D
(a] 30° (b] 40° 72°
2. Find the angle between the following line and z-axis?Dprovided 0 < § < 77D

1
y:\/§$ y:%x
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3. Using the picture 7?7, Solve the following inequalities, provide 0 < 6 < 277D
3
[a) 0089>% V3tand > 1 1< 2sinf < V2
4. Evaluate the followings?D

1
tan™10 b) sin~! sin <c0s1 2)

Exercise B
1. For all angle «, 87Cshow the following identities hold?D

(a) sin(a =+ 8) =sinacosf + cosasinf

N | =

(b) cos(a+ f) =cosacosf Fsinasinf
o l4cosa

(¢c) cos 5= 5

(d) sinacosf = % (sin (o + B) +sin (o — B))

(e) sina+sinf = 2sin ath cos a;ﬂ
2. Find the value of the followings:
5 7
(a) cos% (b) sinl—;T (c) cos%
3. Find the value of the followings?D
-1
(a) sin* (7) (b) cos™r(=1) (c¢) tan"'(=1) (d) tan"'V3

4. Showsin 'z +cos 'z = g is true for all z?D

5. Derive the following formulas?D

(a) sin™!(—z)=—sin "tz (b) cos!(—z)=m —cos"'x
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1.3 Inverse Trigonometric Functions

In this section, we study the inverse of trigonometric function.

s Arcsin = ~

1

Let [fz, I] be the domain of the function y = sinz. Then the function
22 How to read sin™ "z

y = sinz becomes one-to-one. Thus we can think of the inverse function.
We write this function as sin™! z is called arc sine of
. —1 . x.

y =sin" " x or y = arcsinx

and call arcsin x.

J

NOTE The domain of y = sin~!z is the range of y = sinz. Thus we have
[~1,1]. On the other hand, the range of y = sin™! z is the domain of y = sin z.

Thus we have [—g, g] In other words, — Principal value ——

There are many inter-
s o .
<y< o) vals satisfying x = siny.
772

Among many intervals,
T T, .

In this situation, the value in this range [—%, ] is called principal value of [_57 5} is chosen as most

arcsin . important interval. This is

why the value in the range
(%, %] is called the prin-

cipal value.

y=sin'rer=sny (-1<z<1,—

vl 3

Figure 1.4: arcsin x Examplel-11

1 /
Example 1.11 Find the value of sin_l(i) / =
-0.5 0.5
., 1 1 .
SOLUTION Note that y = sin (5) means o = siny. Note also the values g 05
y must be in the interval [_—ﬂ- T

2 ’5]'

Since siny takes the value % for y = § + 2, %’T + 27, y must be in [_TW g]

)

What is the princial value

Thus we have y — ~ B Finding the trig inverse,
6 make sure the principal

value.

1
Exercise 1.11 Find the value of sin™* (75)

SOLUTION y = sin™' (—3) is equivalent to siny = 5* (—% <y < Z). Thus,
y=—3 H

——sin x

— —-arcsin



Principal value of cos~~¢

Note that cosx = sin(z +
%).  Then the principal
value of cos™!'z is the
principal value of sin™!z

+ I

— Graph of cos 'z —

- J

1

/— Ccos™ ~ x ﬁ

1

cos™ + x is called arc cosine

of x.
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e Arccosz ~

Let the interval [0, 7] be the domain of y = cosz. Then y = cos x becomes
one-to-one. Thus we can think of the inverse function. We write this
function as

Yy = cos lx or Y = arccos x

) N Y,

---arccos

\

1 2 3
{ Exercisei<12

cos? a+sin? a = 1 can be writ-
ten as cosa = +1/1 — sin®

F Graph of tan~ 'z —

tan~1lz

tan~ !z is called arc tan-
gent of x.

and call this function arccosz.

J

NOTE The domain of the function y = cos™!z is [~1, 1] which is the range of
the function y = cosz. The range of the function y = cos~! z is [0, 7]. Thus

y=cos lzer=cosy (-1<2z<1,0<y <)

The value in the interval [0, 7] is called pv of arccosz.

1
Example 1.12 Find the value of sin (cos_1 2).

SOLUTION Since x = cos™! % is equivalent to cosx = % for 0 < z < 7, we have
x = 5. Thus

sin(cos™! %) = sin(g) = ? |
Exercise 1.12 Find the value 2 which satisafies sin ™ % =cos !uz.
SOLUTION Let y =sin™' 2 = cos™! z. Then
1 . s s
3 = sy (_5 Sy< 5)

Since y = cos™! &, we have z = cosy > 0 (0 < y < 7). Note that,

1 2v2
xzcosy:m:\/;:\gf.

ArcTan ~

Let the interval [—g, g} be the domain of the function y = tanz. Then the

function y = tanz becomes one-to-one. Thus we can think of the inverse
function. We write this function as

Y= tan~!z or y = arctanx

and say arctanz.

J

The domain of the function y = tan~'x is the range of the function y = tanz

which is (—o00,00). The range is (—%, g) Thus we have

™ i
y:tanflx(:)x:tany(—oo<x<oo,—§<y<§)

The value in the interval (=7, ) is called principal value of arctanz.

Example 1.13 Find the value of x satisfies the following.
1. tan"'2=cos 'z 2. sin™! % =cos !z
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SOLUTION 1. Set y =tan™!2 = cos~!'z. Then

v 7T
2=tany (—= <y < -).

2 2
Since y = cos~! x, we have x = cosy >0 (0 < y < 7). Now dividing both sides
of the identity cos?y + sin?y = 1 by cos?y and noting tany = z;‘;g, we have
2, _ _1
1+ tan“y = Ty Thus,
1 1 1 -
T =cosy = = - =
V1ttan’y VI+4 V5 . o
— Equivalent of tanx —
R I . | .

2. Let y=sin"" 5 =cos™ " x. Then Since tany = ?:i; by di-

1 - x viding both sides of the

3= siny (—5 <y< 5) identity cos?y + sin?y =

1 by cos’y, we obtain
-} a2
Since y = cos™! x, we have x = cosy > 0 (0 < y < 7). Substitute this into the e Z + :::_)Z = (:0512 -
identity cos?y + sin?y = 1, we have 22 + sin?y = 1. Thus, Thus, 1+ tany = - y‘
- _
B o 1 2V2
r=14/1—-sin"y= 1_§_T-

Exercise 1.13 Show the identity sin ™'z + cos 'z = T holds for all . .

z
L To find a,b satisfying sina =
cos b, we express cos b using sin
fuhnction. Note that sin(4 —

SOLUTION Set @ = sin™ ' 2,b = cos~! 2. Then we have

. U m 2
T =sma (*5 Sas 5)’55 =cosb (0 <b<m). b) = sin § cosb — cos §sinb =
cosh
Note that we can express cosb as cosb = sin(5 — b). Then sina = cosb =
sin(§ —b).
Since -5 <5 —b< F, the function sin z is one-to-one. Thus a = 7 —0.
Since a = sin" ! z,b = cos~! z, we obtain sin 'z + cos™ !z = 5.
Exercise A
1. Evaluate the followings?D
1 .1 1 . 1 1
tan™ 0  [B] sin 3 sin { cos™" 5
Exercise B
1. Find the value of the followings?D
-1
(a) sin™' (=) (b) cos7i(=1) (c) tan"t(=1) (d) tan"'V/3

2

1

2. Show sin 'z 4 cos 'z = g is true for all 7D

3. Derive the following formulas?D

(a) sin™!(—z)=—sin"tz  (b) cosT!(—z) =7 —cos 'z
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o~ Arithmetic sequence ~ 1.4 Limit of Sequence

A sequence {a,} whose S
o equences
difference between the
consecutive  terms  is For each number of 1,2,3,...,n,..., there corresponds unique real number
constant is called Arith-
metic sequence. Note a1,02,03,...,0n, - - -
that we can express o
an = (an — an_1) + We call this list of numbers sequence and call a;,as,... term.
n - n n—
(anfl_an72)+' "+((12_ B .
a1) +a, = (n—1)d + ay. X @ NOTE Once the nth term is found, all terms can be derived. Thus we call
\_ ) the nth term general term.

. Bounded sequence
e Geometric sequence ~

A ’ hose r A sequence {a,} is called bounded above if there exists a number M such
; be(%uence {a";} W O_SG ra- that a, < M for all n. A sequence {a,} is called bounded below if there
tio of consecutive terms is exists a number m such that a, > m for all n. Furthermore, a sequence

constz.mt is called  geo- {an} is called bounded if it is bounded above and bounded below..
metric sequence. Note

c — _an , %n-1
that L(LL"’  On-1 aneo | NOTE The sequence {a, } = {1} is bounded. For + > 0 and L <1 for all n.
. 2 a1 =a1r™ . . e
Y ta®m ! ) Monotonicity

If apy1 > a, for all n, a sequence {a,} is called monotonically in-

Strictly i i
rictly increasing creasing. If a,1 < a, for all n, a sequence {a,} is called monotonicall

As n gets larger, the value decreasing sequence.
of a, gets larger without -
equality.  Then we say | Example 1.14 Determine the sequence {a,} = {71} is monotonically in-
strictly increasing. creasings. n
Examplel-14 SOLUTION We use the ratio to check to see. Note that a,+1 = Z—ié
— +1 _ n+l
ap+y1 = (nT-iL-l)+1 - Z,+2' apy1  n+1 n+1 n?+2n+1 1
,ﬂj +n4+1 > n?+ n implies a, n+2 Tn T n2¥2
ngntl .

n7+n Thus a,41 > a, and {a,} is monotonically increasing W

Exercise 1.14 Determine whether the following sequence is increasing or de-

creasing.
a1 =1,ap41 = V3an

SOLUTION Since a1 = 1,as = v/3a; = V3, we have a; < as. Now use
mathematical induction. B
For n =1, a,, < an41 is true. Now assume that ap < agy1 is true. Then we

have
g1 = V3ar < \/3ap41 = Agq2

Thus by mathematical induction, a,, < a1 for all n B

Limit of sequence

As n approaches oo, a,, approaches a. Then we write

lim a, =a
n— o0

We say the sequence {a,} converges to a and call this a limit.

5Show the statement is true for n = 1 and assume true n = k. If the statement is true for
n =k + 1, then it is ture for all n.



1.4. LIMIT OF SEQUENCE 25

NOTE When a sequence converges to a, a has to be a real number. Thus we
can not use 400 or —oo for a. When a sequence {a, } does not converge, we say
{a,} diverges.

-~

Limit properties

~

Theorem 1.1 Suppose that lim a, =a, lim b, =b and c is constant.
n—oo n—oo

Then we have the followings:
lim (@, £b,) =a+b
n— oo

—_

2. lim (can) = ca
n— oo
3. lim a,b, = ab
n— oo
4. lim — = — provided b # 0

N

NOTE When the limit exits, four arithmetic operations hold. Express 1. by

J

lim (a, +b,) = lim a, + lim b,

n—oo n—oo n—oo

Then we can memorize by saying ”the limit of a sum is the sum of limits”.

Limit properties

4 )
Theorem 1.2 Suppose that ILm ap = 00, li_>m b, = b > 0. Then we have
the followings:

1. lim & = =00
n—oo by,
2. lim b—n =0
n— oo an
- J

NOTE Suppose that the denominator of the sequence approaches some positive
constant as the numerator approaches co, Then the sequence gets larger without
bound. Thus the sequence diverges. Suppose next that the denominator of the
sequence approaches co as the numerator approaches a positive constant. Then
the limit of the sequence is 0.

Example 1.15 Find the limit of the following.

—5n

{an} = {5n2 fom—6

}

SOLUTION As n — oo, 3n% — 5n =n?(3 — é) — oo and 5n% +2n — 6 =
n

2 6
n?(54 = — —) — 00. Then we factor by taking out n? to have
n o n

3n? —5n , n%(3 —5/n)
lim ——— = lim
n—oo 5n? 4+ 2n — 6 n—oo n?(543/n — 6/n2)
3-5/n 3
= lim —=-1
n1—>005+3/n—6/n2 5

Exercise 1.15 Find the limit of the sequence {v/n + 1 —/n}

SOLUTION

i (VAT = i) (VAT = V) (/T 1+ Vi)

Vn+1+4+4/n
— lim "+1_" m 2 —om

lim

n—oo

~ Understanding Limit ~
We think of

lim,, o0 @y, = a as
the value of |a, — a| gets
close to 0.

can

J
— Types of divergence ~

There are basically two

types of divergence. As
n gets larger, a, gets
larger without bound.
In this case, we write
lim,, voo @, = 00. As
n gets larger, a, takes
the postive value and

negative value and never
approaches any number.
In this case, we say the
sequence bibrates.

- J

o Indeterminate —\

What happens if the nu-
merator and the denom-
inator approach co. In
this case, we say inde-
terminate. If this hap-
pens, we factor by taking
out the highest power of
n from the numerator and
the denominato. Then ap-
ply theorem1.1.4.

J
o Basic limit —
1
Iim — =0
n—oo n
%

Rationalization
N
_ (Va—vb)(Vatvb)
NG +vb




Graph of sinnf

~ Absolute-value inequal-i%i

Subtract a from the in-
equahty anp < Cp < bn,-
Then a, —a < ¢, —a <
bp—a. If la,—a| < |e,—al,
then we have a,, —a > 0
and ¢, —a > 0. Thus
len, — al < |bn, — al.

Property of sinnf

Since sinnf is a periodic
and 0 <sinnf <1.

sin nO o sin nO
|5 = 0] = =5

sinn,()‘_ ‘
=551 =0

limit of »"

7] < 1
lim,, yoo ™ =0

implies
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To find the limit, the theorem above is not enough. For example, consider
. sinnf
lim as 6 # 0.
n—oo N
In this problem, we can not obtain the limit by using the theorem Il and

the theorem IA. To find the limit of sinn#, it is useful to use the following
theorem.

Squeezing theorem

® Theorem 1.3 If there exists a number ng so that a,, < ¢, < b, is true for
all n > ng and
lim a, = lim b, =a
n— o0 n— o0

Then lim,, o ¢, = a.

Proof. Since a, < ¢, < by, we have either 0 < |¢, — a| < |a, — a] or
0 < |ep —al < |by, — a|. Note that

lim a, = lim b, =a
n—oo n—roo

Thus lim,, o ¢, = a A

Example 1.16 For 0 # 0, find the limit of the following.
{an} = {lsinne}
"t

SOLUTION Since |sinnf| < 1, we have

0< |s1nm9‘ < 1
n n
. sinnd . 1 . ..
for all n, 8. Thus we can sandwich | | using 0 and —. Now taking the limit
n n
1
of 0 and —, we obtain
n
lim 0 =0, lim —=0.
n—o0 n—oo n
Thus by the squeezing theorem,
in nd
lim |22 = 0.
n— o0 n
Note that nd ind
sinn sinn
| —0f =1 | =0
we have —
lim > —om
n—o00 n
Exercise 1.16 Find the following limit.
_9\n n+1 n
1. lim (=2) 2. lim ﬂ
n—oo 1 + 37 n—oo 3n—1 _ [n
_9)n —2\"
SOLUTION 1. lim (=2)" _ lim # =0m
n+1 n 5 4\"
9 lim o T4 _ +G) _5 _ g
n—oo 3n—1 — jn n—00 1(§)n 1 1 —1
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The limit of {r"} is a base of convergence and divergence.

Bernoulli inequality

For x > 0 and n > 1,
2" >nlz—1)+1

Proof 2" — 1= (z — 1)(a™ 1+ 2" 2+ ...+ 2 +1).

For z > 1, we have (z—1) > 0and 2" 1 +2" 2+ +24+1 > 1+1+---+1=n
Forz =1, wehave (z—1) =0and 2" ' +2" 2+ +24+1=1+1+---+1=n
For0 < z < 1,wehave (z—1) < 0 XX 2" 1 +2" 2+ 2+1 < 141441 =
n. Thus,

" l=(r D" 2"tz D) > n(r—1) B

,rn+1

Example 1.17 (r#-1

For a,, = ), find lim, o0 @y -

1+rm

SOLUTION We first find the limit of {r"}.

00 (r>1)

. n_ ) 1 (r=1)
A= (r| < 1)
divergence (r < —1)

. 1 . .

% and lim a, = =. For |r| < 1, lim,, oo ™ = lim, 0o 7
n— 00 2

0 and lim,, o a,, = 0.

Forr > 1,r < —1,

Now forr =1, a, =

r
——— =11

lim a, = lim
+1

n—»00 n—00 (7)
o

1
Exercise 1.17 Find the sequence {a,} = {(1 + —)"} is monotonically increas-
n

ing.

1
SOLUTION Since {a,} = {(1+ —)"}, we have
n

1 n-i—l 1 1 n -1
:1 7’”: n n—1 — " g n
1+ = (), = (14— = ()
Then,
anp o mn+l,n-1,, n n+l n-—1
= (et = ()
n n?-1 n n?—1
= "> 1 -1
n—l( n? ) *n—l( +nl n? )
n n—1
= =1.
n—l( n )

Thus, a, > a,—1 and {a,} is monotonically increasing B

Monotone convergence theorem

Theorem 1.4 Every increasing sequence that is bounded above converges.
Every decreasing sequence that is bounded below converges..

~ Bernoulli inequality ~

By the Bernoulli inequal-
ity, » > 1 implies that
" >n(r—1)+1— oo.

For |r| < 1, we consider
L. Then ﬁ > 1 and

r|

L)">n(H )+1—

Il

—~~ —

Thus, for |r| < 1 we have
r" — 0.

\
Examplel-17

Divide the numerator a11+(11 the
denominator of a, = T by

r’ll,

J

n+1 __

Exercisel-17

Comparison between a, and

Gnp—1-

n—1\—1 _ n
()=
Bernoulli inequality

( 71)!1 > n(n -1 1) +
1= n_ (n+n —1— n)

n—1 n




[Exampl(zl X 18}

To show the sequence con-
verges, it is enough to show
the sequence {a,} is bounded
above increasing sequence or
bounded below decreasing se-
quence.

n(n—1) (142 n(n—1) 1
(n) 2ln-n < 2!

The number e is defined
by Swiss mathematitian
Leonard  Euler (1707-
1783). The choice of e is
from his name,

e = 2.7182818284590. ..

is known to be irrational.
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How to u

If you have n
the sequence
not, this tl

help.
NOTE If a sequence {a,} is monotonically increasing and bounded above, then

there exists a number for which the sequence {a,} can not become greater than
that number. Among all those numbers, we let the least number be s. Then the
difference between s and a,, becomes small. Thus the sequence {a,} converges.

Example 1.18 Given that a,,+1 = v3a,,a; = 1. Determine the sequence {a,, }
converges or diverges..

SOLUTION We show by induction that the sequence {a,} converges.

By Exercisel.14, we know {a, } is monotonically increasing sequence. So, we
need to show the sequence is bounded above. We use mathematical induction
on n.

Since a1 =1 < V3 < 3, it is true for n = 1.

Assume that a; < 3. Then a1 = /3ax < V3 -3 = 3. Thus for alln, a,, < 3
and {ay} is bounded above increasing sequence. Therefore, {a,} converges B

1
Exercise 1.18 Given a, = (1 + —)". Determine the sequence {a,} converges
n

or diverges.

1

SOLUTION We have shown in Exercisel.17 that {(1+ —)"} is monotonically
n

increasing. Thus we need to show the sequence is bounded above.

1
Expand (1 + =)™ ® using binomial theorem,
n

() =0 G GGG G)
Y10
S O RS O}

11 1
1414+ —4+—d4-o<14+14+= ... < 3.
< Idld g gt <lfld gttt <3

Thus, the sequence {a,, } is bounded above increasing sequnce and converges B

Qn

Euler e

1
e 1. 1 —_\n
e im ( +n)

n— oo

Example 1.19 Find the limit of the following.

2
lim (14 =)™
im ( +n)

n— oo

(a+b)" =a" + (;L) a" b+ (;) a2 4+ <n i 1)(1,!)"71 +0b".

T

)
is called binomial theorem and < ) is called binomial coefficient.

J
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SOLUTION Put % = % Then m = £ and n — oo implies that m — co. Thus,

2

: 2 n __ . 1 2m : 1 m\2 _ 2
A 7= i (1 = i (G D7) =
Exercise 1.19 Find the limit of the following.
. 1.,
A=)
SOLUTION Since 1 — % = "T_l =1 = T we have
n—1 —
1 1 1
lim (1-——=)" = lim (7)" = lim

~lm
e
Limit ratio test
Theorem 1.5
lim |an+1|:r<l = lim a, =0
n—oo Ay, n—o0
NOTE Since lim,,_ \aZ“ | = r, for all n such that n > N, we have

lan+1l < rlay]
lanya| < rlania| < r?lan]
lanin] < rlavin—1] < r"an]

Noting that 0 < r < 1, we have lim,,_,, 7™ = 0. Thus, lim,_, a, = 0.
Example 1.20 Find the limit of the sequence a,+1 = v/3a,, a1 =1

SOLUTION Note that if {a,,} converges to «, then {a,1} converges to a. Thus
we have

a = V3a

Solve this to get @ = 0,3. Since a; = 1, it is impossible to have a = 0. So we
have oo = 3. Note this is not the end of proof. We have to show lim,, ., a,, = 3.
By the limit ratio test, it is enough to show lim,, . |a"+1 3\ < 1.

an—3
. an+1 — 3 . V3an, + 3 3a, — 9
lim |———| = lim |————| = lim | |
n—oo Ap — 3 n—oo (@ — n—00 (1/3(1” -+ 3)(an — 3)
3(an -3) . 3
= =1 —|=0<1.
A e+ 3 =3y ik e 53

Thus, lim,, o a, =3 A

Exercise 1.20 Find the limit the following.

Examplel-19
To use the formula, we wright
# instead of %

Exercisel-19

Express (1— 1) = 2=1
lim,, 00 (1 + %)"" =e.

and use

n n!
(5) = Fn—7)

= limn — oo *2*+| implies

{lelt with absolute v&luc}
r
r > 0.

Examplel-20

Let b, = a, — 3. If we can
. b,
show lim,, | ’;}“ | < 1, then

we can show lim,,_,~, a,, = 3.
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SOLUTION Set a, = Z;. Then

Ap+1 o 2n+1 n! 2

an  (n+1)! 27 np+1

and 5
lim 27 = lim -0
n—00 (O n—oon 4+ 1

n

2
Thus by the limit ratio test, lim - = on

n—oo Nl

Exercise A

1. Find the limit of the following sequences:?D

n n2
@ fan} = (Vi} [0 {a} = (07} @ e} = (=)
— o 2n—1 — 1 1
[ (ol = {25} [ {wn}={ ~ )

2. Determine the following sequences are bounded or not?DDetermine also the

following sequences are increasing or decreasing.
- 2 1
{any ={_} [B] {an}={y/4-}
3. Find the general term {a,} of the following sequences:
1
(a) a1 =1,ap41 = ——
n

+1
alzl,an+1:an+2n+1, ”21

4. Determine the following sequences converge or not. If it converges, find the

limit?D

1
7 7 1
(] a1 =1any1=—an, n=1  [B] a1 =1Lans = 2"*ta,

(c)] a1 = 17an+1 = an

Exercise B
1. Find the limit of the following sequences:

(0) fonk =t =30%) () {an) = (520} () fanb =1

n(n+2) n?
n+1 n?+1

(d) {fan}=A{ poo(e) {an} ={vn+1-+vn}
2. Show lim {/a =1 for a > 07D

n—roo
3. Using lim {/a = 1, find the limit of the followings:

n—oo

(a) {(a"+b")w}fora>b>0. (b) {an}={(1+2"+3")n}

an, n>1  [b] a1 =1,any1=0an+2, n>1

n—yn

Limit of

To find the li
factorials or

tions, it is use
limit ration t]
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4. Determine the following sequences converge or not?D
(a) 2,22,2%....2" ... (b) a, is an nth digit approximation of v/2 7D

2. Find the limit of the following sequences {a,}7D
(a) a1 = 1,ap+1 = V3a, +4 (b) a1 = 1,a2 = 2, ap42 = \/ant1an

3. Find the limit of the following sequences:

(@) an = (1— %)“ (b) an = (1+ %)" (c) an = % (Corollary??)
(@ an =2

n’ﬂ



— Expression of limit —

lim, ., f(z) =1 or x —
xo — f(z) = 1.

/Understanding of limit\

The concept of infinitesi-
mal can be explained by
saying that every small
number you choose, we
can choose smaller num-

ber.
J

Examplel-21-1.

Note that 2 — 2 — 22 — 32 +
2 5 0and 22 -4 — 0. In
other wors, both the denomi-
nator and the numerator have
the common factor (z — 2).
[Examplol—Ql—?. j

As x — 0, we have o +4 —
2 — 0 and z — 0. Thus we can
factorby .

The function /1 +x — /1 —x
can be rationalize by multiply-
ing vV14+2 4+ V1 —x to the
both numerator and denomina-
tor.

32

CHAPTER 1.

1.5 Limit of Functions

FUNCTIONS

As z approaches zg, f(z) approaches I, Then we say [ is the limit of f(x)

Intuitive approach to limit

as x approaches xy and denote

lim
T—T0

flz) =1

NOTE z approaches xg is the same as |z — x| approaches 0. Similarly, f(x)
approaches [ is the same as |f(z) — I| approaches 0.

-

Theorem 1.6 Let lim f
Tr—xo

N

2.
3.

4. lim

1.

w50 ()

Limit properties

TrT—xTo

we have the followings:

Jim (f(2) £ g(x)) = 1+ m
ILm cf(z) =d

Tim ((2)g(e)) = Im

f(x)

provided m # 0
m

() =1, lim g(x) =m and ¢ be constan, Then

\

J

NOTE Limit of functions obey the four rules of arithmetic provided the denom-
inator is not 0.

Example 1.21 Find the limit of the following.

ooz —3x+2 o Vr+4-2
Lo lim ———— 2. lim ———
z—2 x2 -4 z—0 x
SOLUTIONI1.
2 2 —1)(xz -2 -1 1
i D232 g o D@2, ol g
2 2 -4 z—2 (x—I—Q)(x—Q) =2 x + 2 4
2.
. Vo +4-2 Wz +4-2)(Vr+4+2)
lim = m
=0 x z—0 z(Vr+4+2)

. r+4—4
lim ————— =

[ ]
=0 (v +4+2)

. 1 1
m —.,— = —
z=0/x+4+2 4

Exercise 1.21 Find the limit of the following.

SOLUTION

i Vi+x—+/1—2x
im

x—0 x€X

o VIFE—VI=3

z—0 x

Vitz—vVi—2)VI+z+V1I—2)

lim

750 s(Vitz+VI-au)

lim 1+z—(1-2) — lim 2x

220 g(vVI+z+vVI—2) +0z(V/I+z+V1I—2x)
2

lim =11

=0 (v1+z++/1—x)
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Diverges to infinity

We write lim,_,4, f(z) = +o0o when f(x) gets larger without bound as z
approaches xg. We write lim,_,,, f() = —oo when the value of f(z) is
negative and the absolute value gets larger without bound as x approaches
Zo-

Difference of two squazes

(Va+VO)(Va-vP) =a-

NOTE f(x) gets larger without bound means that given any large number M,
there exists number N such that f(x) > M as x gets larger than N . We write
lim, o f(x) =1 when f(z) approaches [ as = gets larger without bound.

Example 1.22 Find the limit of the following.

1 lim (Ve +1—+v7z) 2. lim (V1+z+22—V1—2+a?)
xr—r 00 Tr—r 00

SOLUTION 1. lim, o V& + 1 = 00, limy s v/ = co. Thus it is indetermi-
nate form of co — oo.

(Ve +1-x)

(Ve F1— VD) (VaF1+vD)

Ve+14+x
r+1—=x . 1

lim ——— = lim ——— =
oo \/r +14+/x rocyr+l+/x
2. limy oo V1+ 2+ 22 = 00, limy o0 V1 —  + 22 = co. Thus it is indeter-

minate form of co —oo. Now rationalize the fraction v1 + x + 22 +v1 — z + 22.
lim (V142 +22— 1 -2+ a?)
xTr—r00

(Vit+or+a2—V1—-a+22)(V1i+az+22+V1—x+2?2)

lim
T—>00

lim
Tr—ro0

om

= lim
T—00 Vitr+z2+V1—z+ a2
. l+z+22—(1—-2+22)

= lim

w00 \/T+a+ a2+ V1 -z +a?
i 2x
m
w00 \/T+a+ a2+ V1 -z + a2

2 p—
\/z%+%+1+\/9712—%+1
Exercise 1.22 Find lim, , (Va2 +2x+14+2+1)
SOLUTION Put « = —t. Then

lim (Va?+2z+1+2+1)
r—r—00

1m

lim
xTr—r0o0

= lm(VE—2t+1—(t—1))

t—o0

lim(t—1—t+1)=0M

t—o00

To find the limit of function, the above theorem is not enogh. For example

. T
lim can not be found..
x—=0 X

-

Squeezing theorem

\

Theorem 1.7 If f(x) < h(z) < g(z) is satisfied for the delta neighborhood
(o — 8,20 + 9) of 29 and

lim f(z)

r—rTo

lim g(x) =1.

r—rTo

Then lim h(z) =1.

Tr—xTg

- J
NOTE Since f(z) < h(z) < g(x), f(z) —1 < h(x) =1 < g(z) — . Note that

00 — 00

The indeterminate form of
oo — 00 has to be rewrite
in the indeterminate form
of 8 or 2.

e}

o0

lim ; 2z is
L—+00 14+a+z24+v/1—ax+a2

in the indeterminate form of

oo "

by dividing the largest power
of x.

Then factor the fraction

Handling  — —o0

If + — —o0, then we write
x = —t and solve the ques-
tion.

xercisel.2Z2 xs+2x +1

V/(x +1)2. Note that = + 1

negative. Thus +/(z + 1)
—(z+1)

is
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Fxamplel-23 |f(xz) =] and |g(x) — | can be made as small as possible. Thus we can make

|h(z) — 1] as small as possible .

Example 1.23 Find lim smx'
x—0 X

SOLUTION Take points A(1,0),P on the unit circle. Now find the intersection
of the extended line OP and the line perpendicular to the line OA. We name the
intersection B. Also, start from P, find the intersection of the line perpendicular
to OA, we name this C. Now we compare the size of the triangles. Then AOPC <

—— Area of sector ——
sectorOAP < AOAB. Now for 0 < z < E, we have
We compare the area of 2

sector with the radius r cosT -sinx T tan x sinx
and the angle 6 with the 2 2 2 2cosz’
f circle with the ra- N N
area oberee wi e ~A0OPC sector OAP  AOAB
dius 7. Then the arc
length of the sector is 6. . ., sinw 1 . . sinx
Thus the area of sector is ilz)m the first inequality, — < , and the second inequality cosz < ——
2w 0 b us
e X 5o = sinx 1
\_ J cosy < — < .
x cosx
T
This inequality holds for —— < x < 0. Now we have lim cosz = 1 and lim =
2 z—0 z—0 COS T
1. Therefore, )
sinx
lim =101
Exercisel-23 z=0 T
ot = > . ... sin2x
S_(’t X sin X 2 Then Exercise 1.23 Find lim .
limy 0 5~ =1 z—=0

. sinzx . . .
SOLUTION hr% —— = 1 imples that for z small, sin z and x is about the same.
r— T

sin 2z . sin2z 2z
im = lim - —
z—0 x z—0 21 €T
sin X
= lim 2=2 1
X—=0
[Examplcl—%—l. ] s Example 1.24 Find the limit of the followings.
limg o 135 = limeoo o 1 lim SR0C g, iy 2202
3z * xz—0 sin 2z z—=0 T
o
sin 3z sindx 2z 3 3
Examplel-24-2. SOLUTION 1. lim ——— = lim 2"
Express tan3z using sin and 9 e=0sin2r  «=0 3r sin2r2 2
cos. Thne tan3x = % tan 3 in3 3 sin 3
lim,, o cos 3z = 1 lim 20 = fim T i o 3
z—=0 T z—=0 xcosdr  z—0 3z cos3x
1
Exercise 1.24 Find lim zsin—.
r—00 x
000 SOLUTION As z — oo, xsin L has the indeterminate form (co - 0). Then we
) ) make this into the indeterminate form of (2).
If you have the indetermi-
nate form oo - 0, then ex- . o1 5 sin%
press the one of the expres- TSI T e B
sion by fraction. Then we ’
can transform into % or % Put % =t. Then as x — oo, we have t — 0. Thus,
1 .
sin = sint
lim —* =lim——=1M1
z—=oo = t—0 ¢
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1.5.1 One sided limit

When x approaches xg with the restriction z < g, x is always smaller than
zo. Then we write x — x¢o — 0 or x — xo—. Similarly, if x appraoches z( taking
larger value than z(, then we write © — z¢o + 0 or x — x¢+.

s Left-hand limit ~

If f(x) approaches [ as x — xg — 0, then we write

lim f(x)=1lor f(xg—0)=1

rz—xo—0

and call [, left-hand limit.

_/
- Right-hand limit ~
If f(z) approaches [ as x — xg + 0, then we write
mﬁhmrglwf(x) =lor f(zg+0)=1
Examplel-25
and call [, right-hand limit 1

\_ \J

Example 1.25 Find the right-hand limit and the left-hand limit of the function
22+1, <0

at 0. f(x) = 0, z=0 s
22 -1, >0

N & O @

SOLUTION When = approaches 0 fram the left, = is always smaller than O.
Thus # < 0 and f(x) = 22 + 1 — 1. Therefore,

lim f(z) =1

x—0— "
On the other hand, if = approaches 0 from the right, then z is always larger 0.5
than 0. Thus # > 0 and f(z) = 2% — 1 — —1. Therefore, PE— —
li =-1 o
Exercise 1.25 Find the right-hand limit and left-hand limit of the following
function f(x) = J=l at 0.
T
SOLUTION Note that for x < 0 we have
im 2 g 2| = —.
z—0— X z—0— I
im o i S

x—0+ X x—0+ o
Non-existence of a limt

Existence of a limit _
) ) ) ) To show non-existence of a
Theorem 1.8 lim f(z)=1iff migﬁLO f(z)=1land lim f(z)=L. limit, it is enough to show

T—T0 r—xo+0
lim f(z) # lim+0 f(x).
Co T—Tg

rz—xo—0

NOTE The existence of f(z¢ — 0) and the existence of f(xg+ 0), and equality
of their values is suffice to say the existence of a limit of f(x). Otherwise, no
limit exists.

Example 1.26 Find the limit of the following functions.

1. lim 2. limm
T2 L — z—0 X




[Examplel @—26]

Check to see the existence of
the right-hand limit and left-
hand limit.

Recall that vz2 = |z|. Note
that = < 2 implies 2 —
x > 0 which in turn implies

(2—2)> = 2 — x. Note
also that z > 2 implies 2 —
x < 0 which in turn implies

VE=2F =22

36

SOLUTION 1.

Thus, no limit exists B
2. Since the right-hand limit is not equql to the left-hand limit, by Exercise??,

||
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we have lim, o - B
Exercise 1.26 Find the limit of lim 7:5.
22 /(2 — 1)?
SOLUTION
. 2—zx . 2—x
lim —— = lim =1
e=2- /(2 —x)2 @2-2-u
. 2—x 2—x
m ——= lim — = -1
=2+ /(2 —x)2 @2t —(2—1x)

Thus no limit exists W

1. Find the limit of the following functions:?D

Exercise A

— 1 . x .2z +1) . z(z+1)
(] lim@e—1)  [0] lim =[G iy —7 () lim =7
.= 9 . at—z2-6 . (2% =3z —4)?
= =
(€] lim —2—y @O m——— [ m——
1 1 1 — r+1
mizf%t(m‘s) EL’%‘E@— )
) . sinz . . .
2. Using hn%) —— =1, find the limit of the following functions:
xT—r X
sin 2z . cosPz—1 — .. cosx—1 . sinz
L) il—% sin 3x (] a{% x? ili%T a}lg}rx—ﬁ

1. Find the limit of the following functions:

(a) lim (2% + 4z)

r—2

(d) lim

x—1

(f) lim

224 — 62 + 22+ 3

rz—1

Exercise B

2t — 623 + 22 42
rx—1

(¢) lim

z—0

Vitz-VI—s

a2 —3x+2
(b) lim —5 71—
(©) 2

(1+2)/3 -1 —x)/3

z—0
2. Using lim
z—0

@l

T

(g) lim f(z), 727777

r—2

xT

z2,

3,

x #2

xTr =

@ =1

S 1, find the limit of the followings:

T

sin 3x

T

(b)

. 2x
lim —
z—0 sin x

()

lim
xz—0

-1

sin” " x

1
d) 1 in —
(d) lim xsmx

x z—0

3. Show that lim,_,, | f(z)| = 0 implies lim,_,, f(z) = 0.
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1.6 Continous functions

Continuous functions (x0 — 6,20 + 0)

Suppose f(x) is a function defined on the interval (zo—d, zo+9) and satisfies

the condition The interval (xo—09, x9+9)

is centered at xg and the
distance from xzq is 9.

lim f(z) = f(zo)

T—rx0o

Then f(x) is continous at z = xo.

NOTE Suppose the domain of f(x) contains the interval (zg — 0,29+ ). Then

f(z) is continuous at x( except the following two cases. Continuous functions

L. limg ., f(2) does not exist For a function f(z) is con-
tinuous at x = xo, f(xo)
is defined and limit exists
at ¢ = x¢ and their values
are equal.

2. limg ., f(x) exists but not equal the value f(zq)

TN N
/ / )

Figure 1.5: Discontinuous

Case 1. z( is called essentail discontinuity. Case 2. xzg is called re-
moval discontinuity. For this case, we can set a new value for f(xy)to make
continuous.

Example 1.27 Find the following function is continuous at z = 2.

22, 42 [Examplol X 27}
flx) = { 0. ==2 Check the existence of Left-
’ hand limit and right-hand
SOLUTION Since lim, o f(2) = lim,_,» 2% = 4. and f2. = 0, we have lim,_,» f(z)li#it.
f2.. Thus f(z) is discontinuous = 2. The graph of function has a jump at
z=21

Exercise 1.27 Find the following function is continuous at z = 0.

zsind, z#0 [EX()I'CiSCl X 27]
f(z) = { 3(5)7 =0 Bibrated function should be
7 squeezed.

SOLUTION Since sin % is bibrating, it should be squeezed by the absolute value.
1
0 < |xsin—| < |x|.
x

Note that lim, 00 = 0 and lim,_,¢ |z| = 0. Thus by the squeezing theorem, we
have

1
lim |xsin —| = 0.
z—0 €T
Since || f(z)] — 0] < e = |f(z) — 0] < €, we have

. 1
lim x sin — = 0.
z—0 x



[

Exercisel-27

0 < |sin %| < 1 is multiplied by
|z]. Then 0 < |z sin %| < ||

~ Continuity Properties ~

Polynomial, sinz, cosz,
tan~!z are continous on
(—o00,00). Rational func-
tion is continuous except
at the value where the de-
nominator is 0. Conti-
nous functions are contin-
uous after the four arith-
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Note that f(0) = 0. Thus f(z) is continous at + =0 Wl

Continuous on an Interval ~N

If f(z) is continuous at every value in I, then we say f(z) is continuous on

L
/

e Continuity Properties ~

Theorem 1.9 Suppose that f(z) and g(z) is continuous at x = x¢ and ¢
is a constant. Then

1. f(z) £ g(x) is continuous at x = xq

2. ¢f(x) is continuous at x = xg

3. f(z)g(x) is continuous at x = xg

, @

is continuous at x = xy provided g(zp) # 0

metic operations.

Examplel-28

Use the continuity property.

-2

-1

T2 3%

@
! )

Proof 1. lim,_,,, f(z) = f(z0),limy,— 4, g(z) = g(xo), Thus

lim (f £g)(x) = lim f(z)+ lim g(z) = f(zo)  g(x0) = (f £ g)(z0)

Tr—rxo T—To Tr—To

Similarly for 2. ;3. ;4. R

Composite Continuous Functions

Theorem 1.10 Suppose y = f(x) is continuous at © = xg and z = g(y)
is continuous at y = f(xzp). Then the composite function z = g(f(x)) is
Continuous at x = x.

Proof lim g(f(x)) = g(lim f(z)) = g(f(xo)) W

As you can see, a continuous function is easy function to use.

Example 1.28 Show the following function is continuous at x # 0.
2. L
f(x) = a?sin ()
x

1
SOLUTION Note that sin (=) can be thought of a composite function of sin z
x
1 1
and z = —. Now sin z and z = — are continuous function of z and x # 0. Thus
x x
sin (=) is continuous at x # 0. Also #? is continuous on (—o0,o0). By [, for
x

x # 0 2% sin — is continuous W
T

Exercise 1.28 Show the following function is continuous on x # 0.

f(z) = 227

ex

SOLUTION sinz is continuous on (—o00,00) and e® is continuous on (—o0o, 00).
Note that % is continuous on = # 0. Thus, e is continuous on x # 0. Finally,

sinx

is continuous on

a produnct of continuous functions is continuous, we have
z#00

1
ex



1.6. CONTINOUS FUNCTIONS 39

1.6.1 Properties of Continuous Functions

Basic properties of continuous functions are Intermediate Value Theorem
and Extrem Value Theorem.
Intermediate Value Theorem v

/Intermediate Value Thgorem

Theorem 1.11 Let f(z) be a continuous function on [a, b]. Suppose that 15

¢ is a real number satisfying f(a) < ¢ < f(b). Then there exists £ € [a, b] ¢

so that f(¢§) =c. /
f(a)
NOTE Intermediate Value Theorem tells that any continuously varying function
takes all values in between. \_ W,

Extreme Value Theorem
¢ B\
[E is called ksi or gzai
J

Theorem 1.12 Suppose f(z) is continuous on [a,b]. Then there exists at
least one number ¢ and d which attains a maximum and minimum.

NOTE f(z) attains a maximum in [a,b] iff the following two conditions are

satisfied. fExtreme Value Theorem
1. Every z € [a,b], there exists M so that f(z) < M. y
fla)
fb)

Example 1.29 Show the equation 323 —2z+5 = 0 has at least one real valued
solution.

2. There exists £ in [a, b] such that f(£) = M. ‘
|
[

c

-

a

o

J

SOLUTION Note that a equation has a real-valued solution if and only if the

graph of the function representing a equation has an intersection with z-axis.

Let f(z) = 323 — 22 + 5. Find  so that the value of f(z) is positive and the VWhat is important here is the
value of f(x) is negative. For example, existence of a slution. So, we

do not have to solve the equa-
f(=2)=-15, fl.=6 tion.

Short cut

Since f(x) is continuous on [—2, 1], no matter how you draw a curve between
the points (=2, —15) and (1, 6), the curve has a point in common. let this point

2, Before evaluating f(—2),
be ¢. Then f(€¢) = 0 and this £ is a real-valued solution of 3% — 2z +5=0 W

we write f(z) = 32° — 2w+
5= z(32% — 2) + 5. Then,
F(=2) = —2(3(-2)> ~2) +
5=-210.+5=—15

If a function changes sign at
some point, then the value at
the point is 0.

Exercise 1.29 Show the equation 2sinx — x = 0 has a real-valued solution in
T
(57 71') .

SOLUTION Let f(x) = 2sinz — z. Then f'(x) = 2cosz — 1 and

f( ):2sing— :2—g>00r f(mr)=2sinTt — 7= -7 <0.

T
2

Since f(x) is continuous on (§,7), by the Intermediate Value Theorem, there
exists £ € (5, ) such that f(§) =0 M

Exercise A

1. Find the limit of the following functions:

-2 -2
2] lim r== (6] lim x lim /|z|—2 [ lim +/|z|—=
24 |x— 2| z—1—

r—1+
—1 —1 2_3 2
@ lim YE T lim Y i V28T 2

z—=1— x—1 z—=0— x —1 r—2+ xr—2
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2. Determine the following functions are continuous at the given point.

2
9 44, r<2

(a] f(z) = I3+47 re? ;s x=2, [b]f(z)=1 5, r=2|; =2
T v =2 x3 x> 2

2

z-—1
@ fe)={ =50 7 H o
-2, rz=-—1

2

Y —x°, z <0

3. Define f(1) so that the following functions become continuous at z = 17D

2?2 -1 202 +1, z<1

- R (C R

@ Using the bisection method to approximate the solution of f(z) = 7Tx—6 =0
on the interval [0, 1] within the error less than 0.17D

Exercise B
1. Find the limit of the followings:

(a) lim . (b) lim 1 (¢) lim 2]

x
i d) lim —————
z—0 21 z—0 2 z—=0+ a+x —+a—2x ( ) a:iof /1 —cosx

. 1 . sinz . 1

(e) mlgrolo cos — () xlgrolo . (g) zgrg+ cos —

2

zi—x—2 T 7& )
2. Determine f(z) = { 152 ’ 5 is continous at z = 2.
xTr =
)

3. Show the function f(z) = \/z is continuous on the interval [0, c0)?D
4. Find the maximum and minimum of the following functions:
(a) f(z)=2*-3x+1, 2€[-2,1] (b) f(z)= % z € (0,1]
(c) f(x)=2*—ax, x€]0,2]

5. Show that the equation 2sinx — xz = 0 has a real solution in the interval

(5:m)7D
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1.7 Exponential Functions/Logarithmic Functions

Definition of Exponents

4 N
Let a be a positive real number, n be a natural number, m be an integer.
Then

1. a® =1
n

2.a"=a-a---a

—n _ 1

3. a "= an

4. g% = Yam

5. Let « beirrational number, « = lim, yoo @,  where

{am} is sequence of rational number. Then a® = lim,,_,, a®"
\ J

NOTE At 5. Consider the case ¢ > 1 and aV?. First we create an increasing
sequence of rational numbers which converges to v/2, say {a,}. For example,

{1.4,1.41,1.414,..}.

Then for m < n, we have a,,, < a,, and

a%" _
=q% % > g% = 1.

a®m

Definition of Exponen

To define the exponents, a
has to be positive.
Note that L .a = 2 =1

a L
and ! a = o 11!
a®=1. Thus o~ ! = %

Thus, {a®"} is increasing . Also a® < aV?2 implies that {a®"} is a bounded

above increasing sequence. Thus it converges. Let

V2 _

av’ = lim aq“"

n—oo
Similarly for 0 < a < 1. The proof looks OK. But there are many rational
valued sequences which converge to v/2. So, we have to show using other rational
sequence b, which converges to \/57 lim,, 00 a® is the same. In mathematics,
we call this Uniqueness.

Let {an}, {Bn} be two increasing rational valued sequences which converege
to /2. Since o, = V2, 3, — V2, for all 3, satisfying a; < B, we can choose

Oy O 41 SO that Am S /Bn < Am41-
For a > 1,
aarn < aBn < aavn«l»l

and for 0 < a < 1,
a®m > aﬁn > q@m+1

Now n — oo implies that m — oo and by the squeezing theorem,

lim ¢®" = lim o”"
m— 00 n— o0

This shows that a¥? is independent from the choice of {ay}.

For a > 0 and a # 1, a function y = a” is called Exponential Function .
The domain is (—o0, 00) and the range is (0, c0).

Since a > 1, a,, < /2 implies
a®n < aVv?,

Qn, Brn are both increasing and
converge V2. Thus we can
choose (3, which is larger that
a1. Then we can choose oy
which is larger that (,. Thus
we cha choose m so that «,, <
Bn < ﬂm+1~



Graph of Exp

Among all exponential
functions a®, e is the
most important function.

Examplel-30

The property f(z + y)
f(@)f(y) is generalization of
exponetial function.

Table of Logarithm

Table of logarithm of base
2.
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Laws of Exponential Function

" I

Theorem 1.13 Suppose that a > 0. Then for every real numbers x, y, we
have

1. a® =1

5. e is continuous on (—oo, 00) and strictly increasing function.

6. lim,_ oo € = 00, lim, o e® =0

NOTE «a” for a > 0 is defined for irrational number = by considering a®.

a® = lim a®", a, — «a,{a,}sequence of rational numbers ,a > 0

n—oo

Then the case 2., we have a® = lim,,_,o0 a®", a¥ = lim,_,« a’* and

a®*a? = lim a® - lim ¢?* = lim a® 1P = ¢® 1Y,

n—oo n—r oo n—roo
Example 1.30 Draw the graph of y = 2% and y = ($)®.

NOTE We find values of z and corresponding values of y. Then plot those points
and connect by smooth curve.

T -3 -2 —1 1 2 3
y =27 I z ) 1 2 4 8
y=(3)" 8 4 2 1 z : 1

Exercise 1.30 Suppse that f(z) satisfies f(x + y) = f(x)f(y) for all =,y and
f(0) # 0. Show the followings.

L0 =1 2 fw) =

SOLUTION 1. We can write f(0) = f(0+0) = f(0)f(0). Then f(0)(f(0)—1)
Since f(0) # 0, we have f(0) =11
1= f(0) = f(y —y) = f(y)f(~y) implies that f(~y) = 75

Definition of Logarithm

0.
2

Let a be a positive real number and a # 1. The for every real number z
and y = a”, we write = log, y and call a base of Logarithm.

NOTE

(@ 1]2]3]4[5]6] 7 |
Ty [2]4[8]16]32]64] 128

Calculate 8 x 16. Find the number above 8 and the number above 16. Then
we have 3 and 4. Now add these two numbers to obtain 7. Then the numer
below 7 is 128 the result of 8 x 16. Express the number 3 above 8 as log, 8.
Then we get log,(8 x 16) = log, 8 + log, 16 = 3 +4 = 7. Next we calclulate
128 + 32. This time we subtract the number above 128 from the number above
32. Then we get 7 —5 = 2. Now the number 4 is the result of 128 = 32. Thus
log, (128 + 32) = log, 128 —log, 32 =7 —5 = 2.
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Laws of Logarithmics

~

Theorem 1.14 Let ¢ > 0, a # 1, p > 0,q > 0. Then we have the
followings.

-~

1. loga pq = IOgap + 1Oga q
2. loga % = logap - loga q

3. log, % = —log, q

4. log, q¢" =rlogagq

NOTE Consider y = log, . Then by the definition of logarithm, we have
x = a¥. Now take the logarithm of both sides with the base b. Then

log, x = logy a¥ = ylog, a

From this, we have
_ log,x

~ logya’
We call this change-of-base formula.
The domain of y = a* is (0,00), and y = a® is strictly increasing and
continuous function. Thus there exists a unique inverse function and we write

x

r = f~1(y) = log, y. Note log, y is defined and continuous on (0,00) . we say
log, y logarithmic function with base a.
~ Laws of Logarithmic Functions ~

Theorem 1.15 Let a > 0. Then for every real numer x > 0,y > 0, we
have the followings.

1. log,1=0,loge=1
2. log,(xy) = log, = + log, vy
3. log, % =log, x —log,y

— Laws of Logarithms —~

Take logarithms Then

a product becomes an ad-
dition,

a quotient becomes a sub-
traction,

a power becomes a prod-

uct.

N J

/-Existence of Inverse Ftﬂgction

Strictly increasing func-
tion is one-to-one. Thus,
we have a inverse function.

— Natural Logarithm —~

We write natural loga-
rithm without the base b.

e Graph of Logarithm ~

4. log, ¥ = ylog, = -2
5. log x is continuous and monotonically increasing on (0, c0) :6
6. lim, oo logz = 00, lim, o4 logz = —00
- J
NOTE To show 2. Let o =log, z, = log, y. Then z = a®, y = o and
zy = a“d® = a® P

Thus,
log, z +log, y = a+ 3 = log, zy

Example 1.31 Find the domain of the following function.
f(z) =log (zv1+ 3x)

? SOLUTION Since a logarithmic function can only take positive values, we have

zv/1+ 3z > 0. Thus,

z.sk

Examplel-31

2

z>0and vV1+3z>0o0rz<0andv1+3z<0. s

7A logarithmic function can not take the values less than 0.




The property f(zy) = f(x) +
f(y) is generalization of loga-
rithm.

T Calculation —

Take the reciprocal of n <
T < 77 + 1. Then we have
= > ; > n+1 Now add 1
to both sides of inequadity
1 1

ﬁ+1>§+1> n+1+1

AISO, (1 =+ 'Lil)n < (1 +

A<y

J

Examplel-32

We already know lim,, (1 +
L)yn = e. So, we extend this to
real number x.

Tr — —O0

For x — —o0, it is better
to put y = —x to avoid
negative infinity. Now
y — oo and by Exam-
plel=32
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v1+4+3x > 0 implies z > 0 and /1 + 3z > 0. Since a square root function can
not take negative values, we have 1+ 3z > 0. Thus z > 0 and K@z > —1

Express using interval, we have (0,00) N (—3,00) = (0,00) W

Exercise 1.31 Suppose that f(z) satisfies f(xy) = f(x)+f(y) forz > 0,y > 0.

Then
1. f(1)=0 2. f(3)=—f(y)
SOLUTION 1. f(1)= f(1-1) = f(1) 4+ f(1) implies f(1) =0 W

2. 0=f(1)=f(4) = fly- )= fy) + 7 implies that f(}) = —f(y) W
Hyperbolic Functions
A function below is called hyperbolic function.
) T—e" e’ +e " sinhz e*—e™”
sinhz = ———, coshx = ———, tanhz = =
2 2 coshx e*+e®

The curve described by a uniform chain hanging from two supports in a uniform
gravitational field is called a catenary. To exptess catenary, cosh z is used.

1w
;) =e€.

SOLUTION As z — 00, there exists n which satisfies n < z < n + 1. Thus

Example 1.32 Show li_>m (1+

1 1 1
Lt g <1t <1+
n+1

Use n < & <n 4+ 1 one more time to get

1 1 1
I+ —)"<(1+-)" < (1+-)"*
(1+ =" < (427 < (1+7)
Note that
1 (1+ 2)" 1
(14 ——)" = Hrs () =+ )<1+7>.
Then
lim (1 + ! )< (1+1)w<1 (1+1)”+1
e= lim — im - im e.
n—o00 n—+1 T x>0 x T n—oo
By the squeezing theorem
. 1
lim (1+=)"=¢el
T—00 T
. . 1
Exercise 1.32 Show lim (14 —)" =e.
T——00 T
SOLUTION Put x = —y. Then
1 1 -1
lim (1+-)* = lim(1—-)"¥= lim (L)
T— —00 x y—o0 Y y—oo Y
— lim (L)Y = lim (14 —— )
y—o0 Y — y—00 y—1
lim (14— (14 ——)=cm
= lim —)=e
y—>00 -1 y—1

Exercise A
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2. From the table, find the following values:?D

log 20
log 16 n logn|n logn
1 000 |6 1.79

4
log 3 2 069 |7 195
(@) log0.1 3110 |8 208
(CY & 4 139 |9 220
log v630 5 1.61 |10 2.30

log 0.4

3. Solve the following equations:
logr =2 logz =—1 [c] (2—logz)logz =0
log (22 + 1)(z 4+ 2) = 2log(z + 2)
Exercise B

1. Find the limit of the following functions:?D

. log(1+2x) el -1 . logz —loga
lim ———= 1 lim ———
(a) xl—r)% x (b) hll&) h (C) rli}}z Tr—a
1 *—1
(@ tim LD L) i
x—0 x r—0+
5. Given the arithmetic mean a,41 = “";rb" and the geometric mean b, 11 =

Vaynb,. Answer the following questions:
(a) Show {a,} and {b,} converge for ag,by > 0.
(b) Show lim,,—, o0 @y, = limy,—, 0 by,. This limit is denoted by agm(ag, by)?D






Chapter 2

Differentiation

2.1 Derivatives

On the curve defined by y = f(x), as « changes the value from z( to 2o + h, the
value of y changes from f(xo) to f(xo + k). Then the difference

f(zo+h) — f(zo)
h

is called difference quotient. Now think of this using the graph. Then a line
goes through two points (zg, f(z0)), (xo + h, f(xo + h)) is called secant line.

¥y = f(x)

y=f(x)

flxo)
flxo+ h)

x

X+ F:
Figure 2.1: secant line

As h approaches 0 from the right, the secant line is getting close to the red
line. Similarly, as h approaches 0 from the left, the secant line is getting close
to the same red line. This red line is called tangent line at (xq, f(x0)).

e Differential Coefficient

\

Suppose that f(z) is defined on an interval containing xq. If

fxo +h) = f(xo)
h

lim

= A providedA # +oo
h—0

exists, then we say f(z) is differentiable at © = z9. The number A is
called differntiable coeflicient at zy and denoted by f’(z¢). ®

%To be differentiable, the limit A must be real number.

— Difference Quotient —~

f(zo+h)— f(xog) is called
increment of y and de-
noted byAy, xo + h — x¢
is denoted by Az. Then

Ay flzo+h) = f(z0)
Az h

which is the ratio between
the increment of y and the
increment of .

N )

47

J
Right-Hand Limit —

h approaches 0 from the
right means that the value
of h is always positive and
approaches 0.

J




T Definition —
Let £ = z¢g + h. Then we
can express the differential
constant in the following
way.

[ (o) =

Hm;l:%;zro %{[él“) .

(=3+h)2—(=3)2=(-3+h—
3)(=3+h+3)=nh(h—06)

[Tangcnt and Normal Linc]

~ Linear Approx1mat10n\

The equation of a tangent
line of y = f(x) is a linear
approximation. In other
words, for x = a, we can
approximate the value of
f(x) by the tangent line.
(@) = f(zo) + f'(w0) (@ —

JI,'Q).

J
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NOTE The slope of the secant line is given by

fwo +h) = f(x0)
h

Thus the slope of the tangent line is

i £ @0+ 1) = fl@o)
h—0 h

Then the differential coefficient at © = ¢ can be thought as the slope tangent
line.

Example 2.1 Using the definition of differential coefficient, find a differential
coefficient of f(x) =sinz at x = 0.

SOLUTION By the definition of differential coefficient, we have

fO+h)— f(0) sinh—O:
h

lim = lim 1

h—0
Thus, f/(0)=1M1
Exercise 2.1 For f(z) = 22, using the definition of differential coefficient, find

f(=3)

SOLUTION By the definition of differential coefficient with xg = —3, we have

_ _ _ 2 (_9\2
i 3TN - F(=3) 0 (B34 R)7 - (=9)
h—0 h h—0 h
. 9—6h+h*—9 __ h(h—6)
= lim = lim
h—0 h h—0 h
= lim(h—6)=-61
h—0

Equation of Tangent Line

The equation of a tangent line for y = f(x) at (zg, yo) is given by

y—yo = f'(w0)(x — x0).

NOTE Since f’(zg) is the same as the slope of the tangent line, the slope of
the line connecting two points (x,y) and (zo,yo) on the tangent line is equal to

(o).

Equation of Normal Line

A line perpendicular to a tangent line is called normal line. The equation
of a normal line to a function y = f(z) at (xo,yo) is given by

f/(xo) ({E - Cr0)

Example 2.2 Find the tangent line and the normal line of f(x) = 2% at (—3,9).

SOLUTION Since the slope of the tangent line at (—3,9) is f'(—3) = —6. Thus
the equation of a tangent line is

y—9=—6(x—(-3))
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y—9=—6(x+3).

On the other hand, the equation of the normal line is
1

Exercise 2.2 Find the equation of a tangent line and the normal line of f(z) =
sinx.

SOLUTION By Example2.1, the slope of the tangent line at (0,0) is f/(0) = 1.
Thus, the equation of the tangent line is

y=x

Similarly, we have the equation of the normal line

y=—z Nl
e Left-Hand Differential Coefficient ~
lim f(xo+h)— f(xo0)
h—0— h

exists. Then this value is called left-hand differential coefficient and
denoted by f’ ().

J
~ Right-Hand Differential Coefficient ~
lim f(@o +h) — f(zo)

h—0+ h

exists. Then this value is called right-hand differential coefficient and
denoted by f (o).

— Equation of Line —

Consider an equation of
line goes through (a,b)
with the slope m. Now
take any point (x,y) dif-
ferent from (a,b) on this

line. Then the slope of the
y—b

line is m = Z—. Thus, we

/
NOTE By the definition of differentiable function, if f’ (xo) and f/ (x¢) exist
and their values are equal, then f(z) is differentiable at z = x.

Example 2.3 Determine whether the function f(x) = |z| is differentiable at
z = 0.

SOLUTION We need to check the left-hand differential coefficient f7 (0) and the
right-hand differential coefficient f (0). We first find f (0).

F(0+h)— f(0) . |n] —h
! = —_— —
1-(0) hlir& h hlalr(r)lf h hlal 0— h !
We next find f/ (0).
. f(O+h)—f(0) . |h] . h
! — m - = I —_ =
£+(0) h£0+ h h£0+ h h£O+ h 1

Thus f(x) = |z| is not differentiable at x =0 W

Exercise 2.3 Determine whether the following function is differentiable at
r?sind, x#£0

:c().f(z){o7 z’ =0

have y — b = m(z — a).

. J

Left-Hand SN
A left-hand differential co-
efficient is the same as the
slope of tangent line as x
approaches from the left at
Zo-

J

— Right-Hand —
The right-hand differential
coefficient is the same as
the slope of tangent line
as x approaches from the
llght at zg.

\_ J

o Differentiable Fcts N

If f/(z0) = f' (o), then
f(z) is differentiable at
zo and denoted by f’(zo).
From this, if the graph of
function has sharp edge,
then the function is not

differentiable.




0.06

0.04

0.02

6 -0.4 ,og/ﬂv V\l/\ 204 0.6

-0.02

-0.04 \/

-0.06 Since
sinTlL bibrates, we squeeze
from the both sides. As

0 < [sing| < 1, we multiply
the both sides by |h|.

Continuity

i
if
I

x) is continuous at x
and only if lim,_,,, f(x)
Lo)

Differentiability

I

limg 4,

differentiable
To means

f@)=f(xo) _ 7(

r—xo

is

x)

th
ZL’()).

i)

at
at

e Derivatives —\

The differentiable
stant of f(z) can be
thought of the instanta-
neous rate of change at
fixed point. On the other
hand, the derivative of
f(x) can be thought of
the instantaneous rate of
change at arbitrary point.

con-

When we write (f(z))’, we
must differentiate with re-
spect to x.

Prime Notation N

J
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SOLUTION
) 0+ h)— f(0) ~ h2%sini ) )
’ =1 f( -1 h _ 1 —
1(0) 750 h K0 h Hs0 fosin

Now we have .
0<l|hsin—| < |h
< [hsin 7| < [h
Let h — 0. Then )
0 < lim |hsin —| < 0.
h—0 h

Thus, we have f’(0) = 0 and the function is differentiable at x =0 W
Note that f(z) = |z| is not differentiable at x = 0 but continuous at x = 0.
What kind of relation can we find between differentiablility and continuity.

Differentiability implies Continuity

Theorem 2.1 Suppse that f(x) is differentiable at z = x¢. Then f(z) is
continuous at x = xg.

Proof Need to show lim,_,,, f(z) = f(zo). Rewrite

@) = f(ao) = LD gy
and x approaches xg. Then
tm (f(2) ~ (o)) = tim TEZTE0) ()

Tr—To rT—rx0o xr — Q',‘O

Note that f(z) is differentiable at @ = xo. Thus

= f/(xo) . zll)na}o(aj — xo) =
This implies that
lim f(z) = f(zo) W

T—To

The converse of this statement is not true. In other words, continuity does
not imply differentiability. see Example2=3.

-

Derivatives

\

If f(z) is differentiable at each point on some interval I, then we say f(z)
is differentiable on I. In this case, we associate the value of f(x) to each
point in I to get Derivative which is define by

fle+h) - fz)

f'(x) = lim =

h—0

N

NOTE The symbols of derivatives are

df (x)
dx ’

Df(x), (f(x))

To find the derivative of f(x), we say differentiate.



2.1. DERIVATIVES 51

Example 2.4 Find the derivative of the following function using the definition
of the derivative.
1. f(z) = 2", ninteger

2. f(z) =sinz 3. f(x) =€"

SOLUTION 1.

fl@) =

R hnfl]

, . flz+h)— f(x) . sin(z+h) —sinx
I e Rl S
_ hmsinxcosh+cosxsinh—sina:
h—0 h
cosh—1

— limsi n sinh]
= lim s1nx7h Ccos T W

— sing I —sin?h
N bmxhl—%h(cosh—i—l)

+ cosx

—sinh
cosh+1

. . sinh
= sinzx lim —

+ cosx
h—0 h

0
= sinz(1- 75) +cosz =cosx B

3.
, o flath) = fle) et et
A
x(,h _ h _
= limwzﬁlim6 1
h—0 h—0

Now let ¢ = ¢ — 1. Then since h = log(t + 1), we have

eh—1 t 1

I = lm—— =lm
hoo h S0log(t+1) 120 Tlog(t+1)
1 1

tlim T =
—0log(t+1)% loge

=1

Thus , f/(z) =" R
Exercise 2.4 Find the derivative of the following function using the definition.
1. f(x) =cosz 2. f(z) =logz

SOLUTION 1.

cos (z + h) — cosx

fa+h) = f@)

’ .
filw) = ilng%) h h—0 h
B coszcosh —sinxsinh — cosx
) h
_ lim[cos:cCOShi 1 7smxsinh} (COSh 1 R sin h R 1>
h—s0 h h h " h

= —sinx

To find f(x + h), replace = by
x+h. Then we have f(z+h) =
(z+ h)™.

Using the addition formula for
sine,

sin(x + h)

= sinxcosh + cosxsinh

ea:Jrh, x . Lh

= e’

Let u = % Then
limy (1 +t)% = lim,400(1+
i)u —¢

u

cos(a +b)

= cosacosb—sinasinb
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3. By the definition of the derivative, we have

d(log x) ~ lim log(x 4+ h) — logx

dx h—0 h
[Iaw of logarithm] Now using the law of logarithm, to transform the right-hand side,
y ) — y (] = y P
rlogp = logp hn}) N (log(x +h)—logx) = }1111)% log ( )

o hyk
= ;?L%bg(l—'_;) .

Set # =t. Then as h — 0 implies ¢ — 4o0o. Thus
j bk c_1y Ly
Note that loge means log, e. lim log (1+ —)" = hm log (1 + )ar =— lim log(1+-)".
€ h—0 T T t—+oo t
Thus loge = 1.
Since limy_, 100 (1 + %)t = ¢, we have

o Basic Formulas —— d(logz) 1 -
1 (T”) = ne" —1 dx x
2. (%) = ) As you saw, finding the derivative of a function by the definition is not easy.
3. (log 7’)/ =z So we show useful derivative formulas.
4. (sinz)’ =cosx e Differentiation Formula ~N
5. (cosz) = —sinx ) )
6. (tanz) =secx Theorem 2.2 Let f(x),g(x), h(z) be differentiable and ¢ be constant
1
CEE L (f(z) £9(x)) = f'(z) £ ¢'()
- J
2. (cf(x)) = cf'(x)
3. (f(@)g(x))" = [(x)g(x) + f(2)g (x)
4 (f(w)>/ _ f@)a(@)~f(2)g (@)
©\gx) g% (z)
N J

Proof 3..
f(@+h)g(z+h) — f(z)g(x)

(f(x)g(x))" = lim

h—0 h

i L@ Mgl b) — f@)g(e +h) + f)gla+ h) - F@)g(a)
h—0 h

i R = f@)gla+ ) + f(@) (gl + ) — g()
h—0 h

= f(@)g(x) + f(2)g'(z)

Similarly for other cases B
Basic Technique
Example 2.5 Find the derivative of the followings.
Subtract f(z)g(z+h)then | 1 4 =323 420 +3 2 y=e®sina
add the same.

SOLUTIONI.
-Che(?k 7 ' Yy = (B*+20+3) = (3% +(20)+3=3-322+2=922+21
lim f(*L + L}) B f(l) _ f/(.L) \,./l
o sumrute
: 2.
y = ("sinz) = (e%)sinx + e"(sinz)

productrule

= e"sinz+e”cosz = e”(sinx + cosx) W

(— product rule ﬂ
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Exercise 2.5 Find the derivative of the followings.
1. tanx 2. z?log x

SOLUTIONI.

sin x
tan )’ = !
(tan ) G-
(sinzx)’ cos x — sin x(cos z)’
— cos?

quotientrule

Quotient rule

f'(@)g(x) = f(x)g'(x)

(9(2))?
2

cos? z + sin®

cos? x
1
= 5o = sec’z |l
cos? x

= (2*)logx + 2*(logx)’ [Derivative of log 1]
~~ -
productrule (log :L‘)/ = %

y = (2"logz)

1
= 2zlogx +2?%- o z(2logz + ) A

Exercise A

1. Find the derivative of the following functions by using the definition of
derivatives?D

@ f@)=c [B fl)=va-1 Iﬂf@pi%

2. Find the differential coefficient of the following function by using the defini-
tion of the derivative at x = 2

f(w) =5z —a? fla) =Bz —17)?

3. Find the equation of tangent line to the graph of the function at the given
point.

@ fx)=2>-52+3, a=2 [b] f(z)=5-2° a=2 [c] f(z)=Vz, a=4
4. Find the derivative of the following functions:?D
1
&) y=112° — 62> +8 y:—ﬁ ) v=(2*—1)(z —3)

' x—1 — z? -1 6 -1/ 1+at
y—m y_2x—|—3 M y= 72 (gl v=

x2

Exercise B
1. Find the derivative of the following functions:?D
(a) f(z)=cos3z (b) f(x)=(x+2)" (n: integer)
2. Find the differential of the following functions:?D
(a) f(z) =2 (b) f(z)=¢

3. Find the left-hand and right-hand differential coefficient of the following
functions:7D

@ f) =l +al W0 ={ T TE0 (@) = VaTra
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4. Find the derivative of the following functions:?D

3z —1
(a) y = popy (b) y=secx  (c) y=cosecx (d) y=cotx
2 x e’

() y=a%" (f) y=c"sinz (g) y=
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2.2 Differentiation Formnulas

I Differentiation of Composite Functions —

Theorem 2.3 Ify = f(u) and u = g(z) are differentiable as a function of u
and z respectively, then the compostite function y = f(g(x)) is differentiable
as a function of z and

By _dydu_ o) ()

de  dudx

N )

NOTE Denote Az small change of z. Then u = g(z) changes Au = g(z +
Az) — g(x). Also, y = f(g(x)) changes Ay = f(g(x + Az)) — f(g(x)). Thus,
g(x + Az) = g(x) + Au and

flg(z + Az)) = flg(z) + Au).

Therefore,
Ay [l + Ax)) — fg(@))
Avso Aw Alglgo Ax
_ i Tl(@) + Au) — fg(2)) Au
Azx—0 Au Az
_ iy Jl9@) +Au) — flg(@)  g(z+ Az) - g(x)
T A0 Au Az

Note that Az — 0 implies Au — 0 and y = f(u),u = g(z) are differentiable, we
have
dy dy du
dr  du dz’
Example 2.6 Differentiate the following functions.
1.y = cos (2 + x) 2. y = log|z|.

SOLUTION 1. cos (z? + ) is a composite function of u = z? +z and y = cos u.

Thus
dy _ dydu

dx  dudx

2. Suppose x > 0. Then y = logz and g—z = % Suppose next that z < 0.
Then z < 0 and |z| = — imply y = log |z| = log(—x). Set u = —z. Then ,

= —sinu(2z +1) = —(2z + 1)sin(2* +2) A

dy log(—z) logu du 1 1 1

dr  dx du.dx_ﬂ'(_l):_izi.

—x T

Exercise 2.6 Let n,m be integers. Differentiate the following

33

Yy=x
SOLUTION Raise both sides of the equation to the nth power.

n m

y =z

Now differentiate both sides by z. Then

dy") _ ) dy e dy
dx dy dzx dx
d(xm) m—1

o Understanding —

Let = be the number of
plankton, u be the num-
ber of minnows, and y
be the number of perch,
then Z—“ represents the
A X
rate instantaneous change
of minnows against plank-
1,
ton. Also, % repre-
’ U .
sents the rate of instan-
taneous change of perch
againt minnows.  Thus,
the rate of instantaneous
change of perch against
plankton can be expressed

(22
v

d
by 2.

Example2-6-1.

(cos (2% 4 x))" = —sin(z”® +x)-
+ ) = —(2z + 1) sin(2? +
).

Derivative of Log

3. (loglz|) =1

xr




[ Excercise2-6)
We raise both sides of equation
to the nth power so that we can
use (") = na"~ L.
To find d(dg; ), we first differen-
tiate with respect to y. Then
dy™) _ dw")  dy

der ~—  dy dx

S Inverse —

In Exercise2.4, we have
found the derivative of y =
logxz. But note that y =
log = is the inverse of y =
e”. Thus y = logx is the
same as r = ¢Y. By the
theorem above, differenti-
ate both sides by y, we

§ de __ 1
get go = e¥. Therefore,
dy _ 1 _ 1
de — e¥ T oz’
\ J

cos?y + sin’y = 1 XXNXK

cosy = £1/1 —sin®y.

Derivation

Divide both side of cos?y +
siny = 1 by cos?y. Then

cos? Yy + sin? Yy o 1
cos? y cos? y cos?y”

we have

Now write —— as secy.
cosy

How to read sec
we read secas secant.

/— Basic Formula ﬂ
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Thus
n n—1 @ — mxmfl
dx
From this, we obtain
dy —m xmflim M1 y_m xmL Q:%im 21
de  n yv' n y" oz on ™ z  n

Differentiation of Inverse Function

Theorem 2.4 Suppose that y = f(z) is differentiable on some interval
and f'(x) # 0. If the inverse z = f~1(y) of y = f(x) exists, then

dr 1
dy  dy/dx
Proof Let 29 = f~!(yo). Then
de o f7My) = wo) r—x9 1
— = lim = lim =
dy v Y — Yo a=ao f(x) = f(zo)  dy/dw

Example 2.7 Find the derivative of the following.

y=sin"tz
SOLUTION Note that y = sin"!z < x = siny for the principal value is in

—g <y< g Differentiate both sides of z = siny by y. Then

dxr  d(siny)

— = = cos

dy dy /
Since cosy > 0 for —g <y< g7

cosy = /1 —sin®y = /1 — 22

Thus by the formula for differentiation of inverse function,

dy 1 1 -
de  dx/dy  /1— 22

Exercise 2.7 Find the derivative of the following.

Y = tan"!z

SOLUTION Note that y = tan~'z < z = tany for the principal valueof y €

—g <y < g Differentiate both sides of = tany by y. Then

d d(t
de _d{tany) _ o0 1 tany =14 42,
dy dy

Then by the formula for the differentiation of inverse, we obtain

dy _ 11
de  dx/dy 1+ a2
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Logarithmic Differentiation

é )

To find the derivative of y = 2. We first take logarihtm to both sides.
Then

logz® (logp? = qlogp)
alogx

logy
logy

Next differentiate both sides to get

1, 1
2y —a-

Thus,

- J

NOTE The name logarithmic differentiation comes from this process. We
also note that the derivative of y = x® looks exactly the same as the derivative
of y = a™.

Example 2.8 Find the derivative of y = .
SOLUTION Take logarithm of both sides, we have
logy = logx” = xlog x.

Differentiate both sides with respect x.

/

1
v =logz+z— =1+logx.
Y x

Thus
y =2"(1+logz) M

Exercise 2.8 Differentiate y = (sinx)?.
SOLUTION Take logarithm of both sides, we have
logy = log (sinz)® = xlogsin x.

Differentiate both sides with respect x.

/

y . Ccos T
= =logsinx + x—
y sin x
Thus T COST
y' = (sinz)*(logsinz + ———) A
sin x

Differentiation of Parametric Functions

Theorem 2.5 Suppose that x = f(t) and y = g(t) are differentiable on I
and f'(t) # 0. Then y is differentiable in x and the following is holds.

dy _# g
de 4z fr(t)

NOTE For a function y = f(x), the value of y is determined by the value of
x. If you want describe the behavior of ant on a table, you want to know the

d(log y)
dx

v
de — y

d(log y)
dy

dy

Note that the derivative of z®
can not be derived from the ba-
sic formula. Thus we use loga-
rithmic differentiation.

Note that zlogx con-
tains two x’s. In other words,
it is a product of z and logx.
Thus to find the derivative, we
have to use the product rule.
Then (xlogz) =1-logx + x -
% =logx + 1.

log(sin z:)* can be expressed as
xlog(sinx).

Using the formula for the
differentiation  of  inverse,
. (sin 90)/ __ cosx

R )\
(log S L) ~ sinz ~ sinz’
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— Understanding — position of ant. To do this,  and y must be expressed using the time variable ¢.
Then we say t parameter. If x and y is given by ¢, then by the small change of
Ay
% — g Thus the rate | tcause some change of x and y. The amount of change is given by Az and Ay.
e AT ) .| Thus the rate of small change of y with respect to small change of x is given by
of infinitesimal change is | A,
given by Az’ J
Example 2.9 Given x = acost,y = asint, a > 0. Find el .
d dy dx
Y _ ar
de % SOLUTION
o ) dy _ dy/dt
de  dxz/dt
cos®t XNXNXX
. d acost cost
cos® t means (cost)®. Thus dl = i sint
(cos®t) = 3(cost)? vooTasu St
(cost) = —3sintcos?t.

) d
Exercise 2.9 Given z = acos®t,y = asin®t, a > 0. Find cTy
x

SOLUTION
dy dy  dz 3asin®tcost

= — =— ——— = —tant
de dt’ dt —3acos?tsint
Exercise A

1. Find the derivative of the following functions using the differentiation of
inverse functions?D

y:x%,x>0 (Bly=+vz, >0
2. Find the derivative of the following functions;

1
y = (2% +1)"" y= (2" + ;)3 [y =[2z+1)%+ (z+1)*?
. . d
3. Flndﬁ
x:t+1,y:t2—1 @xQ—i—yQ:l

4. Find the derivative of the following functions:
r?logz  [b)®sin2x sin™!(22)  [dVer +1 [e) (sin(z +1))>
xsin~!(2z)
Exercise B

1. Find the derivative of the following functions using the differentiation of
inverse functions?D

(a) y=cos 'z (b) y=tan 'z

2. Find the derivative of the following functions using logarithmic differentia-

tion.
— 2 z?+2r+1 _ T . z _ 1/
(a)y—x\/m b y== (c) y = sin(z") (d)y—x/
3. Find 2.

1 1
(a) x =acost,y=asint, a >0 b) e=Vt——y=t+—

t Vi
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4. Find the derivative of the following functions:
(a) 2°(14++x) (b) z3tan2z  (c) xsin"'z  (d)
rsinz
(f) zsin'z+v/1—-22 (g)tan (22 +1) (h) cos(v2z + 1)
(i) w (G)e**cosz (k) log|z + Va2 + Al (1)y =sin(z* + 1)
TSN + cosx )
(m) y = cos (Vo F 1) (n) y= e

x
241



3rd derivative is denoted by
3,

f"(x) or % But the 4th

derivative is not denoted by

" (x). Instead f*(z) is used.

Infinitely Differentiabl

sinx,cosx,e® are in-
finitely differentiable on

(—00, 00).

Explanation

We show why (%) + (%)) =
(l‘dir]) holds. We study out-
comes of the case when you
draw 2 balls out of box contain-
ing 5 balls. Suppose you put
some mark on one of the balls.
Then the number of outcomes
for drawing two balls out of 4
balls is (3) Next, the number
of outcomes for drawing two
balls with one is marked is (“11)

Thus, (8) + (3) = 3).
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2.3 Higher Order Derivatives

nth Derivatives

4 )

If the derivative of y = f(x) which is ¢’ = f’(x) is differentiable, then we
can think of (y')’. We call this second derivative of y = f(z) and write

Py D2fia)

v (@), s

If this second derivative is differentiable again, we can think of the 3rd
derivatives. In this way, we can define nth derivative. If (™) (z) exists,
we say f(x) is n times differentiable

J
NOTE If (™) (z) is continuous, we say f(zx) is class C" . Also, if for all n,
0 (x)exist. Then f(x) is called infinitely differentiable or class C*.

——— Properties of Higher Order Derivatives —

Theorem 2.6 Suppose that f(z) and g(z) are in class C™ and ¢ is constant.
Then we have the follovvlng

L {f(x) £ g(x)}™ = f)(2) £ g™ ()
2. {cf(x )}(”)—cf(”( )

5 (@) =3 > (1)@

}<t> A4 ()

dt
4. —=c 1mphes
dx

N

NOTE The theorem 3. is called general Leibnitz rule. (n) =
)

n!
il(n —1)!
Proof of 3. Use induction on n. For n = 1, we have

(f(@)g(x))" = f'(2)g(x) + f(2)g'(x)

Next assume this theorem holds for n = k and consider for n = k + 1.

i( )10

=0

(k)

(f(@)g(x)) D = [(f(x)

(k> (1= (1)) - (k) (k=) ()4
) +Z f (z)

_ R 1) (40 X P10 (30 (5
(5)s +Z(1) ()9 (@)
I )y ) + 10 o)

I
-
= 1 M»
[}

=0 i=1

:fwwmm+i(®+ck

i=1 o
k+1
k+1 X .
= Z( + )f(’““_”(w)g(”(fv)-
i=0 v
Thus we have

n

{F@)g(@)}™ =3

=0

(7)o m
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dt af(t daf(t) dt df(t
Proof of 4. Suppose — = ¢. Then & = & C— = c&. Thus true for
dx T dt dz dt
n = 1. Now assume true for n — 1 and consider for n.
" dnfl n— dnfl dnfl
arf(t) _ d ) _de™ 1) _ 1 ) Lat
dx™ dx dx dt dx
der ~ Derivatives of sin, cos ~
Example 2.10 Find the nth derivative of the following functions. .
] ) 1 If you start at sinx, then
L f(z) =sinz 2. f(z) =sin2x 3. f(z) = -z rotate clockwise in the
picture, now you get
SOLUTION derivative of sinx. Now
1 Fl(x) = cosw —sin(z+ T) note that if you add 7/2
F(2) = —sinz — sin (x _ﬁ ) to sin x, then you get
F"(z) = —cosx = sin (z + 31) cosx. From this
™ () nx ) ) . observation,
en we can show [z =sin(x + ?) by induction W sin(z + 7/2) = cosz =
dt (sinz)’
2. Let t =2x. Then i 2. Thus, P G—
d™(sin 2x) L, d"(sint) n . nw " nw =
prra 2 o 2" sin(t + 7) = 2" sin(2z + 7)
3.
, _(]_ _ .’E)I 1 9 -sin x
_ — —(1—
/@) 022 a-az 079 - Y,
') = —20—z)73(-1)=201-=x)"° o Basic Formula ——
(@) = —6(1—-2)7H (1) =6(1—a)" (sinz)™ = sin(z + %)

Thus we can show f (") g = by induction H

(1 —z)ntt
Exercise 2.10 Find the nth derivative of the following functions.
1 3 —a z3
1'1—:102 2. h(z) =z’e ‘1—=

SOLUTION 1. Using the partial fraction, to write

1 _1( 1 N 1
T2 42 1-z

)

1— 22
1
Then find ( )™ and ( )™,
14+ 11—z
( L )™ = (1 — 2)~ (D) = _n
11—z ' (1 —x)ntl
Next consider H% = ﬁ Put t = —z. Then j—; = —1. Thus,
(L)(n) _ M
1+ (14 z)ntl
Therefore,

1 4
(l—x2> =3 ((—U"”’(l +a)" D) (1 - x)7<n+1>) -

(cos :L')(”> = cos(x +

(L)(n) _ n!

11—z — (1—x)ntt

. J

)




{ Exercise2-10-1. J

Recall the partial fraction.
. 1 L1 A
Write 1—x2 as 1—22 = 14z +

B

1=5- Then clear the denomi-
nator to have 1 = A(1 —z) +
B(l4+z)=(-A+B)x+ A+
B. Now this equation must be
true for all x. Thus we have

—-A+DB=0 __ .
A+B—0. From this, we
have A = %,B: %

(Exercise2-10-2. |
Note that nth derivative of x*
and e=® are (z3) =0 n >
3 and (e—zl;)(n) — (_1)”6—.’1:.
Then, in the Leibnitz theorem,
we take g(z) = z5.

[ExerciseQ—lO-S. }

The nth derivative of 23 is 0 for
n > 3, and the nth derivative
of (1—z) lis (1 —2)"H)™ =
n!(1 — z)~+) . Thus we can
use general Leibnitz rule. But
it is usually not good way to
solve.

CHAPTER 2. DIFFERENTIATION

2. Note that (23)®*) = 0. Thus we let g(x) = 2> and f(z) = e~ and use

general Leibnitz rule,

n

(@)™ =3 () ) gl
k=0

= (1) + (-1 e (322)

() BRA U G (W

= (- "(@* - 3nx* +3nn— Dz —nn—-1)(n—-2) N

R (z)

+

3. Since the degree of the numerator = 3 > 1 = the degree of the denomi-

nator, divide the numerator by the denominator.

3 1
a =2’ —z—1+ .
1-2z

1—x

Since (1) =nl(1 — 2)~ ("D = 2 we have

1 = =)

“2w—1+7Ls n=1

(1—x)?
—2+ﬁ n=2 N
n! n>3

()" =
1—2x !
(I—z)nF1t

Exercise A

When the motion of an object is given by the following equation, find the
position, veclocity, and acceleration at tg = 07D

&) y(t)=4+3t—t* [B) y(t)=1t>—6t
Find the second derivative of the following functions:
fl@)=+vz2+1 [B] f(z) =zlogzx f(z) =€e"sinzx

Exercise B

18

o
@ v(t) = 75

Show the following formulas are true.

. . nm nm

(a) (sm ;L-)(”) = sin ({E + 7) (b) (COS [L’)(n) = cos (.’E + ?)
© [(1+2)"™ =a(@—1)--(@a—n+1)(1+ )"

Find the n-th derivative of the following functions.

(b) f(x) = x?sinx

(¢) f(z)=e"sinx
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2.4 Mean Value Theorem

As a property of continuous function, we have Intermediate Value Theorem and
Extreme Value Theorem. Then we ask what kind of properties differentiable
functions have.

Mean Value Theorem

Theorem 2.7 Let f(z) be continuous on [a, b] and differentiable on (a, b).
Then there exists at least one £ € (a,b) satisfying

f(0) = f(a)

Y e

fib}

fla)

Figure 2.2: Mean Value Theorem

NOTE Note that M can be thought of the slope of line passing through
two points (a, f(a)), (b, f(b)). Then M = f'(&) for x1 < £ < 2 can be
—a

thought of existence of tangent line with the slope is the same. Suppose that f(z)
is the position of a car and the interval [a, b] represents time. Then, f(b) — f(a)
represents the distance moved during b — a. In other words, W represents

the average speed. f’(£) represents the instantaneous speed.

Rolle’s Theorem

Theorem 2.8 Let f(z) be continuous on [a, b] and differentiable on (a, b).
If f(a) = f(b), then there is at least one number ¢ in (a,b) such that

fl©=0

Proof Since this function is continuous on [a, b], by Extreme Value Theorem,
f(x) attains the maimum value and the minimum value in the interval [a,b].
Let & be such that f(€§) is maximum. Then we have f(§) > f(a) = f(b). Thus

forx>§M§0,
x—=§
forx<§w20.

Since f(z) is differentiable, the left-hand side of the above inequalities is
(&) and we have.

(<0, f(§)=0.
Note that f/(£)exists. Thus
f'(€) =0.

— Understanding —
The Mean Value Theo-
rem says that if you drive
60km in 1lhr, then your
average speed is 60km/hr
and you must drive your
car faster than 60km /hr at
least once.

J

Understanding

If you shoot a ball upward
and if the ball comes back
to you, then there is a mo-
ment the ball stopped in
the air.

One Side
PP {€)
+(£) 1¥§£i—‘ x
fL©) = tim 1




Example2-11

Graph of y = 23 — 22

To find x satisfying m =

5, we squared both sides of the

equation. Then ﬁ = ”/—
Now take the reciprocal. Then

l—2"=— 4 which implies z2 =
1— i
w2

Connect two points A and B by
straight line and think of this
line as z-axis. Then the func-
tion takes 0 at A and B and we
can use Rolle’s Theorem.

B

Increasing/Decreasing

The graph of a function
f(x) is said to be increas-
ing .
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Similarly for the minimum to have f'(¢§) =0 B

Example 2.11 Find the admissible value of the following function.
f(.]?) = xB - xZa [_L 1]

SOLUTION f(-1)=-1-1=-2,f1.=1-1=0and f'(z) = 322 — 2z. Then

frL.-f=1) _0-(=2)

32% — 22 = —
e Y G 2

=1

Rewriting
322 — 22— 1= 3z +1)(x — 1) =0.

Thus we have z = —1, z = 1. But & must be in (—1,1). Therefore, z = —1 is

T3 3
the admissible value B
Exercise 2.11 Find the admissible value of the following function.
f(z) =sin"tz, [0,1]
SOLUTION Note that f(0) =sin™' 0 =0, fl. =sin"' 1 = Z and f'(z) = 1£z2'
Then we find x satisfying
1 _fL—fO) o«
Vi—22  1-0 2
22 =1— 2 implies z = +,/1 — 5. We note that —y/1 — % is not in (0,1)
4

Proof of Mean Value Theorem assuming Rolle’s Theorem
The idea here is to create the function which satisfies the conditions of
Rolle’s theorem. The equation y = P(z) of line passing through two points

(@, f(a)),(b, f(b)) is given by

y=TO O )1 p) = Pea).
Now let g(x) be the f(z) — P(x). Then
o) = f) ~ (OO 0oy piw).
Thus, g(a) = f(a) ~ P(a) = f(a) — f(a) = 0 and g(8) = F(B) — P(5) =

f(b) — f(b) = 0 which satisfy the condition of Rolle’s Theorem. Thus by Rolle’s
Theorem, there exists at least one £ € (a,b) such that

d©=re- W10 o

Increasing/Decreasing Functions

4 )

If f(z) is defined in the neighborhood of = a and for h(> 0), f(x) satisfies
fla—h) < f(a) < f(a+h). Then f(x) is increasing at z = a
If f(x) is defined in the neighborhood of z = a and for h(> 0), f(z) satisfies
fla—h)> f(a) > f(a+ h). Then f(x) is decreasing at z = a

%The neighborhood of z = a is the interval (a — §,a + §).

N
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Increasing /Decreasing Functions
— Understanding —
Consider the curve and a
point whose slope of tan-
gent line is positive. Then

NOTE Consider f’(a) > 0. the neighborhood of this
point, the curve is concave
fla+h)— f(a)

. _ up
fimy h fla)>0 N

If |h| is small enough, then

For h < 0, let h = —k. Then
fla+h) = fla) >0 k> 0and f(a+h) < f(a) be-
h comes f(a —k) < f(a).
Thus h > 0 implies f(a) < f(a + h) and h < 0 implies f(a + h) < f(a).
Therefore, f(x) is increasing at = = a.
Application of Mean Value Theorem

Theorem 2.9 Let f(x) be differentiable function at z = a. If f'(a) > 0,
then f(x) is increasing at @ = a. If f'(a) < 0, then f(z) is decreasing at
x = a.

J

Properties of Differentiable Functions

Theorem 2.10 Let f(x) be continuous on [a, b] and differentiable on (a, b).
Then

1. If f'(z) =0 for all z in (a,b), then f(z) is constant function on [a, b].
2. If f/(z) > 0 for all z € (a,b) and there are only finite number of x
satisfying f’(x) # 0, then f(z) is strictly increasing on [a, b].

NOTE we need to show for any 7 and x9 satisfying a < 1 < zo < b, f(z1) = Understanding
f(z2). Given a closed interval [a, b], we choose x1 and 25 so that a < 21 < x5 < b. The sl - 5
Then since f'(x) = 0 for all x, for any ¢ satisfying z1 < £ < 2, we have ¢ slope of tangent e

ey . becomes 0 only at finite
f'(€) = 0. Thus :

fx2) = fz1) = (2 —21)f'(§) =0 point.

and f(x1) = f(x2).
If f'(x) > 0, then f(x1) < f(xz). If 21 < z9 and f(x1) = f(x2), then by 1),
f(z) is constant on [z1,x2] and f’(z) = 0 which violates the condition. Thus,

r1 < To = f(xl) < f(.]?z)

Therefore f(x) is strictly increasing function on [a, b].

Same Derivatives

Theorem 2.11 Let f(x) and g(x) be continuous on [a, b] and differentiable
n (a,b). If f'(z) = ¢'(x) on (a,b), then

f(z) = g(z) + ¢ where c is constant

Proof Let F(z) = f(z) — g(z). Then F'(x) = f'(x) — ¢'(x) = 0 implies F(z) is
constant. Thus F(z) = f(z) —g(z) =c B

Example 2.12 Show that the function f(z) =z — sinx is strictly increasing Example2-12

T )
on [*57 5] Need to show f/(x) = 0 is sat-
isfied by a finite number of x.
SOLUTION Note that since —1 < cosz < 1, we have f'(x) = 1 —cosz > 0.
Now f’(x) = 0 implies that © = 0, +7,+27,.... Then x = 0 is the only one
ﬁ, z} [ | Exercise2-12
2°2 5 o a1
To compare, we can use strictly
increasing.

which is in ( %ﬁ, g) Thus f(x) is strictly increasing function on [—
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Exercise 2.12 For x > 0, show the following inequality is true .

2
1+x+%<em

2
SOLUTION Let f(z)=e" - (1+z+ %) Then since f(0) =0, if we can show

f'(z) > 0, then we can show f(z) > 0. So we find f/(z). Since

fll@)=e"—1—a, f(0)=0

To show f(z) >0

If we can show f'(x) >
0, then f(z) is strictly in-
creasing. So if f(0) = 0,

we find f”(z). Then
then for > 0, f(x) > 0.

['@)=er -1

We know for 2 > 0, we have e® > 1. Thus f”(x) = e* — 1 > 0 which implies
that f/(x) > 0. Therefore f(z) >0 MW
Exercise A

1. After varifying that the fuction safisfies the conditions of the mean-value
theorem on the indicated interval, find the admissible values of £7D

f(x) :an [172} KE f(.%‘) 2333, [173] f(x) =V1-2a? [0’1]

2. Find the intervals on which f increases and the intervals on which f de-

creases.
f(a:):x3—3x+2 f(x):x—k% el f(z) =x(z+1)(z+2)
@ f@)=17s [ @)=l -1+

3. Answer the following question?D

Find the greatest possible value for zy given that x and y are both
positive and x + y = 407D

(b)] Find the largest possible area for a rectangle with base on the z-axis
and upper vertices on the curve y = 4 — 2

Find the largest possible area for a rectangle inscibed in a circle of
radius 47D

[d] Find the shortest distance between the ellipse 2% + 2y? = 2 and a the
line x +y = 67D

Exercise B

1. Find the admissible value for xi?D

(a’) f(fE) :‘T?’fzzv [7]-’1] (b) f(d?) :Sin_lxa [07 1] (C) f(:l?) :logx, [176]
2. Show that f(z) = x — tanx is an strictly increasing function on the interval

—Z. Iy

27277

3. Show the following inequalities are true?D

(a) For:v>0,1+%<log(1+:r) (b) Forx>0,Txm2<tan*1z<z

(c) € > m°
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2.5 Limit of Indeterminate Form

s Indeterminate Form ~

The following cases are indeterminate.

1. limg, ., % = (0)0r (%)

2. limgq f(2)g(z) = (00 - 0)

2. limya(f(2) £ g(2)) = (00 —00)

3. limg,_, f(:c)g(z) = (ooo) or (0%)
NS J
e Cauchy’s Mean Value Theorem ~

Theorem 2.12 Let f(x) and g(z) be continuous on [a, b] adn differentiable
on (a,b). If g(a) # g(b) and f'(z) and ¢'(z) never takes 0 simultaneously,
then there exists at leat one number & € (a,b) such that

S Mistake —\

Apply the Mean Value
Theorem to f(z) and g(x).
Then

fb) = fla) = f'(&)(b—a)

g(b) —g(a) = ¢'(&2) (b — a)

Now dividing the top
equation by the bottom
equation, we obtain

Here, there is no guarantee
that & and & are equal.

G(a) = f(a) - ﬁ%ﬁﬁ%@

9(a
F(b

)) — f(a) = 0. Then g(b)
) — LH=L (g(b) — g(a)) —
f(ﬂg f(0) = f(b) + f(a) -

(a

f) = fla) _ f(§)
g(b) —g(a)  g'(§)
- J
Proof We consider a function which satisfies the conditions of Rolle’s Theorem.
Let
7 f(b) — f(a)
G(x) = f(z) - m(g(fﬂ) —g(a)) — f(a)
Then G(a) = G(b) = 0 and G(z) satisfies the conditions of Rolle’s Theorem.
Thus there exists at least one number & € (a, b) such that
/ el _ f(b) B f a) / —
Now note that since 0) - f(a)
/ _ - a) , —
FO a9 =0
if ¢’(¢) = 0, then f/(£) = 0 and this violates the assumption. Therefore, ¢'(£) #
0 and
F6) -~ @) _ 110 o
g(b) —g(a)  g'(§)

L’Hospital’s Theorem

Theorem 2.13 Let f(x) and g(z) be continuous on [a,b] and differen-

tiable on (a,b). If f(a) = g(a) = 0 and zgﬂo i;g))
fz) _

= [ exists, then

rz—a+0 g(x)

Proof Let x be such that ¢ < z < b and consider

f@) _ fz) - fla)
g()

g(r) — g(a)

Then by Cauchy’s Mean Value Theorem, there exits at least one number £ €
(a,b) such that

9 M 9
~ L’Hospital’s Theorem ~

1. First make sure that
limit is in indeterminate
form of either ( ) or (22).
2. leferentmte the nu-
merator and denominator
separetely.

3. After differentiation,
Simplify the expression.
4. If it is indeterminate
form again, repeat 2.3.

J




(sinxz 4+ zcosx) = (sinx) +
(xcosxz) = cosx + 2/(cosx) +
x(cosz) = cosx + cosx —

rsine = 2cosx — rsinx.
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Thus,
lim &— lim 719

v=at0 g(xz)  €vato g'(€)

~

=/

Example 2.13 Evaluate the following limit.

. sinx —xcosz
lim ————
z—0 sinx —x
o . 0 . .
SOLUTION This is indeterminate form of o Then differentiate the numerator

and denominator separately, we have

rsinx
im ———.
z—0 cosx — 1

0
This is again indeterminate form of 0 So, differentiate the numerator and

denominator separately, we have

. sinx +xcosx
lm —mMM8M .
z—0 —sinx

This is again indeterminate form of o So, differentiate the numerator and
denominator separately, we have
2cosx —xsinx 2

lm ——Mm— = — = -2,
z—0 —CcosT -1

Now apply L’Hospital’s Theorem, we have

. sinx —xcosz
lim —=—-21
z—0 sinx —x
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To find the limit by L’Hospital’s Theorem, we usually write in the following
way.

im sinx —xcosx (9)
=0 sinz —x 0
T sin 0
L lim = ()
z—0 cosx — 1 0
« .. 2cosx —axsinx 2
= lim—— = — = -2,
z—0 —Ccos T -1
Exercise 2.13 Evaluate the following limit.
.1
lim — sinx
z—0 X
SOLUTION )
Note that this is indeterminate form of oo - 0. Then we replace — sinz by

22

sin x .. . 0 :
5—- Then it is indeterminat form of 0 Thus by L’Hospital’s Theorem, we
x
have .
. sinz . ., cosz
lim = lim
z—0 2 z—0 2z
. cosx . cosx o .
Here, lim = —o00, lim = 00. Thus no limit exists W
z—0— 2z z—0+ 2T

Example 2.14 Evaluate the following limit.
e 1
A

e
SOLUTION This is indeterminate form of oo — co. Then replace — — — by
x

lim
z—0+

et —1

. Then it is indeterminate form of g Thus

. e —1 . . e’
lim = lim — =1
x—0+ €T x—0+ ]_
Therefore,
er 1
lim (———-)=11

Exercise 2.14 Evaluate the following limit.

lim (1+ x)%
z—0+

SOLUTION This is indeterminate form of 1°°. So we rewrite (1 +x)% into

1
wlog(142)  Then = - log (14 z) is indeterminate form of oo - 0. Thus replace
x

e
1 log (1 0
—-log (14 z) by M. Then in the form of 0 Thus
x x
lim (1+2)F = lim erlog(+o) = |y =5
z—0+ z—0+ z—0+
e e
r—0+

Exercise A

In this paper, when we apply
L’Hospital’s rule, we use the

following symbol = .

0 o)

— Other than (), () —~

Note that L’Hospital’s
theorem only can apply

(8) , <§) Other inde-

terminate form appears,
you must change into

(3).(%)

L f(z)g(z) = (0 o0)

o) = 12 o ()
g(x)

3. (f(x)!@) — (1=
or o) f(x)9®)
clog f(2)7(

¢9(@) log £ ()

(€0 or e0>°)
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1. Find the limit of the following functions:
.. sinx . logzx — o VT —2 .21
xl—l>%l+\/§ @whglll—x il_r)r}l x—4 @;I—% x
1—coszx z—1 2sinx et —e "
\ \l s i/ \l s | 0 \l M 1 \l M
ilg%) 3z xll)ngo r+1 aclggo T ili% x
Exercise B
1. Find the limit of the following functions:
in 2 —1 in~*! 1
(a) lim s%n v (b) lim cosr T2 (¢) lim s (d) lim zsin —
z—0 sin 3x z—0 T z—0 T z—0 T
(e) lim(i - L) (f) lim (1 —sinz)®**  (g) lim(ez — 1)1”
z—0" 12 Sin2 x =3 z—0 x

(h) lim(1— )™=

x—0
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2.6 Taylor’s Theorem

Is it possible to express transcendental function f(z) such as e®, logz, sinz,
tan~! 2 using polynomials? The next theorem answers such a question.

’ transcendental functio
~ Taylor’s Theorem ~ T

Theorem 2.14 1If f(z) is class C™ on [a,b]. Then there exists £ in (a,b) Let
such that AO( ) Al()aA'rl(T)

be polynomials in .

(n—1) o 0 — (o

B , f (a) . Then a function y = f(x)

f(b) = f(a) + f(a)(b—a)+- (n —1)! (b—a) + \R", ’ satisfies a  polynomial
Remainder equation

Taylorpolynomial

Ao(w)y" + An(w) =0

(n)
R, = ! |(§) b—a)" .
n: is called algebraic func-
Lagrange’sRemainder tion. A transcenden-
_ ) tal function is a func-

NOTE Note that for n = 1, we have f(b) = f(a)+ Ry, where Ry = f/(§)(b—a). | tion that does not sat-
Thus for n = 1, Taylor’s theorem is the same as Mean Value Theorem. For isfy a polynomial equa-
n =2, we have f(b) = f(a)+ f'(a)(b— a) + Rz, where Ry is the difference of the | tion whose coefficients are
value of line y = f'(a)(x —a) + f(a) and function f(z) at £ = b. In other words, | themselves roots of poly-
R, is an error caused by approximation of the value of f by the line. Similarly, \nomials.

R3 is an approximation error of f by a quadratic polynomial. /
Proof Let K be an expression satisfying
" (a) o, (b=a)"
f— / _— DY —_— _— n
F0) = Fl@) + F@)b—a) ot S - K
Let )
— [0 (z b—x)"
Fla)=f(b) - fz) = Ay
k=1
Then F(a) =0, F(b) = 0. Thus F(x) satisfies the condition of Rolle’s Theorem
. Thus
FO) = f(b) = fb) -
DR ®)(¢ i
F/(f) _ Z J; b 6 k 1 + Z f )k—l 2711 f(’\lj'(b) (b o b)k; o
k=2 ( (b nll)> K =0
-9 !
K
R P}
S ne1, (0=
= —fl)+ 1 - n _( 1))! (I ((n _)1)! K=0  Understanding ——
Therefore, 1. Taylor polynomial
K =f™ ¢ m around a = 01 "
n—1 f 0 A
In Taylor’s theorem with @ = 0 is called Maclaurin’s Theorem. Set b = z. P(x) = k=0 ! k-!( Lk,
Then we have 2. Lagrange’s remainder
R f(”)<‘9,)
(n—1) (k) n n!
_ / . f (O) n—1 f
@) = £0) + 7O+ + 2o a4 R, z Ra L )
(n) (g
where, R, = ! '(g)x" = / (‘ x)x", 0<f<1.
n! n!
Now error estimate is given by |R,|, where & —Ox —
(9;5) o o) || Note that £ € (0,z). Now
| Bn| = | < (erg[%}i] PACE )|)7 we show £ = 0z, where

0 < 6 < 1. Note that
Ox = (x — 0)0 can
represents all numbers
form 0 to Ox. Since
Ox < z, we have
0<fO<1.




o sin, cos —
cos(z +7/2) = —sinz =
(cosz)
sin %, cos xME A

sin x

—COSs X cos X

-sin x
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Example 2.15 Find a Taylor polynomial and error estimate of the following
function expanded around a = 0.

flz)=¢"
SOLUTION Since f(")(z) = e*, we have f(")(0) = 1. Find a Taylor polynomial
around a = 0, we have

n—1 2 n—1

1 T T
Pz)=) =zF=1 T .
(x) 2 EEd +z+ o1 + 4 1)

We next find error estimate. Since
f(n)(ox) eGmxn

R, = " =
n! n!
we have . .
(Rl < (max [e#) 2L < jer 2
0e(0,1) n! n!

Exercise 2.15 Find a Taylor polynomial and error estimate of the following
function expanded around a = 0

f(x) =cosz

SOLUTION Since f((z) = cos(z + &), we have f(™(0) = cos(%*). Thus
AFARIO)

Taylor polynomial around a = 0 is P(z) = Z Txk Now we divide this
k=0 '

into two cases.

case 1. k is even. Let k = 2m. Then f™(0) = cos(22T) = cos(mm) = (—1)™

case 2. k is odd. Let k = 2m + 1. Then fZm+1(0) = cos( 2™y — 0. Thus

n—1 nt
_ FP0) S ED™
Pla) = ;;) o T A (2m)!“””2 '

We next find error estimate.
cos(fx + 2&)z™
n!
Thus error estimate is

2" _ |z]

nm
IR,| < (Grer}gﬁ)lcoswﬂ S = .
s MacLaurin Series Expansion ~

Suppose that f(z) is infinitely many times differentiable function on an
interval containing x = 0. The by MacLaurin’s theorem, we have

= fB(0) 4

f(x):kzo o ” + R,

(]

If R, — 0 (n — c0), then we can express f(x) as

_ £(m)(
fla) = Y L

In this case, the right-hand side is called MacLaurin Series Expansion

of f(x).
NS

n=0

J
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MacLaurin Series Expansion of Basic Functions —
Theorem 2.15

- L
1. — ", <<
g " —00 < & < 00)
s N SIJ2TL+1
2 sm:c:Z(—)m, (—o0 <z < 00) ;
n=0 \ : Note that k takes values from
n k=0tok=n—1. Suppose
3. = -1 —
cose T;)( ) (2n)!” (=00 <& < 00) k =2m. Then for 0 = k = 2m
0 implies m = 0 and for n — 1 =
4. v an’ (-l<z<1) k = 2m implies m = %
> n Understandin
5. log(l+a)=Y ()", (-1<z<1)) ( 7T
n=0 n In MacLaurin’s theorem,
S ala—1)--(a—n+1) a function is expressed by
6. (1 &= "(-l<z<l1 ' :
(I+2) 7;) n! = . ) Taylor polynomial and er-
\_ J | ror term. If the size of

error estimate is getting

NOTE To show MacLaurin series expansion, we need to show lim,, .., R, = 0.
close to 0, then we should

But it is not easy to show lim,_,., R, = 0 by using Lagrange’s Remainder R,,. 3 .

So, we use different method. Suppose we express a MacLaurin series expansion }?C .ablc t‘(.) write f(z) as in-
of f(x) as Y..° ;b,. Then showing |R,| approachs 0 is the same as showing Kfmlte SEres. )
>0 o by converges. To show > 7 b, converges, it is useful Limit Ration Test

Limit Ration Test -Check k
oo - £ >(0) ok o=
n=0 TL €

Theorem 2.16  Suppose > - .b, be a nonnegative series. It n=1 0§ p
b’g%| < 1, then Y7, b, converges. k=0 F T T I

rRadlus of Convergenc%

limy, o0

Example 2.16 Find a MacLaurin series expansion of the following functions. N

1. f(z)=¢e" 2. f(z) =sinz Replace a,z™ by b,. Then
Z:C:() apx" = ZZC:O bp.
SOLUTION 1. Let f(z) = *. Then since f(z) = e, we have f™(0) = 1. | Now lim, .. e

Thus Taylor polynomial P(x) for a=01is . anaiz™
lim,, 0 = =
—1 n—1 . an it ]
P(z) = Z Mxk — Z lxk lim,, o0 L Thus
k=0 k! k=0 k! lim,, s o bzﬁ < 1 implies
f(n)(o) x" 1,..n s . hnlnﬁoo ”Z%LL‘ < 1 and
Let b, ol = —a"™. Then apply the limit ration test. for |a - ° ana”

. bt . "t pl converges.

Thus for all z, Y3 ) 2" converges. Therefore lim, o R, = 0 and,

.\~
e’ = Z% ] |
= [Sill (27%2#1)# _ (71)nj
2. Let f(z) = sinz. Then since f(™(z) = sin(z + %*), we have f(™(0) = ] sin L0 [ (_1y7

sin(%). Now for k is even, sin(%F) = 0 and for k = 2m + 1, we have sin(4F) = 0 - I I
sin(2FUT) = (—1)™. Thus 1 1 -1
1 . n—1 2 1 1

n— . s 2
P( ) — Z Sln(T)xk — (_1) 2m-+1 3 -1 -1
=k ‘= (2m+1) 4 1 1
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Let boppy1 = (;:nl_g)!ﬂm“‘l. Then by the limit ration test,

— . : 2m+3)m\  2m+3
Limit Ratio Test handles con- lim b2m+3| lim Fm(%)x mE (2m +1)! |
secutive term. But for by, = m—00 " boy, 1 m—o0 (2m + 3)! Sin((2m2+1)ﬂ)x2m+1
0, we need to consider 273 . 9

m-+2 T
2m—+2 __ 2m+3 — : —
2m—+1 2m—+1" hm 0 < 1

m—oo (2m + 3)(2m + 2)

Thus for all z, Y 7o, sm( 2 E) ok converges. Therefore, lim,,_,o, R, = 0 and
o0

. 2m+1
sinx = Z 2m+1 |

m=0

Exercise 2.16 Find a MacLaurin series expansion of the following function

L flx) =% 2. f(x) =log(l+x)

SOLUTION 1. Let f(z) = t&. Then since f(™(z) = #, we have
nl

f@(0) = n!. Thus Taylor polynomial P(z) is P(x) = Zx Let

k

b, = L0

n!

a2™. Then by Limit Ratio Test, we have
Radius of Convergenc% . s
nt1 lim | = lim |

If limy oo |5 = n—oo . Op n—oo I
|| < 1, then o _
S z"converges. Thus Thus for |z| < 1, > .~ ,x" converges. Therefore, lim, o R, =0 and
we say |z| < 1 a radius of

convergence.

bn+1|

| = ||

) 7—Zx (lzgf <1) W

2. Let f(x) =log(1+=x). Then f'(z) = 1_%9} = (1+z)~!. Putt = —z. Then

dn(—— dn( n —1)"n!
FOHD () = % = (-1)" C(i;;t) = (=" i _'t)n = ((1 j_)x);

Thus
n 0 ,’I’LZO
I )(0):{ ()" -1 .n>1

Taylor polynomial is given by P(z) = ZZ;& (Gl Cm DN ol O g

k! k=0 " k&
_ MO (=) 1)” !
Let b, = ~—;~x" = z" and apply Limit Ratio Test. Then

b n+1 1
tim (24 = g |2 T gy (2L

Thus for |z| < 1, Z;’;O (71,);_1‘%’“ converges. Therefore, lim,, ,., R, = 0 and

o0

log(1 + z) = Z " (~l<z<1) M

n=1
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s Landau little o ™~
Theorem 2.17 Suppose a function f(z) has Maclaurin series expansion.

Then )
n O
Ry IPO
n!
where, lim,_,q o(;:) =0.
- - J
_ f00) (n) _ f£(n)
Proof lim - L ) = lim ! (em) / (O) =0
n—0 xn z—0 n!
Example 2.17 Evaluate the following limit
cosr — 1
im ————
x—0 1172

SOLUTION Since the denominator is z2
degree of f(z) = coszx.

we find Taylor polynomial of 2nd

f"(0) »
cosz = f(0) + f(0)z + 5 2% + o(z?)
implies
1
cosz=1-— 53:2 + o(x?).
Thus,
1 1 2
T (— _ o= )) - - nm
z—0 X z—0 2 2

Exercise 2.17 Evaluate the following limit.

. log(l+2) -2+ %
im
x—0 $3

SOLUTION Since the denominator is 2%, we find Taylor polynomial of 3rd degree

of F(2) =log(1+ 2). f'(x) = 15, /(&) = ~ g £(2) = (s implies
1" 0 1" 0
log(1+x) = f(0)+ f'(0)x+ ! 2( )x2 + ! 3$ )m?’ + o(z®)
_ Lz + 22° + o(a).
= T- 5+ tol
Thus,
o log(l+x) —ao+ % 2 o(x?) 1
Jing e = Gt =g,

Exercise A

1
1. Find a MacLaurin series expansion of the following functions?D (a) T
x
1
b
( ) 17 "172
1

n—1
Show Z ) =1- % +
1 1
51T converges
S2m+1 :(1_7)—"_ +( -
ﬁ) + 2'm+1
1
So2m+3 = S2m+1 — (2777,+2 -
1
2m+3)

Thus Som+3 < Soma1. Then
a sequence Sgp,+1 is decreasing
and bouded blow by 0. Thus,
Som+1 — L. On the other
hand, since So;4120 = Som+1 —

1 VI
T3 S2m42 — [. Therefore,

(-1t
> ~——~— converges.
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Exercise B

1. Show the following MacLaurin series expansion holds?D
2 4 2n

x* oz n T
(a)cosx:175+zf~~+(fl) (Qn)!+~~~,(foo<:c<oo)
2 2P "
(0) dog(l+2) =z~ 5+ 5~ ()" (T<z <))
o ola—1 ala—1) - (a—n+1
(c) (1+x)“:1+ix+%x2+m+ ( ) n,( Jan 4 ...
7777777C(~1 < & < 1) ' '
.’E3 .%'5 (_1)n$2n+1
dtantr=r—- "+ — - Lt (ml<z<]
(@) tan" e =z ==+ 7 R e R S A
2. Find the limit of the following functions using Landau o 7D
. log (14 2) . r—sinz R
Wom— T Dy O @
lim —
z—oo eT
3.
(a) By the exercise 1(d)?Cwe can obtain T = tan™'(1) = 1—$+++1—

Now using this fact, calculate pi?D

(b) T =4tan~'()—tan"!(555) is called Machin’s formula?DUsing this
formula, calculate = 100 digts after the decimal point?D
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2.7 Extreme Value of Functions

Extreme Value

4 N
For all z in the neighborhood of a, f(z) < f(a). Then we say f(z) takes
local maximum at xz = a. if f(z) > f(a), then we say f(z) takes local
minimum at x = a. local maximum and local minimum together called

local extrema.

6 Neighborhood

A 0 neghborhood of a is a
set of real number x such
that |z —a| < 0. In other
words, —0 < x —a < J.

First Derivative Test

4 I
Theorem 2.18 Suppose that f(z) is differentiable at z = a. If f(z) takes

local extrema at x = a, then f’(a) = 0.

- _J

NOTE If f'(a) > 0, then f(z) is increasing at © = a. If f'(a) < 0, then f(z)
is decreasing at = a . In these cases, f(x) does not take local extrema. Thus
we must have f'(a) = 0.

-

Criterion for Local Extrema

\

Theorem 2.19 Suppose that f(z) is continuous on a neighborhood of
x = a. If h > 0 is small enough, then

1. If f/(z) >0on (a — h,a) and f'(z) <0 on (a,a+ h),
then f(z) takes local maximum at z = a.

2. If f'/(z) <0on (a—h,a) and f'(z) >0 on (a,a + h),
then f(z) takes local minimum at z = a.

3. If f’(x) does not change the sign on (a — d,a + 9),

then f(a) is not local extrema.
- J
NOTE 1. f(x) is strictly increasing function on [a — h, a] and strictly decreasin
on [a,a + h]. Thus f(z) takes the local maximum at z = a.

Inflection Point

an inflection point, point of inflection, flex, or inflection (inflexion) is a
point on a curve at which the curvature or concavity changes sign from plus
to minus or from minus to plus..

Understanding

Note that if a differentiable
function f takes local extrema
at x Then the slope of
tangent line of f at x = a is
0, On the other hand, consider
f(x) = a3. Since f'(z) = 322,
the slope of the tangent line of
f(z)is 0 at x = 0. But f(z)
does not take local extrema at
z=0.

A function may take local ex-
trema without being differen-

tiable. Consider f(x) = |z|.

¥

a.

fiz]




Note that the 1st derivative
represents the slope of the tan-
gent line. Then the 2nd deriva-
tive represents how the slope
of tangent line changes. If
f"(a) > 0, then the slope of
the tangent line is increasing in
neighborhood of «a .

Extreme Point

1. Find a domian of a fucntion
2. Find a critical point .

3. Find a candidate for inflec-
tion point.

4. Draw a concavity table

How to find f4.. Write f(x) =
2% =5zt +1 = at(x - 5) + 1.
Then substitute z = 4 to get
f4. =44(4-5)+1 = 256(—1)+
1=-256+1=—-255
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e 2nd Derivative Test ~

Theorem 2.20 Suppose f(x) is twice differentialbe on a interval contain-

ing © = a and satisfies f'(a) = 0.

If 1. f”(a) > 0, then the graph of f is concave up, and f(a) is local minimum

If 2. f”(a) <0, then the graph of f is concave down, and f(a) is local

maximum

If 3. f”(a) = 0 and concavity changes, then (a, f(a)) is an inflection point.
N J
NOTE Apply the above theorem to a function f’(x), Then f’(z) is increasing
at x = a. Since f'(a) = 0, f'(z) takes negative on (a — d,a) on positive on
(a,a+0) . Thus the graph of a function is concave up at x = a and takes a local
minimum at z = a.

Example 2.18 Find a extreme point of f(x) = 2° — 52* + 1 and concavity of
the graph of f(x).

SOLUTION Since f(z) is differentiable on (—o0, 00), if f(z) attains etremumat
some point, then at the point f/(z) = 0. Thus, we find z so that f'(x) = 0.
Since

f'(x) = 5a* — 202% = 523 (x — 4) = 0,

xz = 0,4 are the candidate for critical point. Next to check concavity of the
graph of f, we find f”(z). Since

f"(x) = 202 — 602% = 2022 (z — 3)

x = 0,3 are the candidate for inflection point. Now we create a concavity table.

z 0 3 4
1 (x) + 0 — - | - 0 +
I (x) — 0 — 0| + + |+
f(z) / 1 N[N N [ 255 ]
concavity | down | down | down | IP | up | up | up
By the 1st derivative test, f(0) = 1 is a local maximum. f4. = —255 is a

local minimum. By the 2nd derivative test, (3, f3.) is an inflection point. The
graph of function is concave down on the left-hand side of the inflection point
and concave up on the right-hand side of the inflection point l
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Exercise 2.18 Find a extreme point of the function f(x) =

cavity of the graph of f(x).
SOLUTION By the quotient rule,
y = () (2% - 2) — 23(2? — 2) _ 2%(2% - 6)
@2 2 @222
v (22)(z? — 6) — 2%(2? — 6)’ B 4z(22 4 6)
b @ =) T @2

Then z = 0,46

xr2 —

79

and con-

Exercise2-18
£ Do()) =

Since f(z) =
{z 2 # +£V2}

are candidates for a critical point. Now write a concavity

table.
@ V6 V2 0 V2 V6
fl(x) | + 0 — - 0 - - 0 + -
fflz) [ = = = + 0 - + 4+ +
f@) [ 4 -3 N NN N BE
2.7.1 Curve Sketching
1. Existence of symmetry
2. Domain of a function / Asymptote \
Asymptote is a line for
3. Intersection of a curve with z-axis which a graph of function
is getting close. Thus we
4. Asymptotic line have two cases. One is a
line for which the denom-
5. Incereasing/Decreasin, concavity, Critical point, inflection point inator of a fun'cuon is 0.
The other one is that |z
approaches infinity.
Example 2.19 Sketch the graph of function f(z) = 2° — 5z* + 1. J
SOLUTION
1. f(—x)=—2%—52% + 1 implies no symmetry.
2. Dom(f) = (—o0,0)
3. f(—=1)= -5, f5. = 1 implies this function cross z-axis at least once
4. limg o0 f(z) = 00, limy o0 f(z) = —00 Example2-19
5. By example2.2 W
o — 0 3 T e now
f(x) + 0 — - | - 0 +
f(x) — 0 - 0| + + -+ B
@ | 7 [T N (SIS |
concavity | down | down | down |[IP | up | up |u — I
sketch the graph of function. H
3
Exercise 2.19 Sketch the graph of a function y = 296 5"
72

SOLUTION
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X
K2—2| w3

x3-2x

— 2%
Division

CHAPTER 2. DIFFERENTIATION

1. f(-z)= (E;)ifz); = —f(x) implies that f is symmetric

with respect to the origin.
Dom(f) = {x: x # v/2}.
3. To find an intersection with z-axis, set y = 0.
Then we have z = 0.
4.  When the denominator is 0, we have x = +/2
as asymptotes. Next we can express the function as
2 x(@?-2)+22 2x
Y= o~ 2 —2 _x+x2—2
Thus y = x is asymptote.
By quotient rule for differentiation,

o

;o (%) (22 — 2) — 23 (2% — 2) _ 2%(z? - 6)
vo= (22 — 2)2 T @222
. (2)' (2% — 6) — 2%(2 — 6)’ _ 4z(2? + 6)

@2y (@2~ 2

implies x = 0, /6 are the candidates for a critical point. Now write a concavity

table, we have

T -6 -2 0 V2 V6

flx) | + 0 - - 0 - - 0 4+

ffle) | = = = + 0 - + + 4+

f@) [~ -3 N NN N
Thus, the sketch of graph is as follows B
2.7.2 Polar Coordinates

Polar Coordinates

4 I

[, 0]

Note that r can be nega-
tive.

Let P(x,y) be a point on a plane. Then we represent P as a polar coordinate.
Let the origin O be a pole. Then consider ray from the origin. In this case,
z-axis is called a polar axis and the angle 8 formed by ray and polar axis
is called argument. Let |r| be the distance between the origin and a point
P. Then the position of P can be expressed as a pair such as [r,8]. Now we
call this pair [r,§] polar coordinate of P.
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NOTE Let a rectangular coordinate of P be (z,y) and a polar coordinate of P
be [r,0]. Then we have
xr=rcosf, y=rsinb
Thus,
tanf = g, r? =22 42
x

Then given r and 0, P(z,y) is fixed. On the other hand, even P(z,y) is given,
the value of r» and 0 can not be determined uniquely.

Example 2.20 Find a polar coordinats of the point P that has rectangular
coordinate (1,+/3).

SOLUTION Since z = 1,y = /3, tanf = /3,72 = 1 + 3 = 4. Thus the point P
is on the ray 6 = g and the distance from the origin is 2. Thus the rectangular
T
7]

4
coordinate of P can be expressed as [2, —]. Note that 6 = % and r = —2 also

represents the point P. W

Exercise 2.20 Find the rectangular coordinates of the point P with polar
coordinates [1, §] .

SOLUTION r = 1,0 = %

0 s 1
r = rcosf =cos— = —
3 2
T V3
= 1 9 = si —_ = — .
y r sin sin 3 5
- Polar Equation ~

Suppose the curve of a function is given by rectangular coordinates g(x, y) =
0. Then the equation expressed by the polar coordinates ,

g(rcosf,rsinf) =0

is called Polar Equation.

J

Example 2.21 Write the equation in polar coordinates
.’EQ 4 y2 =4

SOLUTION Let x = rcosf,y = rsinf. Then we have 72> = 2% + y? = 4 which
impliesr=2,—2 A

Example2-20

—O
2,%1

Example2-21

Setting x = rcosf,y = rsinf
and eliminate z,y.



Example2-22

E:]

wE

If r(—0) = r(0), then for pos-
itive theta and negative theta
give the same r. Thus, the
curve is symmetric with respect
to the z-axis.

Exercise2-22

2m3
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Exercise 2.21 Write the equation in polar coordinates
(-1 +y* =1
SOLUTION Let x = rcosf, y = rsinf. Then (rcosf — 1)? + (rsinf)? = 1

72 cos? —2r cos +1+r2sin? § = 1. Simplifying, r2—2r cos @ = r(r—2cos ) = 0.
From this, r = 2cos6 B

Example 2.22 Sketch the following polar curve
r(0) =1+ cosf

SOLUTION 1. Since cos@ is a even function, we have r(—6) = r(#). Thus it is
symmetric with respect to the z-axis. Thus to draw the curve of a function, we
only need to check from 8 =0 to 0 = .

2. Next we write a table for a polar coordinates of a curve.

™ T s 27 5w
60 S S S S

3 1 1 3
rl2 1428 141 1 1-1 1-¥ o

From this, we have Cardioid B

Exercise 2.22 Sketch the following polar curve
r(0) =14 2cosf

SOLUTION

1. cos@ is even implies r(—0) = r(#). Thus it’s curve is symmetric with
respect ot the x-axis.

2. Next we write a table for a polar coordinates of a curve.

27 5
A ™

9]0 x :
1-1 1-+3 -1

3 3
r[3 1+Vv3 1+1

s
2
1

The curve is called Limason W
Exercise A

1. Find the critical points of f and the local extreme values. Describe the
concavity of the graph of f and find the points of inflection.

f(z):x373z+2 @f(x):er% [l fz)=x(x+1)(x+2)
x

() f(l“):m

f(x) = |z —1[z + 2|
2. Find the asymtote of the following functions?D

fz) =

T 22 2z

w1 Rlv=_— [[y=5—

2. Determine the following function has a vertical cusp?DWhen a function
satisfies the condition f'(¢—0) = oo and f/'(c+0) = Foo, we say (¢, f(c)
is a vertical cusp?D

@ f(z)=2"" [B] f2)=2*® [c]f(2) =]z 2]

Exercise B
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4. Find the local extreme value of f and describe the concavity of the graph
of f7D

(a) f(z)=a®—622+92+3 (b) f(z) =2%""
1. Sketch the graph?D

1 1-2z
= b =

14 e* () 1+z

2. Sketch the graph?D

(a) r =acosf, a >0 (circle)

(b) r =360, Archmedes’ spiral

(¢c) 72 =4cos20 Bernoulli’s lemniscate

(a) y






Chapter 3

Integration

3.1 Antiderivatives

Primitive Functions

4 )

Given a function f(x) defined on some interval I. Then a function F(x)
safisfies

Fl(x) = f(z)
for all x € I is called primitive function of f(z).
-
e Antiderivatives ~

Theorem 3.1 Let F(x) be a primitive function of f(z). Then every prim-
itive function of f(x) is given by F'(x)+ ¢, where c is an arbitrary constant.

N J

Proof Let G(z) be a primitive function of f(z). Then G’'(z) = f(x) and
since F'(z) = f(z), G'(x) = F'(z). Now let H(z) = G(x) — F(z). Then
H'(z) = 0. This means that ¢ = H(z) = G(z) — F(z), where ¢ is constant.
Thus G(x) = F(x) + c. Note that (F(z) +¢)' = F'(z) R
Antiderivatives

Every primitive function of f(z) is called a antiderivative and denoted

by [ f(x)d.

The process of finding an antiderivative of f(z) is calle antidifferentiation or
integration.

Example 3.1 Integrate the following function

/(x_% + cos z)dx
()~

since the derivative of a sum is the sum of the derivatives,

_3
= 2

= =T

SOLUTION Note that (—2272)’ , (sinz)" = cosx. Then

(—227% +sinz) =272 + cos .
/(x*% +cosz)dr = —2277 +sinz+c W

Exercise 3.1 Integrate the following function

sinx 1

—)d.
/(cos%c +x) v

85

Understanding

(=) =22 Then a
3
23
tion 3 is a primitive func-

tion of f(z) =22

func-

Simi-
larly, since ("L— +1) =22 |
23 3

3 + 1 is a primitive function
of f(x) = 2.

Let G(x) and F(x) be primi-
tive functions of f(x). Then
G'(z) = F'(z). This means
that the slope of the tangent
line to G(z) and the slope of
the tangent line to F'(z) is the
same for all z. Thus the graph
of G(z) and F(x) are parallet.
Thus, the difference of G(x)
and F'(x) is constant.

Antiderivative

Suppoe F(x) is a primitive
function of f(x). Then
[ f(z)dz = F(z) 4+ c. We
call this f(z) integrand.




Find F(x) satisfying F'(z) =
sin & 1
cos? x + " ,
( 1 )/ . *(COS I) __ sinxz
cosx/ ~—  cos?x  cos?zx

[ExamplcS. 1,Exercised3. 1] In

Example3.1 and FExercise3.1,
we are somehow able to find an
antiderivatives. To integrate a
function, it is better to use a
integration founula. Integra-
tio formula 1. through 5. |
Simply memorize. Integration
formila 6. through 12. can
be derived by the method of
u-substitution.

Trig Fcts

Express Ex-

press

“osa as secx.
Tonz as cot x.

Theorem3.2-10.| The deriva-

tive of tan~'x is already de-

rived in Exercise2.7 and is
-1 ,..\/ _ 1
(tan™'z)" = 5.
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SOLUTION Note that

1 sinx

(—)' =

Then since the derivative of a sum is the sum of the derivatives,

CoST

, sin x 1
( +logz) = —— + —
cos T cos?z oz
31 1 1
Thus, /(¥+,)dx: LLER
coslx =z cos? x

Integration Formulas

é R
xa+1
Theorem 3.2 1. /xadx: + ¢ where a # —1
a+1
1
2. /fdleog\xH—c
x "
3. /e”dxzex—i—c, /a”dx: +c¢ wherea >0
loga
4. /smxdx——cosm—i—c
5. /cosxdx—blnx—i—c
6. /tanxdx—log\secﬂ—i—c— log | cosz| + ¢
7. / ppe =tanz +c
cos
8. / =—cotzx+c
sin?
1 —a
9 —
/m2—a2 2a |x+a‘+c
d 1
10. /$2 —fa2 *gtanfngrc where a # 0
d
11./ < :sin_lf—f—c where |z| < a
a? — z? a
dx
12. | ——— =log|r+ Va2 +a|+c where z?+a >0
/\/x2+a Bl |
N J
NOTE Differentiate the right-hand side to get the integrand.
1 (:m+1 Y a+1 ati-1 | g o T / ag potl N
. =— =z, S =
P c a+1x =z us, [ z%dx P c
10.
I AN 11 1 1 1
7tan — — 772 .<7) :7. 5 = 5 5-
a a a1+(§) a a 1-1-% a“+x
- Rules of Integration ~

Theorem 3.3 Suppose that integral of f(z) and g(x) exist. Then

L [ U@ £ g@)de = [ f@)in [ ga)do

2. /kf(x)dx—k/
f (z)

f(z)dx where k is constant

— log|f(a)| + ¢
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NOTE

1. %(/f(x)dmi/g(x)dm) _ %/f(x)dmi%/g(x)dm.
f(x) £ g(z).

Thus, /f(x)dxi/g(x)dm: /f(x)dxi/g(m)dx [Rules of Integrationj

1. The integral of a sum is the

d d : .
2. —(k/f(z)dx) = k—(/ f(z)dz) = kf(z) sum of the integrals.
3 dzx dzx 2. The integral of a constant
' d(log|f(z)])  d(log|ul)du 1 () = f'(x) multiple is the constant multi-
dx - du  dr _ u ) ple of the integral.
f=) 3. The integral of a function
Thus, , , whose numerator is the deriva-
/ (@) dx =log|f(z)| + ¢ tive of the denominator is a log
f(@) of the absolute value of the de-
Example 3.2 Integrate the following functions. nominator.
1
. 2
1. 3Slnx+l‘ 2. m 3 T_’_E)

Example3-2-1.

SOLUTION 1. In this problem, the rules of the

. 2 _ . 9 integral of a sum and the in-
/ (3sinz + 27)dz - / Ssin.zdz + / vhde teral of a constant multiple can
Theorem3.3—1 be used.

= 3/sinxdx+/x2da:
—

Theorem3.3—2

23
= —3coszx + 3 +cl
Theorem3.3—2 Exampl(}3—2—2.
5 Use [ ciozde = Stan™' £ +¢
1 1

/3+x2 /(\/3)2+x2
1 1, T

— — tan~ —) +c [ |

V3 (\/5 )
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Example3-2-3. 3.

Use [ \/ﬁdr = loglz +

1
= dr = 1 Va? u
2t a|+c / x2+5dx oglr + Va2 + 5] +c

Exercise 3.2 Integrate the following functions.
2 —1 22+ 22— 1 1 1

—_— . . 4.
x2+1 x2+1 Va4 — 2 x2—4

Exercise3-2-1. SOLUTION 1.

2nd degree polynomial

2nd degree polynomial - Z‘Q —1 xQ +1— 2 2
ot e constant - — - — 1—-— —
costant + 2nd degree polynomial / 22 +1 dx / 22 +1 dx /( 22 +1 )d.’lf

= z—2tan 'z +cHl

Exercise3-2-2. 2.
2x o (-”72"'1)/ o —
e de = [ de = 2?2 +2r—1 224+ 1+422 -2
log |22 + 1| + ¢. Now since x? + de = xQ——l—ldz
1 > 0, we write log(z? + 1). 90 — 9
= 1+ —=——)d
Ja+ B

2z -2

——d —d
m+/x2+1 x+/x2—|—1 v
= z+log(z®+1)—2tan"lz+c A

Exercise3-2-3. 3.

1z

l \/ﬁdl = SiIl_ a + C 1 1 . t
—dt = ——— dt = sin (7)+cl
Va4 —t? V22 — 2 2

Exercise3-2-4. 4.

Write —— = =

1
x2—4 (x—2)(z+2) 1 1 1 1 1
A _B_ o g dr = = = _ d
%_2 + 575- Then find A and /xQ 1 x / @—2)@+2) T /2 (x 5 x+2) T
' 1 1 1
= = — d
2/(3:—2 x—|—2> v

1 1
= §(log\sr:—2|—log|x+2|)+c=§10g|

T —2
|
:z:+2|+c

Alternative solution By the rule of the integration, we have

1 1 xr—2
/xz_4dx:/mdf:1°g'm'“

Exercise A

1. Work out the following integrals and check your answer by differentiation?D

/(2x—3)dw [19) /5x4dt /\%ﬁdm [dj /%dm
/Sinxdx E]/ ! dxz ] /siandx m/ ! dx

Ccos T cos? x 2 —4

1
' d
/x2—|—4z

Exercise B
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1. Work out the following integrals?D

(a) / (3273 + 42%)dz  (b) / -

t2+1
x3 z?
(d) T—Zldx (e) /Tiidx (f) /\/%dt (g) /0052 xdx
1 . 1
(h)/\/mdt (i) /mdx

)dt  (c) /—2tan2 xdx




Example3-3-1.
We let © = the denominator.

Example3-3-2.

. 1st degree polynomial
For 2nd degree polynomsial’ let
t = be 2nd degree polynomial.

Then dt = 2xdx and we can ex-
press the integrand and dz as a
function of ¢ and dt.

Example3-3-3.

Let e @ = L.
€I+:r, — 62‘T.

Then e*e®* =

Exercise3-3-1.

For 4/1st degree polynomial,
let t =
\/1st degree polynomial.
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3.2 Integration by Substitution

Integration by Substitution

Theorem 3.4 Let f(x) be a continuous function. If = ¢(t) and ¢(t) is
differentiable, then

[ e = [ sotens @

NOTE Let z = ¢(t). Then dz = %dt = ¢/(t)dt. If the integrand of a given
integral is transformed to the known form of the Rules of integration, then we
can solve the problem by integration by substitution..

Example 3.3 Let a > 0. Integrate the following functions

2 1 1
1. /&da: 2. ——— ——
?+ 2 —4 er + e
SOLUTION 1. Let t = 2? + 2. Then dt = dy = de = (2z + 1)dz.

Thus,

/23:—1—1 dt
5 de = | —.
T4+ t

dt

By the integration,

/Qx—l-l
5 dr =
e+

2. Let t = 22 — 4. Then dt = 2zdzx.

?zlog|t|+c:log|x2+x|+cl
/2 1

= =124t
Vit 2/
1
= 521?1/2—&—0: vViz—4+cil

1 1 ®
[ [ [
et e % €z+€7 ez+1

Now let t = e®. Then dt = e¢*dx. Thus

/ g = / dt
e +1 B 2 +1

= tan 't+c=tan (") +c M

_r 4
vVaz—4 *

dx

Exercise 3.3 Let a > 0. Then integrate the following functions.

1
1. 22Vz + 1dz 2. /7
/ va? — 22
SOLUTION 1. Let t = /= + 1. Then t2 = z + 1 and 2tdt = dz. Thus

/ VaFilde = / (12 = 1)2(1)(20)dt

/2(t4 — 2t + 1)t3dt

= 2/(t6 — 2% 4+ 1?)dt

1. 2. 1
= 2(zt" -+ 2P
(7 5 +3 )+c
2 4 2
= ?(x—kl)%—5(x—|—1)%—|—§(x+1)%—|—cl
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2. Let z = asint where =% <t < 7). Then dz = acostdt. Since va? —x? = | Exercise3-3-2.
) p—

\/m = y/a2(1 —sint) = Va2 cos? t = acost, we have Note that the? integrand. con-
’ tains a?> — 22.  Then con-
1 acost sider the following right trian-
/ ——dx = dt =t+c.
Va2 — x2 acost
a
Note that ¢ = sin~* Z. Thus *
1 , VaZ —x2
/*dm:sin_lg—&—cl gle.
Va2 — z? a
Exercise A
1. Work out the following integrals?D
. T " 1
(a) /sm2xdx @/9627—1—1 dz /62 dz @/xlogw dz
(€] /mew2 dx /siancosxdx () /w\/l—i—x dx
' cosx—sinxd — / e’ d
() /sinx—l—cosx * 14 e” v
Exercise B
1. Work out the following integrals?D
2—x 2 X
a e dz b / sec” (1 —x) dx c / — dx d
@ [ 0 [ett-ne @ [ZLsa @
sinz el/® sec? 6 1+ cos 2z
dx e — dz f — df —— dzx
/cos2x () / x? ®) V3tanf +1 (&) / sin? z
1 xT
(h) / Oix de (i) /ljj dx  (j) /xsin(:vQ) dx
3.3 Integration by Parts
Understanding

Integration by Parts

If you can not integrate by
substitution, then use in-
tegration by parts.

Theorem 3.5 Let f(x),g(x) be differentiable functions. Then.

/ (@) (@) = f(a)gla) - / £(2)g(x)de

NOTE (f(x)g(z)) = f'(x)g(x)+[f(x)g'(x). Then f(z)g'(x) = (f(x)g(x))' -
f'(z)g(x). Now integrate both sides with respect x.

/ (@) (@)de = f(x)g(x) - / f(@)g(x)de.

If f(x)g'(x)dz is hard to integrate, Rewrite by parts to get integration of [ f(x)g'(x)dz.



Integration by Parts

If integrand  contains
a function such as
sinz, cos x, e*?, then

let ¢'(x) be one of these
functions.

ST

Example3-4-1
The integrand does not contain
sinz, cosx, e”, let f(z) = logx.

Ignore constant

When you use the integration
by parts to get g(z) from ¢'(z),
you can ignore the constant.

Example3-4-2.

The integrand does not contain

sinwz,cosx,et®.  Let f(x) =
1

sin” .

o 1st degree poly
Check v/2nd degree poly "
t = 2nd degree poly

Let

Exercise3-4-1.

Integrand contains one

of sin z, cos x, e, let
/ — —x

g'(x)=e"".

92 CHAPTER 3. INTEGRATION

Example 3.4 Integrate the following function by parts.

1. /logmdx 2. sin™! zdx
f(z) =logx g'(z) =1
SOLUTION 1.
flloy=1  « gla)=[de=uz
Thus
1
/logm 1 de = _x logax— r — dx
N < <~ =z
f 9 g9 g \f//’
= zxlogxr—x+cll
flz)=sin"'z g (x) =dx
2.
flla)= 7= « gla)=[dr=2
Thus
sintz dr = x sin"la— T ;dx
Y—— N —— ~~Vi—22
f g g f g N——
f/
Now let t = 1 — z2. Then dt = —2zdz. Thus
x dt/2 1/ 4
———dz = - [ == [t
/\/1—x2 Vi 2
1
= 752.t5: 2 4e=—V1—-22+4c
Thus,

/sin_lxdmzxsin_lx—i—\/1—x2+cI

Integrate the following functions.

2. /aclogxdx 3. /emsinmdx

Exercise 3.4

1. /xe_“’dx

SOLUTION 1.

Thus,

—xe ” —/—e_”” dx

= —ze¥—e"+cl
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f(z) =logx g'(x) ==
2 N\
2
Fla)=1  « glo)=fade=%
Thus
1 22
/xlogx = x logxf/f —
r 2
= fx logm—/gdx
= lx 2logx — x—2+
T gt Ty
3.
fi=¢" gy =sinz
I = /ewsinxdx N
fi=¢" <« g1 = [sinzdr=—cosz
= —ezcosx—l-/emcosxdx

93

Now the integral of the second tern is very similar to the original integral I. So,

we integrate again. .

Ja=e" 9
I = —e”cosm—&—/e”cosxdx N
fr=e€e" « g
= femcosx+emsinx7/e$sinxdx
= €*(sinx —cosx) — I.
Then,
21 = e®(sinx — cos ).
Thus,
1
I= iez(sinx —cosxz) B

Exercise A
1. Work out the following integrals?D

/:ce“’ dz  [b]) /xsinx dx /xe% dx

COS ™

sinx

@ [«

/ac2sinx dz [0} /x5e””3 dz  [g] /xcosx dx

Exercise B
1. Work out the following integrals?D

(a) / vlogz dz (b) / 2= de (o) / (log 2)? dz

(d) /x(x—|—5)14 dx  (e) /:E2 cosxz dr  (f) /e‘r sinz dx
(2) /log (1+2?) dr (h) /xtanflx de (i) /x" logz dx

integer)

() /x3sinx dx (k) /xsinhx dx

e® dx

(nis

Exercise3-4-2.

Integtand does not contain one
of sinx,cosz,e*®. Let f(x) =
log z.

Exercise3-4-3.

Integrand contains two of
sinz,cosz,e*®. Let I be the
antiderivative.

Once you set f(z). Then use
f(x) again.



) Check ———

1. If the degree of a nu-
merator is larger than the
degree of a denominator,
then divide.

2. Factor the denomina-
tor. The number of mul-
tiplicity becomes the num-
ber of partial fractions.

3. Prodeed partial frac-
tion expansion.

)
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3.4 Integration of Rational Functions

If fx
which is / —d;v can be obtained by the following method.

) and g are polynomials, then the integral of quotient of f(x) and g(x),

Partial Fractions

4 )

If deg f(x) > degg(z), then let g(x) be the quotient of f(z) and g(x) and
the remainder be r(z). Thus

f(z) r(x)

—= =g(x) + —=, where degr(z) < degg(x).
o@ T @) ( :
Note that ¢(z) is a polynomial. It is easy to integrate.
%
s Factoring Denominator ~

Fundamental Theorem of Algebra states that every polynomial can be
factored into the product of linear and quadratic polynomials.

J
~

Partial Fraction Decomposition

-

A partial fraction decomposition is the operation that consists in expressing
the fraction as a sum of a polynomial and one or several fractions whose
degree of numerator is one less than the degree of denominator.

J

Example 3.5 Decompose the following function by partial fraction expansion,

3x
(x—2)°

NOTE The foctors of the denominator is z — 2, (z — 2)?, (x — 2)3. Thus we need
3 partial fractions. Now inside of parenthesis, we have linear polynomial. Thus,
the numerators must be constant.

3z A
(r—2)3 x-2

B
(z—2)

C
MCEDE

+ ]

Exercise 3.5 Decompose the following function by partial fraction expansion,

3x
(x2 4+ 1)3

SOLUTION The factors of denominator are, 2 + 1, (22 + 1)2, (2% + 1)3. Thus
we need three partial fractions. Now inside of parenthesis, we have quadratic
polynomial. Thus, the numerators must be linear.
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3z _Arx+ B
(z2+1)3  22+1

Cx+ D
(2 +1)2

Ex+ F
(24 1)3

Solving Partial Fraction by System of Linear Equations

Clear the denominator. Then we a polynomials in both sides of equation.
Since the equation must be satisfied by all z, the coefficients of two poly-
nomials of the same degree are equal. From this, we get a system of linear
equations. Finally solve the system to get A, B,C, D, ....

Example 3.6 Find the partial fraction of the following function.
3x
(z—2)
SOLUTION By Example8T, 3% = _A; +
denominator and simplify to get

%)2 + ﬁ Now clear the

x—2 (z—

3z Alr —2)*> + B(x —2) + C = Az? —4Ax +4A+ Bx — 2B+ C

A2® 4 (—4A + B)x + (4A — 2B+ O).

Now the coeflicients of two polynomials of the same degree are equal.
A=0,-4A+B=3,4A-2B+C =0.

Solving this to get A=0, B=3, C =6,

3z 3 6
@-27 @-2¢ @-2¢

Exercise 3.6 Find the partial fraction of the following function.

3z
(JIQ + 1)3
SOLUTION (a:23—f1)3 = “;ﬁifg + (ggjf)g + (ff_‘fgs. Clear the denominator,

3x (Az +B)(2* +1)* + (Cx+ D)(z* + 1)+ Ex + F

Now A=0,B=0,2A4+C=0,2B+D=0,A+C+E=3B+D+F=0.
Then C=0,D =0, Since A+ C+ E =3, E =3, F =0. Therefore,
3x 0 0 3x

(x2+1)3:x2+1+(x2+1)2+(x2+1)3

which is the same as the original fraction. If we let ¢ = 2% 4 1, then we can solve
this problem. H

S Partial Fraction of Rational Function E—

Every rational function f(x; can be decomposed by partial fraction to get
g(x
a sum of the following functions..
A Bx+C
@—ar {@—a? 10}

N

The method we introduced
has some shortcoming. When
the degree of denominato gets
large. the number of equa-
tion in the system gets large,
and almost impossible to cal-
culate. ~ Then we introduce
other technique called Heavi-
side Mrthodto solve a patial
fraction.

Example3-6

Gy = o2 T ap e
Clear the denominator and let
r — 2. Then lim, o3z =
lim, o (A(z —2)%2+ B(z —2) +
(). Then C' = 6. This is a part
of Heaviside method..

The degree of the polynomial
inside a parenthesis is two and
the degree of the numerator is

= Az’ + Bx' 4242 + 2Bx? + Az + B+ Cx® 4+ D2 + Cx + D + Ex + Fone. Then no more partial frac-
Az® + Ba* + (2A+ C)2®> + 2B+ D)2 + (A+C + E)z + (B+ D + Fﬁion decomposition.
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If we let t = x — a. Then it is given in one of the following forms.

1 1 t
(2402 (2 4+ b2

Put together, every integration of rational function can be solved by solving the
following integrals.

e Integration of Rational Function ~
Theorem 3.6 .
1./4;§47: T ¢ (n=2,3,4,..)
(x —a)® log |z —al+¢ (n=1)

-1
o [t { T e (=23
(22 + b2 llog (2?2 + %) +c (n=1)

3. Let I, = / (gil_xA)n Then the following recurrence relation holds.
x

Lw1=§%2{@§£%5g+%%%—DLJ(nZl)

N J

Proof 1. Lett=x — a. Then dt = dx and

/fm—a J = fra

1
/t_ldt = /gdtzlog\t|+c:log|x—a|+c.

For n = 1, we have

For n # 1,

1 1
tfndt — 7t7n+1 — _ —n+1 )
/ —n+1 e —n—l—l(x @) e

2. Let t = 22 + b%. Then dt = 2xdz and

/7MJU = 1/ﬂ—l/t—"dt
(22462 2 ) v 2

Exercise3-6

Lett = 22+1. 7
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For n = 1, we have

1 1 /1 1 1
/ifldt = 3 / —dt = Sloglt] + c = 5log;(gc2 +0?) +c.
For n # 1,
1 1 1 1
Tt = = t—n+1 _ - 2 b2 —n+1 )
/2 Py te= (o )@ )T e
3. Integration by parts, we have
f _ 1 I =1
T (x24+A)n 9 =
. N XIXNXX
frozmears oo,
7 / dx x 49 / z2dx
e —_— = _— n e —
n ((L‘2 + A)n (1'2 + A)n (1‘2 + A)n+1
x 224+ A-A
= —+2 ———d
o e
x

Example 3.7 Find the following integral

4
x
/ o 1dac
SOLUTION deg(x?) > deg(x3 — 1). Thus divide the numerator by the denom-
inator.

x? r(@®—1)+x
= =X .
a3 —1 a3 =1 a3 —1

Now factor the denominator.

I4 X

2% —1 :x+(x—1)(x2+x+1)'

Then by partial fraction decomposition.

T A

(x—1)(224+2+1)

Bx+C
24+z+1

r—1
Clear the denominator and simplify,

r=A@*+z+1)+(x-1)(Bx+C)=(A+B)x* + (A-B+C)x+ (A-C).

1
()
(@A)
(z2FA)2n
o —rL(J:2+A)”’1(2,1;)
= (@2t A)2n

2

Express W
22+ A—A

(22 A)nt1

_ 1 o A

= @2+A)" (z2FA)"TL-

Example3-7

Instead of dividing 2* by 23 —1,
write 2¢ = x(2® — 1) + 2 to get

the same result.

Since the denominator is 22 +
z + 1, the numerator must be a

linear polynomial.
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Setting the coefficient of the same degree is equal.
A+B=0,A-B+C=1,A-C=0

1 1 1
Solving A 3 B 3 C 3 us

/ at /(x+ 1/3 +—x/3+1/3)dz

23 —1 x—1 22+z+1
The dLgILL of the denominator 1, 1 x—1
Ofmlb‘ two. Complete the - §m + 310g|x—1|—7[/ x2+x+1dw]
square.
P rrtl=(r+5)’+3 / z! Loy Diogle -1 1[/ z=1
—— = —z‘+zloglr—1|—- ]| ————=dz
2 1 2" T3 31 @+ 1)2+3
1
Let:r+§=t. Then dz = dt,z =t — 3.
-1 t—3/2
/%dm = /73556“
(z+3)°+3 24 (%5)2
- / t 3/ L
ft2+(\§ dt. Let u = tZ + - t2+(§)2 2 t2+(§)2
()? and du = 2 d L L (32, _1<2t)+c
aigedt = [3% = 2 2 23" /3
Lloglul + ¢ Llog(t? + 1 2z + 1
2 2 = —log(z?+z+1)—+V3tan ! [ = | +ec.
() +c 3 o8 ) V3
Exercise 3.7 Find the integral of the following.
/ dx
(22 4 16)2
1
) = =6y g =1
SOLUTION Let I, :fmdz. Then / Ny N\
f = @i T 9=7
dx T x?
L = = 2 [ ————=d
! /(x2+16) @ +16) /(:c2+16)2 v
T 2?2 +16 — 16
(@ +16) / @+ 167
T 1 1
= 2 dr —32 | ————d
@1 16) /(x2+16) v /(x2+16)2 v
x
= ———+2I — 321
@416 N 2
Thus,
[oimde = [wipde = L=t ot a®
L1z 4o 2=l T = sl T (e

Exercise A
1. Find the partial fraction expansion of the following functions?D

R et Iy et
f(x)_(x—Q)(Qx—l—E)) f()_x(xQS_l) f()_x2—3133+2

R Oy S APONS o5 U
[(d} f(z) = (x —1)2(z+1) f(z) (z —2)2 /(@) z(x? +1)
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Exercise B

1. Work out the following integrals?D

7 2241 2243
(2) /(m—2)(m+5) de (b) /JL‘(:U2 —-1) de (c) /a:z —3z+2 du
x2 dx 20
(d) /(%1)2(%1) dz (e) /(:ﬂ2+16)2 ®) /(%2)2 dx
1'5 X
@ [ @@= W [ x(d (at = 1)

9 —1 x4+ 1)




Understanding

By substitution, the in-
tegration of a trinometric
function can be solved by
integration of a rational
function.
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3.5 Integration of Trigonometric Functions
T Integration of Trigonometric Functions[I] —

/ sin™ x cos™ z dx.

1. For m = 1. Let ¢t = cosx. Then dt = —sinx and

/sinmxcos"axdm = /cos”xsinxdxz /t"(—dt) = —/t" dt

For n =1. Let t =sinz. Then dt = cos z and

/sinmxcosnx dr = /sinmxcosxdx = /tmdt.

N /

Example 3.8 Integrate the following function.

sin® z cos x

Yo Which function — .

il sinxzcosz dr is the
same as [(sinz)® cosz d.
Now  which  function
should be put ¢t. t = sinx
or t = cosx are possibili-
ties. But letting ¢t = cos x,
we have dt = —sinxdzx
and it is impossible to
express integrand and dx
interms of a function of ¢
and dt.

SOLUTION Let t = sinx. Thne dt = cos zdz,

4 . 4
/sinsxcosxdx:/t‘?’dtzz—i—c: SIZ$+CI

Exercise 3.8 Integrate the following function.
sinz cos?

SOLUTION Let t = cosz. Then dt = — sin zdz.

to 5
/Sinxcos4xdx:/t4(—dt) = —g—i—c: _COS5 T tem

S Integration of Trigonometric Functions[I] —

/ sin™ x cos™ x dzx.
2. If mis odd, then m — 1 is even. Using sin®z = 1 — cos® x, express
sin™ ! 2 as in the form of cosz. Thus,

m—1

/sinm_lxcosnxsinx dzx = /(1 —cos’x) 2z cos" xsinzda.

Now let t = cosz. Then dt = — sin zdx and

/(1 — cos? x)mTfl cos” xsinxdr = /(1 - t2)m;1tn(_dt)

Similarly for n odd.

Example 3.9 Integrate the following function.

sin® x cos?
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SOLUTION Since sin® z is odd power of sinz,
/sin3 zcos? xdr = /(1 — cos? ) cos® x sinx dx
Now let t = cosx. Then dt = — sinxdz and
/(1 —cos?z)cos’ xsinx dr = /(1 — )3 (—dt) = — /(t2 —th)dt
_ ﬁ_ﬁ +c__cos3x+cos5m em
B 3 5 B 3 5

Exercise 3.9 Integrate the following function sin® z cos® z.

SOLUTION X@Let ¢t = sinz. Then dt = cos xdz and

o Integration of Trigonometric Function[I] —

N

/ sin® x cos® zdx

/ sin® x cos? z cos zdx

/sin3 z(1 — sin® z) cos zdx

/t3(1 —t)dt /(t3 —t°)dt

¢S sinfx  sin®x

16T 6

+cl

/ sin™ x cos™ x dzx.

3. Suppose that m and n are both even. Now let ¢ = tanx. Then we can
express sin” x, cos? z,dx by using t. Consider the right triangle with the
adjacent of the angle x is 1 and the opposite is t. Then ¢ = tanx and

1.

1 1
cos® z = (cosx)? = (\/1_~_;t2)2 =11
¢ t2
sin? x = (sinz)? = (\/1_’_7#)2 =1ie
Also,
1
dt = ——do = ——dz = (1> + 1)dx
cos? et
Thus it
dr = .
EEN |
Example 3.10 Find the following indefinite integrals.
. 9 9 sin? z
sin“ x cos” x 1
cos* x

SOLUTION 1.

formula.

1 — cos2x
2p="—"" cos?
2 )

- 1+ cos2x

sin xr =
2

Instead of using ¢ = tanz, it is easier to use double angle

Example3-9

If there is odd power,

then use COS2 xr + SiHQI
3

an

1 to write sin’zcos?’z =
sin? x cos? z sin x

Exercise3-9

Since the power of sinx

and the power of cosx are

odd, we can use either one

3 €T C()S3 T

of them. sin =
sin? x cos® z sin =
(1 — cos? z) cos® zsin z.

[Trig — Rational Functionj

Let v/1 + 22 be the hypoteneus
of the right triangle. Then

cos? z,sin® x can be expressed
as rational functions.  Also
note that the derivative
of tanz is expressed as a
square of a function 0031290.
t
x
1
2

cos(x — x) = cos’x + sin

:L)’
9 — cos(r 4 1) — cos2 o
cos2x = cos(x + x) = cos® x —

sin? z. Thus adding both sides
of equation,

14 cos2z = 2cos® .
Take the difference

1 —cos2z = 2sin® z.
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1 —cos2z)(1 52
/Sin2 rcos’rdr = / (1 — cos xl( + cos 2z) o
-Check )
cos? 2z = epde - /ﬁ(m

1 1+ cosdx 1 r sindx
- 1—-— = - - — — [ |
(J1-5) =i (o= 5-55)

_ 2,._ _1 02 _t? _ 1
2. Let t = tanz. Then cos®z = T4z S~ r = 1420 dr = mdt Thus

. 2 2 3

sin“ x t 1 t

dr = ——(1+t%)? dt:/tht:f
/cos4xx /1+t2( + )t2+1 3+c

1t Sr4
= —tan x C
3

S

Exercise 3.10 Integrate the following function.
1

1. tan?zx 2.

COST

SOLUTION
1. Let t = tanz and express tanz = 2L Then

cosx”

1 i@t 9 1 o t?
= — COS™ r = sSm-r = .
14 t2 142 1+t

iz 1 t2
/tan2xdx = /1+1t -ﬁdt:/izdt
e 14+t 1+t

1+t -1 1
= - dt= 1—
/ e /[ T+t

= t—tan_1t+c:tanw—x+c

dx

Thus

Alternative Solution

.2 2

sin“ x 1 —cos“z
tan® zdr = 5 dr = 72d3:

cos? x cos? x

= /(SGCQI71)dI:tan1‘7I+C.

1 CcosS T cosT

=——= —5—. Then it is in the form of [1]-2.
cosT Ccos“ T 1 —sin“x

1
/ de = /Lﬂ dx
cosT 1 —sin“z

Now, t = sinx and dt = cos zdx

/coixdx - /1itt2/(1+t)1(1—t)dt'

Using partial fraction decomposition,

1 A . B
A+t)(1—t) 1+t 1-t
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Clear the denominator,

1l=Al-t)+B(1+1t)=(-A+DB)t+A+B.
which implies —A+ B =0,A+ B=1. Then A = % % Thus,
1 1 1
dv = 3 log |1 +t| —log |1 — ¢t
/Cosx 3: /(l—i—t 1_ ) (0g| + 1| —log| ) +ec
-4 |7|+ _ Ly |ﬂ|
a 2 %1 " sina

o Integration of Trigonometric Functions[II] —
/Sinm xcos” x dx
Let z = 2tan~' ¢. Then

2dt
_ =14 _

Now consider the right triangle with the angle §,the adjacent to the angle
1, and opposite to the angle .

x 1 LT t
cos — =

—,sin - = ——
2 Vit T2 Ji+e2

(Exercise3-10-2. |

Alternative Solution
(log|secx + tanz|) =
3 - - 3, 2
secx tanxtsec x _ secr = 1 )
secz+tan cosx
Thus, f L dx =
’ J cosx

log|secx + tanz| + ¢
1 14sinx
Note that 5 log|i= Sm; +

. o 1 (14sin r)
¢ - 1053‘ 1—sinZ x ‘

1 1()g ‘ (1+sm L) | o

cos? x -

log | LESIRT | — Jog | sec x4 tan z

T = 2tan" !z —\
The substitution by
x = 2tan~! 2 is applied
at the last choice.

The hypoteneus is given

by V1 + t? and the angle

is given by §. Then every
trigonometric function
can be expressed as a

Thus,
. 92 T 94 T 9 t 1 2t
Sinx = SIN 2+ — — 42811 — COS — — =
2 2 2 VIi+e2J1+e2  1+4¢2
COS T = (3082 i COSQ:E S1n2x = 1 t2 = 1_t2
- 2 2 2 14t2 142 1412

rational function.
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1

Example 3.11 Find the integral /7
14 cosz

SOLUTION It is not in the form [1]. Then let t = tan £, = 2tan™'¢.

2 1— ¢t
dr = ——=dt, cosx = .
1+41¢2 1+4¢2
Thus,
/ da _/ e _/ 2 0
1+cosz 1+%_ 14+t24+1—1¢2

= /dt:t+c:tan(g)+cl

Exercise 3.11 Find the integral /Sec3 x.

Exercise3-11

f o 1d - [‘ 1 4 _ SOLUTION

,b(,C rax = J sz r = f =secx g/ =sec’z
/ COST_ o — / cosT

J costz J (1—sin? z)? \

f' =secxtanz < g¢g=tanx

Exercise3-10-2. By alterna-

tive solution, f secr dr = /sec3 xdr = /sec2 rsecx dx
log |secx + tan x| + ¢
= secztanx — secx tan® x dx

= secrtanx — /sec3x dm—i—/secx dx.
Now let I = [ sec® z dz. Then

2 = secxtanx—l—/secxdac

= secztanz + log|secx + tanz| + c.

Thus,

1
I= 5 (secztanx + log|secx + tanz|) +c W

Exercise A

1. Work out the following integrals?D

/Sin3 zcosz dz D] /sin2 3z cos 3z dx /cos2 x dx
/COSB x dx /cos‘lavsin3 xdr [T /sin 2x cos 3x dx
) /sin 2zsinz dr [h) /cos:ccos 2z dx /tanxsec2x dx
() /sec3x dx

Exercise B
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1. Work out the following integrals?D

(a) /sin3 xdx  (b) /sin2 3x dr  (c) /sin3 xcos® x dr
(d) /cos 3z sin 2z dx (e) /Sin5 x dx () /sec2 mx dr (2)

tan® z dx
(h) /tan2 rsecx dr (i) /tan3 rsecdz dr () /sec5 x dx
d i 1 i
() / T ) / sm.x e (m) / + sinx d
3—2cosz 2 —sinz 1+ cosx

. 2
sin“ x dzx

el | =

() / sin®x — cos? o (0) / 1+tanz



Rational Function R(:U\go

If R(z,y) is expressed by
the fraction of polynomi-
als, then we say R(z,y)
is a rational function of x
and y.

J

— Sum of Squares —

Let a,x,t be such that
hypoteneus represents a
sum of squares.

%% + a?

t

-
~

Let a,x,t be such that

/
DIfference of Squares ~

adjacent represents the
difference  of  squares.
a
x
‘.'aZ_xZ

[Examplo?)—m—l. ]

By substitution, integration of
irrational function should be
expressed by integration of ra-
tional function.
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3.6 Integration of Irrational Functions

Integration of Irrational Functions

-

Suppose that R(z,y) is a rational function of z and y. Then

1. /R(ac, {/linear polynomial)dx

Let t = y/linear polynomial. Then we can get integration of rational func-
tion.

(2] | R(x,/quadratic polynomial)dz, where a # 0

1. 22 + a? after completing the square. Then let © = atant

dr = asec’ tdt, z* + a® = a*(tan®t + 1) = a®sec? t

2. a? — 22 after completing the square. Then let z = asint

dx = acostdt,a® — 2% = a®(1 — cos’t) = a*sin® t

3. 22 — a? after completing the square, Then let z = asect

dr = asecttantdt,z? — a® = a*(sec’t — 1) = a® tan’ ¢t

N

Example 3.12 Find the following integral.
dx xdx

1. /m 2. \/ﬁ

SOLUTION 1. Let \/z =t. Then z = t? and dx = 2tdt. Thus
2t —2(1— 1) +2 2
= [ = ST = [ (—2 4+ )t
/ / 1—t / 1—t /( p—

=2t —2log|1 —t| +c= —2yz —2log|l — Vx| +c
2. Inside of the squareroot is the form of 22 — a?. Let = 2sect. Then dx =
2secttantdt. Note that Va2 —4 = Vidsec?2zx —4 = \/4(S€C2$ —1) = 2tant.
2sect

Thus
/ 2tant

2tant+c=+vVa2—4+cil

dx
1—+x

-2secttantdt = 2 / sec? tdt

2 4
Vaz —4 “
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Exercise 3.12 Find the following integrals.

dxr
1. _— 2. \V6xr — 22— 8 dx
Va2 —4 /

SOLUTION 1. Let z = 2sect. Then dx = 2secttantdt, Va2 —4 = 2tant.
Thus,

/ 2sect tantdt 1 /dt 1t—|—
= _—_—mm— = — C
4secttant 2 2

2 _
1 Vz*—4

/ dzx
zvax? —4

= —tan cll
5 +

2. Completing the square,

6r—2?—8=9-9+6x—2>-8=1—(9—6z+2%)=1—(3—2x)°

Now it is in the form of a? — x2. Thus conside the right triangle with the

hypotenuse 1, the opposite side of the angle ¢ is 3 — x.
Let 3 — x =sint. —dx = costdt.

V1—(3—-x)2=+v1-—sin’t = Vcos?t = cost

/\/690—;1:2—8dm = /cost(—cost) dt

= 7/c0s2t dt

1+ cos2t t sin2t
= */Tdt**@* 7
- 7[£+Sintcost]Jr
- h 2 ¢
.1
— 3 — 1—(3—-2x)2
__sin (23 ) (3—x) . (3—1x) rem

Exercise A

1. Workout the following integrals?D

[Exalnple3—12—2. j

This problem should be solved
by taking t = 22 —4, dt = 2zxdz.
But to show how nice to use a

trigonometric substitution, we
solve this by trinometric sub-
stitution.

{ExerciseB—IQ-l. }
Note that when = = 2sect,
then we do not express t =

sec™t 2. Instead, tant =
V=4 and ¢ = tan~! Y& —4

2
(Exercise3-12-2. |
ax® +br+c = a(z®+ g"L) Te=
a(z+ &) +c— 2.

1
3-x

COS2 t = 1+C§s 2t

sin2t = 2sintcost

2

@[t @ e B @]

O [ O a8 [t
o [

Exercise B

1. Work out the following integrals?D

(a)/xmdx (b)/ Ve

vk CY e
(e) /Edw

(d) /x“\/ﬁ dx
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2. Work out the following integrals?D

ex

(a) /\/%dx (b) /\/Z%d:c (¢) /mdx ()

Vi—a? dx dx dz
[ 0= O 9 s

0) [Vor—e=3 i

(k) /x\/m(iz
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3.7 Definite Integrals

-~ Definite Integral ~
Suppose that f(z) is defined on [a,b]. Partition the interval [a,b] into n
smaller intervals. Let x; be such that for i =1,2,...,n

¥y

4

P

f€)

Figure 3.1: Definite Integral

A=20 <1 < T < < < - <xp=2>b

Express this partition by A. The norm of the interval is the width of
intervals that is maxo<i<n Az; = z; — x;—1 and denoted by |A|. Now take
&; in the subinterval [z;_1, 2;] and consider the sum called Riemann Sum

S(A) = f(&1)Azy + f(§2)Azg + - + f(&n) Az, = Z f(&i)Az;

lim S(A)= lim Y f(&)Az; =S

|A|—=0 [A]—=04
i=

exists. Then we call S definite integral of f(z) and f(z) is called Rie-
mann integrable function on [a,b]. We write S as

n b
S = |ii|30;f(€i)Axi = /a f(z)dx

o J

~ Integration by Quadrature ~

Divide [a,b] into n(b — a) equal parts. Then Az = 1 and

n(b—a)

. b—a
IFDS &= [ fa.

e Understanding —

Partition the interval [a, b]
into smaller intervals.
Consider the small rectan-
gle with the base equal to
the length of an interval
and the height equal to
the value of function.

~ Integrable Functions ~

Note that f(x) is inte-
grable function on [a,b] if
and only if the limit of Rie-
mann sum is independent
of the choice of partition
and choice of &;.

/Lower and Upper lei-t\

To find the lower limit of
an integral, Set £ = 1 and
T = 1im,,,ﬁ30% = 0. To
find the upper limit of an

integral, Set k = n(b — a)
n(b—a) _

and x = limy, 00 —

b—a.
\ J




Example3-13

B

Exercise3-13
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Example 3.13 Find the are of rectangle bounded by the lines y = x, y = 0,
and xz = 2 using integration by quadrature.

SOLUTION Divide the interval [0, 2] into 2n equal subintervals whose length is
%. Then Riemann sum is

) 1 2 2n
lim (——&-7—1—---4-*

n—soo ‘N2 n

Rewrite using Y notation,

1 2 2

n—oo ‘n2 n

Now take L out of )" sign.

2n 2n
. k .1 k
Jm > e o= Jm o> D
k=1 k=1
1 2
Let x = % Then ]:Z T — 2” Now let n — co. Then
n
2n k 2
nh_{r;o Z 3 = /7 zdr i
k=1 z=0
Exercise 3.13 Express the area of the region bounded by y = 1, y = 0, and

the lines x =1 and x = 3 ’

SOLUTION Divide the interval [1, 3] into 2n equal subintervals whose length is
%. Then the Riemann sum is

2n

. 1

S |
= / dez
x=01+x
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Riemann Integrable Functions

Theorem 3.7 If f(x) is continuous on [a,b], then f(x) is a Riemann in-
tegrable function on [a,b].

From the definition of definite integral, we can obtain the following formula.

~

Definite Integral Formula

-
Theorem 3.8 Let f(z),
Then

/f )+ g(x dac—/f dmi/()d
./(lcf dx—c/f
3./af(x)dx=—/b f(z)dz

" /acf(ac)dx—i—/cbf(ac)dx:/abf(x)dac
b

b
5.1f f(z) > g(x) for [a,b], then / fl@)dx > / g(z)dx

g(x) be continuous on [a,b] and ¢ be a constant.

o J
Proof 1. Suppose that a < b. Then divide the interval [a,b] by the partition

a=xg<x1<--<Tp,=2>b

Let &; be an element in [z;_1,2;]. Then consider the sum

Zf & Axﬂrzg &)Ax;

n

Z{f(fz) +9(&i) YAz, =

i=1

Now |A| — 0. Then by theorem B2,

/ " fla) + gla)ds = /  flaydr + / " g
/ab flx)dx

lim
|A\—>O

Zf (&:)(
Z F&)(wior —xi) =

i_xifl)

lim —
|A]—0

/baf(a:)dml

— Non Integrable —

Consider a function such
that for = a rational num-
ber, f(x) = x and for x an
irrational number, f(x)
0. Then for every inter-
val, there exists a rational
number and an irrational
number which implies that
any Riemann sum can not
converge

S Rules T\

1. The integral of a sum
is the sum of the integrals
2. The integral of a con-
stant multiple is the con-
stant multiple of the inte-
gral.

3. Interchange the lower
limit and wupper limit.
Then put minus sign.

4.

5. Inequality is preserved
after integration.

J




Under%tanding

Let F(x f f(t)dt. Then
F'(x) = f(T) where F(x) is
a primitive function of f(x).
Thus, a continuous function
has a primitive function.

Example3-14

Note that - [* f(t)dt means
d([, f(t)dt)
dx :

Exercise3-14

Limits of integration are from
2x to 2x+1 and we can not ap-
ply the fundamental theorem
of integration. Thus we divide
the limits of integration.
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Let f(z) be continuous on [a, b]. Then consider the function expressed in the
integral [ f(t)dt, where x is in [a,b]. The domain of this function is [a, b)].

2nd Fundamental Theorem of Integral Calculus

Theorem 3.9 Suppose that f(z) is continuous on the closed interval [a, ].
Then [ f(t)dt is differentiable with respect to = and

%/zﬂwdt:ﬂx) (a<z<b).

NOTE Suppose that f(t) is the speed of a particle. Then [ f(t)dt can be
thought of the distance traveled by the particle from the time ¢ = a to t = .
% f; f(t)dt is the derivative at the time z. In other wotds, the speed of a
particle. Thus f(t) is the speed of a particle at the time ¢ and f(z) is the speed
of a particle at the time x.

Example 3.14 Let f(¢) be continuous. Then find

% / o

SOLUTION Let u = z2. Then du = 2zdz and

/f ff dtdu_ du

SO ) = 7)) @

Exercise 3.14 Let f(t) be continuous
d 2x+1

s f(t)dt

SOLUTION Let ¢ be a constant satisfying 2z < ¢ < 2z + 1. Then

2x+1 c 2x+1
/ f®dt= [ f)dt+ / f(t)dt.
2 2z c

x

Now [5 f(t)dt = — [** f(t)dt

d d [*

& | rwd=-1 [ s

Let w = 2x. Then

d [ a(f’ f(tydt) du B
i f(t)dt T-%_—f(u)~2——2f(2x).
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Next let v =2z + 1. Then

% 2z+1 f'(t)dt _ W . % = f(v) -2 = 2f(2l’ + 1)
Thus,
d 2x+1
= ft)ydt =2f(2x + 1) — 2f(2z) W
2x

Y 1st Fundamental Theorem of Integral Calculus —

Theorem 3.10 Let f(x) be a continuous function on the close interval
[a,b] and F is the indefinite integral of f on [a, ], then

b
[ t@de =) - 6o

N J

Proof By the 2nd fundamental theorem of integral calculus, F(z) = [ f(t)dt
is a primitive function of f(x). Thus, F(x) = G(x)+c where ¢ is constant. Since
F(a) = [ f(t)dt =0, F(a) = G(a) + ¢ = 0. Thus, ¢ = —G(a). From this, we
have F'(z) = G(z) — G(a). Set x = b and we have

b b
F(b) = / F(t)dt = / F@)dz = G(b) — G(a) W
Example 3.15 Evaluate the following definite integrals.

4 z 2
1 d
1. / —dz 3./ z
1 T 0

? 2
2. / sin® xdx S
0 x?+4
SOLUTION 1.

4 4 4
1 1 1 3
/2dx:/x_2dx:—{] =—(--1)=-1
1 T 1 X 1 4 4
2.
/gSiHQxdx = /gl_COS%dﬂﬁzl x_sin?a: :
0 0 2 2 2 0
17 T
= - — :7.
2(2) 4
3.
/de = 1{tan_1£2—1 tan™! tan~10
o T2 +4 2 210 2
1 =« s
= —~—:—.
2 4 8

Notation —\
We express G(b) — G(a) as
[G(@)]a-

a

/
o Evaluation —\

To evaluate a definite inte-
gral, we first find indefinite
integral, then subtract the
value obtained by substi-
tuting the lower limit from
the value obtained by sub-
stituting the upper limit.

J

Example3-15-2

; P n _ sin2zx 5 :
To evaluate [1 S ] o it

)
x
is better to evaluate [z]¢
s
sin2z 1 2 Ta ; \
[T]U . This way, you have
less mistakes.

[Exalnp163—15—3. j

Note that if # = tan~' 1, then
tanf = 1, where —5 < 0 < 3.
Thus 0 = 7.




Check
10g7 — l()g% =

mI

=Nl

log

1og$ -5 =log 17"

Check

g (:1:)
g(

dz = log|g(x)| + ¢
dr = Ltan=!(%)

\\.

z+a
Check
Note tan™
if tanf =
5). Thus

= 0 if and only

7
7W1ere—7<9<
0:
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Exercise 3.15 Evaluate the following definite integrals.

4 2
1
J——— B
9 22421 —3 1 2 —2x+3
SOLUTION 1. By partial fraction,
I 1 _ A B
2 4+2x-3 (r—1)(z+3) -1 z+3

Now clear the denominator,
1=A@x+3)+B(x—1)=(A+B)z+ 34— B.
From this, A+ B=0,34 — B =1. Thus, A = 1,

[
9 242z —3

S
—

R A Py )

T —

—~
8
+

N

_ =

e
—

)dx

x—lix—i—S

MN

—log|x+3|]§

[log |z — 1]
x71|]4
x+372
3 1
log = — log —
(og7 0g5)
2. The determinant D of 2% — 2z + 4 is given by D =

Thus no more factorization.

—
(@]
0

15
Lie P m
1%7

(—2)2 — 4(4) = —12.

I
e i N N

/2 T 1/2 2z —2+2
———dx = = ————— dw
1 2?2 —2x+4 2/, 22—2x+4
1 [* 22-2 12 2
= o 2= 4 — =4
2/1 22 —2x+4 *3 /1 22244
2
1
= -1 -2 4 —d
2[°g|x v+ /1 222z 44"
1(104 lo 3)+/2 ! d
= a - — < axr
g 08208 L @—12+3
= 1lo +{1ta 19:_1]
T 2%37 B V3 1,
1 4 1 1
= —log- + —(tan ' (—=) — tan=1(0
lo8 3 + st () — tan!(0))
1 4 T
= Zlog-+—— M
2 %37 63

Exercise A

1
1. Using quadrature?Cevaluate / 22dx?D
0

2. Evaluate the following integrals?D

@[ sa o
-/gsmxdx

2221

1 ™
/ Vad dx / cosz dx
0 0
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w

1

Given/ f(z)dx =6, / f(x)dx =4, and/ f(x)dz =1, find the follow-
ing intgrals?D

@ [fwe O [iwe @[ iwe @[ e
[e] /:f(x)dfc

Let f(t) be continuous. Then find g(x) 7D

d T d 1 d 2x
g(z) = d—/ sintdt  [b]g(z) = d—/ cos tdt g(z) = . Vsin tdt
T Jq X

0

Evaluate the following limit?D

1 /1 2 n 1 1 1 1
o) ] — — . — 1 — - [ “en -
-RILII;OH( +o+ +n) EE]nIergon<2+}L+2+2+ +3>

n
[c] lim — E
n—oo N

Suppose that f(t) is continous function. Then find g(z)?D

@ o) = [s0w ©) o =2 [T soa

© o= [ s

Exercise B

Evaluate the following integrals?D

(a) /1 CoviTTdr  (b) /1 QQ;tdt (©) /O Y osadr (d) /O e

log 2 e
(e) / dx
0 et + 1

Show the theorem BR(2)7C(3)?C(4)?C(5)?D

Prove the following inequality?D

1 1
T 1 1 z" 1
T 1 2 < <= (n>1
(a) 4</0 1_'_xnclx< n>2) (b) 2n—|—2_/0 1+xdz_n (n>1)

Find the limit of the followings?D

: 1 1 o 1
@ g (et ) 0

xT

(c) lim [ tan (t%)dt

z—0 0
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3.8 Evaluating Definite Integral

u-substitution

Theorem 3.11 If z = ¢(u) is differentiable on the open interval [a, b] and

Usage f(z) is continuous on the closed interval [¢(a), ¢(b)], then

If it is impossible to find
the indefinite integral of
f(x), then the following
might help.

¢(b) b
/ fmmzjﬂwwwmw
o(a) a

NOTE Let z = ¢(u). Then dz = ¢’(u)du. Now the limit of intervals must
be changed from = = ¢(a) to u = a and x = ¢(b) to u = b.
v|ola) — o(b)

t‘a — b

Usage

Integration by Parts

We let sinz, cosz, et® be

/() Let f(x), g(x) be differentiable on the closed interval [a,b]. Then
J'(x).

b b b
[ 1@g(@) = i@~ [ £ @g()ds

Example 3.16 Evaluate the following integrals.
1 1
1. / 322(z® + 1)*dx 2. / ze® dx
0 0

SOLUTION 1. Let t = 2% + 1. Then dt = 32%2dx. Thus we can express the

. . . . z|0 — 1
integrand as t*. Furthermore, the limit of integration becomes

t|l1 = 27
1 2 572
‘ Thus, / 32%(2® + 1)*dx :/ thdt = [t} _32o1l sl g
[ExampleS—16—2.] 0 1 51, 5 5
If we let u = e*, then du = == g=c¢e*
e*dr and v = logu. Thus 2. N\ Then
we can not solve this by u- ff=1 « g =¢"

substitution directly.

1 1
/ re"dr = [ve”]} — / edr=e—[e*]p=e—(e—1)=1.
0 0

Exercise 3.16 Evaluate the following definite integrals.

Exercise3-16 3 1
VR — ——dx
Let u = /1 + cosxz. /0 /1T + cos



3.8. EVALUATING DEFINITE INTEGRAL 117

SOLUTION Let u = /1 +cosz. Then, u? =1+ cosz and 2udu = — sin zdz.

2ud
dr = — uu Now need to express sinz by t. u=+/1+ cosz, cosz = u? — 1.

sinx
Thus,

sinz = /1 —cos2z =+/1— (2—1)2 = /12(2 — 2).
x| 02 2tdt 2tdt

For t i =tv2 —t2. 2 __ Thus, de = — = _
or t >0, sinx =tV ARV S us, dx pr— Vo

1 1 1 vz
/ 7dx:—2/ 7dt:2/ B —
o V1+cosz Va2 — 12 1 V2 —12

Since cos?z + sin’z = 1,
sinfz = 1 — cos?z. Thus,
sinx = #£v1—cos?2z. Note

0 <z < 1.

V1 —cos? z.

Thus sinz =

This integral is in the form a?—x2, t = V2sin8, dt = V2 cos0df, /2 — t2 = /2 cosb.

Since the limit of integral is t ‘ Tlr — \ii ,
01 - 3
\/5 z s
1 2 0 1
/ —dt=2 zmclé)\@/2 4.
1 V2 —1t2 £ V2sin0v/2 cos 6 = sin 0

By trigonometric integration[1]2. multiply both numerator and denominator by

siné ,

21 2 sinf 2 sin6
2 do = 2 df = V2 de
\[/ﬁi sin 6 \//’4' sin? 0 \[/Z 1 —cos26
, | 5 —3
Now let u = cos#. Then du = — sin 6d0, /3 Thus,
‘ 5
> sinf R |
2 —df = 2 du =2 d
f[é; 1 — cos26 \[/\fl 2 ¢ f/o T—w

V2 1+u % V2 1+§
= — |log| | = —log| |
2 T—u'l, — 2 2
2
Alternative Solution 1 + cosz = 2sin® 5
3 1 3 1 1 T cos
——dr = / 7dm:—/ 2 dx
/0 V1+cosx 0 ﬂcos% V2 /)y cos?i
B 1/5 COS 5 B 1/¢2§ dt
V2 Jo 1—Sin2% V2 Jo 1-—1#¢2
V3
V2, Ehas B V2, |1+§|
= —_— O —_— = —— 10
2 |, T2 e

V2.
t.
0

v2-—t2

u-substitution

In u-substitution, complexity
of integration depends on the
choice of u.
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e Properties of Definite Integral ~
~ Even/Odd Functions ~

Suppose that f(z) is continuous on the limit of integration.
f(z) is even function i ) “ “
means that f(—z) = f() 1. If f(z) is even function, then f(z)dx = 2/0 f(z)dz
and the graph of a func- ) ) o’
tion f(z) is symmetric 2. If f(x) is odd function, then f(x)dx =
with respect to the y- z z -
axis. Thub [°, fla)de = 3. / f(cosz)dz = / f(sinz)dz
0 0
2 [} fz)dz. z x (=D
f(z) iS odd function 4. I, = / sin” xdx = / cos" xdr = m T2 neven
means that f(—z) = 0 0 i n odd
—f(z) and the graph of a where nll — { n-(n—2)-(n—4)---4-2 neven
function f(x) is symmetric - n-(n—2)-(n—4)---3-1 nodd
with respect to the z-axis. N %
Thus, /fa f(z)dxz = 0. Example 3.17 Show the properties of definite integrall,3,4 .
- —/ SOLUTION 1. [ f foa f(@)dz + [ f(z)dz. Now f(z) is even

function and f(z) = ( ) Thus

f( )dx = 3 f dx+/ flx

—a

Herelet t = —z. Then dt = —dx.

| —a —
t‘a —

/_ F(@)dz = 2/: f()dz ®

Example3-17-3. 3. Let t =cosz. Then dt = —sinzdr = —v/1 — t2dx, gtc (1)
Since 0 < = < Z,

have sinxz > 0 and sinax =

V1—cos?x =+1—12 / fcosxdxf/f

0
)dt:/
1—t2 V1 —t2
Check 0

;f(r) dr — — [ba 2Vda Note the insdie of the square root is the difference of two squares. Thus

O S0, f(a)dz = — [ (1)t =
fo t)dt. Thus,

ol

we

_ . o _ =1 _
t =sinu, (0 <t <1)and dt = cosudu. Also, u = sin™ " ¢, du = \/W dt,
L0 = }r . Thus,

[ steossyae = [ o= [* s

Finally, IO% f(sinu)du = fog f(sinz)dx

/5 f(cosx)dx = /5 f(sinx)dx B
0 0
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4. By 3. foﬂ/2 sin” zdx = foﬂ/Q cos™ xdr. We show foﬂ/Q sin” zdz .
For n > 2, fz) = sin"tz,¢(x) =
- sina,  f'(x) = (n —
2 -1 . . n—1 5 1) on—2 . ( ) —
I, = sin” " xsinzdr = — [sm T COS x] o s rcosx, g\x =
0 —CoS T

z
+ (n— 1)/ sin" "2 z cos? xdx
0

jus
2

Note that sin0 = 0,cos(%) = 0. Thus [sin” ' zcosz]? = 0. Now we take care

of the rest.

(=)

s ™

? 2 2 ? 2 2
(n— 1)/ sin" “zcos‘xzdr = (n-— 1)/ sin” " “ z(1 — sin“ x)dx
0 0

(n - 1)(In72 - In)'

n—1
Then we have the recurrence ralation I,, =

In_s. Note Iy = [%de =

n
, I = [ sinzdr =1,

bl
L= =12
_ 321 _3
I o= pmrt2p =g hemy]
n—2 4in—4 0 11:5%71[1—2:%3
n—1n-3 17 (n-1!n 5= "5 1ls—2=5"3
= a2 aa T g e
In In—2 I3
I = R ¢
" Inoln s L'
n—1n-3 2 (n—1)N
B A TR

Exercise 3.17 Evaluate the following integral.
2
/ V4 —x?dx
0

SOLUTION The inside of square root is of the form a? — 2. Let x = 2sint and | Exercise3-17
- . — 2 .
+ — sin~1 2 dz = 2 costdt, 22 = dsin? t, VA — 2% = 2 cost, %‘8_}7” Thus This problem can be thought of
2

finding the area of a quarter of
circle. Thus it’s area is .

2 % %
/ Vid—2z2dx = / 2cost(2cost)dt = 4/ cos? tdt
0 0 0

n
= 4o
2112

Exercise A

1. Evaluate the following integrals?D

2 1 % T
[a) / sinz dz / sin® x dx / sin® xdx [dy / cos 2zdx
1 0 0

-2

1
(e) / v+ 1ldx
-1

Exercise B
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1. Evaluate the following integrals?D

(a) /E coszsinzdr  (b) ' Siidm (c) /g sin? zdx
0 o V1+4+cosx 0
2
x

(d) /_ 11x2cosxdx () /O " cosnzdz (n 7777 (f) /O 1mda;

(2) /01 xe” dx

3 Z
2. Show that / sin” zdx = / cos” zdx?D
0 0

3. Let f(x) be a continuous function on the interval (—oo,00). Then answer

the following question concerning the function F'(z) = f(#)dt?D

(a) Show that F(z) is an odd function?D

(b) Show that f(x) is even function implies that f’(x) is an odd function.
(c) Show that f(z) = [ f(t)dt implies that f(z) = 07D
(
t

d) Show that f(z) can be represented by a sum and a difference of func-
ions?D
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3.9 Improper Integral

The definite integral we have studied so far can only apply to the continuous
functions. Now we extend this definition to the function with finite number of
discontinuity.

-

Improper Integral of the 1st kind

\

[1] If f(x) is continuous on (a,b] and discontinuous at & = a. Then f(x)
is continuous on the interval [a + €,b]. Thus we can think of the following

definite integral
b
/ f(x)dx
a+e

b b
/ f(z)de = lim flx)dz.

e—0+ a+te

Then

[2] If f(x) is continuous on [a,b) and discontinuous at = b. Then f(x)
is continuous on the interval [a,b — ¢]. Thus we can think of the following

definite integral
b—e

f(z)dz

a

Then

b
dr = li dx.
e=Am ), S 0e

/a ' fa)
\

Example 3.18 Evaluate the following improper integrals.
1 1
dz 1
1. — 2. —dz
/0 Vi—z /0 x
Let v = /1 —x. Then u?

—dzx.

1 — 2z and 2udu =

SOLUTION 1.
z|0 — 1
u|l — 0’

1

1st kind

Improper Integral of the
1st kind applies to the case
where the function has dis-
continuous points in the
limit of integral.

[Discontinuous at x = aJ

If the integrand is continuous
on (a,b] and discontinuous at
x = a, then integrate from a +
€ to b. Then find the limit as
€ approaches 0 from the right.

ate

X=a

Note that the integral from a+
€ to b is the definite integral.

[ExampleB—IS—l. j

First use u-substitution to
make the integrand simple
function. Then solve improper
integral.

Example3-18-2.

X

1 0 1
d —2ud 2
/ T - / “”:/ Zdu= lim [ 2du= lim [2() =2 ®
0 1—x 1 U 0o U e—=0+ J, e—0+4
1
2. f(x) = — is continuous on (0, 1] and antiderivative of f(z) is log |ﬁﬂ
x 2
1 1 AN U
/ —dr = lim —dz = lim [log|x|]i =logl— lim logye]
0o T e=0+ /. T e—0+ e—=0+ 6

0—(—c0)=0c N 8

lim, g4 logx = —o0.



[Exercise3—18-1. }

Since the function is not con-
tinuous at x = 1, we may write
limge_, ot .[115 ﬁ dr. But it
is better to take u-substitution
first.

{Exercise3—18—2. }
] \/% =sin~! Z+c

7r
lim sin! (1 —¢) =2
Jim sin (1—-¢") 5
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Exercise 3.18 Evaluate the following improper integrals.

¢ 1
dx 2. ——dx

SOLUTION 1. @ is continuous on (0, e], but discontinuous at x = 0. Let
. 1 z|1l —
t =logz. Then dt = - dz, S 1

1 "1
/ dz :/ —dt.
1 xlogx o t

Note that f(t) = 7 is not continuous at ¢ = 0.

1 1

1 1

/ —dt = lim —dt = lim [log t]:C =logl— lim loge
o ¢t e—=0+ . ¢ e—0+ e—0+

= 1—-(-0)=cx

x
2. r) = ——— 1is continuous on —1 < z < 1, but not continuous at
Tw=r=

¢ = £1. Then we write

1—¢ dx
lim / _dr
e’ =0+ 14 V1 — a2
Then

1—¢
dx 1—¢' s -
li ———= 1 in~! =-—(—)=n01
E»S’ILHM/_HE T ooy [sin™a] 5 ( 5 Y=m

- Improper Integral of the 1st kind ~N
[3] f(z) is discontinuous at ¢y, ¢, ..., ¢, € [a,b]. Then divide the interval
[a, b] into subintervals [a, ¢1], [c1, ¢2], - . ., [cn, b]. Now consider the improper

imtegral on each subintervals. If all improper integrals exist, then we define
the sum of improper integrals as improper integral of f(z) on [a, b].

/ab f(x)de = /a f(a:)dz+/: f(:v)der...Jr/cj F(x)d

Example 3.19 Evaluate the following improper integral.

1
1
1z

SOLUTION f(z) = 2 is not continuous at = 0. Then we write

—d:ch —dx
_q a2

Now

1 1 1
1 1 1
/ e dr = lim ﬁdx: lim {—] =—(1—o00) =00.
0

e—0+ c e—0+ €T .

Thus no improper integral exists. W
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Exercise 3.19 Evaluate the following improper integral

/ 11 /(@) da,

1
_f =s (Fl<2<0)
where f(x)—{ i 0<x<)

SOLUTION f(z) is not continuous at z = 0. Then we write the integral as

follows: 0 .
1 1

0 1 € £
/1 S de=lim [ 27Pde= lim [3:&/3] L =0-(-3)=3.

e—0— 1 e—0—

Now

1
1
But / — dx = oo. Thus we can conclude that no improper integral exists W
o ¥ 2nd kind

Improper Integral of the 2nd kind
4 prop & ) Improper integral of the

2nd kind is infinite inte-
gral.

f(z) is continuous on [a,c0). Then f(x) is continuous on [a, b], where a <

b
b < c0. Then we define the infinite integral using the limit of / f(z)da.

oo b
/ f(z)dx = bli}rgc f(z)dz.

Similarly for the case where f(z) is continuous on (—o0, b].

o0 b
/ f(x)de = lim [ f(z)de.

a——0o0 a




Example3-20

This improper integral is used
to find the convergence and di-
vergence of other integral. For
example, [ A dx is less
X >y 1 2241 LU s e ls
than [~ = do and [ 5 du
converges. Thsu, converges.

Exercise3-20

50 100

Gamma Function

Gamma function was cre-
ated to extend the facto-
rial.
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Example 3.20 Evaluate the following improper integral.

< d
/ —m,p>0
1 2P

SOLUTION For p # 1,

[ee) d b 1 b 1
/ 2~ im / — dz = lim 2 Pdr = lim — [ml_p]?
1 xP b—oo Jq xP b—oo Jq b—oo 1 — P
1 _1 1
= lim — (P 1) =4 10 P2
b—oo 1 —p 00, p < 1
For p =1,

> d 1
/ &~ lim —dr = lim log|z| —1=0c W
1 xP b—oo J1 T b—o0

If f(z) is continuous on (—oo,00) and lim, o0 00 f; f(x)dx exists, then
we express this limit [*_ f(z)dx.

Exercise 3.20 Evaluate the following improper integral.

< d
1:/ .
o 1+

SOLUTION
b
dx b
I = lim —_— = lim tan~ !z
a—)—oo,b—>oo/a 1+ 22 a——o00,b—00 [ ]a
T T
= limtan 'b— lim tan la=>—(—=)=7 N
b— oo a——o0 2 2
e Gamma Function ~

Let T(\) = 2 Le~®dz. Then
0
1.T(n+1) =nl'(n) (n > 0)
2. n is natural number I'(n) = (n — 1)!

3.0(5) = v

N J

Proof 1.
o0
/ z"e " dr
0

%) b
z"e *dr = lim z"e " dx.
0 b—o0 0

I'n+1) =
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Using integration b rt f=a" g=e"

sing integration by parts, ¢ &/ " n1 Y e
b b b
. n_—x _ . n —z . n—1 —x
bl;rgo ; x"e %dxr = bli)rgo [#"(—e )]0 - blig)lo ; na" " (—e ")dx
b
_ . ns —xz\10 . n—1/ —x
= blggo [—z"(e™™)], —|—nbli>nolQ ; " (e7F)dx
_pn
= 1. —_— F
pmn, g T ern)
To find limp_s o _Tll):l? we use the Maclaurin series expansion of e*.
T _q z? 23 ™
e’ = +x+§+§+---+ﬁ+~“
Then 5 i
lim —- = lim s =0.
b—oo € baoo1+b+...+m+m+...

2. By 1. for n > 0, we have the recurrence relation I'(n + 1) = T'(n).
'n)=(n—-DI'(n—-1)=n-1)n-2)T(n-2)=---=(n—1)(n—-2)---2I'(1).
Now

(o'} b b
' = / e %dxr = lim e ®dr = lim [—e*gﬂ]o =—lime’+1=1
0 b— oo 0 b—o0 b—o0
Thus

I'(n)=(n—-1)L

1 oo
3. Note that F(i) = / 27 2¢ % dz. Thenlet t = VZ. Then t? = x, do = 2tdt.
0

z|0 — oo
ﬂm- Thus,

1 > 1 o 21 *° 2
r(z) = / r 2 Pda z/ e = (2tdt) = 2/ e U dt
2 0 0 t 0

g . Thus

In Example5.5, we have shown / eVt =
0
1
F(i) =vr

Exercise A

1. Evaluate the improper integrals that converge?D

< * dx - *© dz
@[ e m [T @[5
0 1 X 1 T

[t dx Ydx
@i O

[d / cosmx dx
1

Exercise B
1. Evaluate the improper integrals that converge?D

(a) /01 dz (b) 1 dr (c) /01 log xdx

1—=x 0o Z

Maclaurin series expansion of
e” is one of the most important
series expansion. As we know
the derivative of e” is e”. Then
in the Maclaurin series expan-
sion, every term is the deriva-
tive of the next term. Thus,

=1tz +L 4L

It is impossible to find [ et dt.
In other words, we can not
express the indefinite integral
of et using elementary func-
tions.
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2. Evaluate the improper integrals that converge.

(a) /000 xe ®dz  (b) /200 mdx (c) /:O mdm‘

3. Determine which of the following integrals converge?D

2 dx ogx
—— b
® ) ooz ¥ /O Jz
4. enshu:3-9-4 K(k) = fol ———L __dx is called the complete elliptic

(—22)(1—k2z2)

integral of the 1st kind?DLet agm(ag, bg), ag > by > 0 be the arithmetic
mean. Then the following is known?D

1 dx
. k2>/o VA 2?1 - k2

s
—_ = 1
5 agm(1,

Make sure that the above equation is true for k2 = 0,0.757D
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3.10 Application of Definite Integrals
3.10.1 Area

Area

Suppose that g(z) < f(z) for all « € [a,b]. Let the region A be bounded
by two curves y = f(z),y = g(x) and lines x = a,z = b. Then

b
A:/fﬂm—guﬂm X

¥ =f(x)

NOTE Partition [a, b]

Aca=zrg<a1 < <Tp,=5b

[ [ -

v

For each subinterval [z;_1, ;], we take point &. Now consider therectangle with
the base z; — x;—1 and the height (&) — g(&).

D (&) = g()] (@i — ima) .

i=1

height base

Now let A get smaller. Then the Riemann sum converges to

A=/ﬁﬂm—gwmm

Example 3.21 Find the area of the region bounded by y = H%, y=3,and
y-axis.

Example3-21

SOLUTION First find the intersetin of y = 14—% and y = 5. Letting ﬁ =3,
simplifying z(1+22) =2, 234+2-2=0. (z—1)(22+2+2) =0, we have.g = 1.
Now consider the small rectangle with the base Az and the height Tj&—; =Z.
Therefore, o°
1 1 T le 05 1 15 2 25 3
A = / —dmz{tan_lx—} an-l1=1
o (e il ST

1 1 -1
= tann_ll—fzi—f:7T .

4 4 4 4

Exercise 3.21 Find the area of the region bounded by the following curves.
r=y’y=x—2

SOLUTION Find the intersection of = y?,y = + — 2. Then y = y? — 2 which

implies (y + 1)(y — 2) = 0. Thus (1,—1) and (4,2) are the intersetions. Now Use a vertically long rectangle
note that for 0 < z < 1, the height of small rectangle is given by \/z — (—+/z) or horizontally long rectangle
and for 1 < z < 4, the height of small rectangle is given by \/x — (z — 2). Thus to make a Riemannsum.

1

A

/1 2v/zdx + /14[\/5 — (x —2)]dx = Ex?’m]

0 0

4

4 3 1
=4[22 —1]+24 -1
3 T3l =5l J+2[4-1]

+

2 2
[3%3/2 — % + 24

é+14 15
3 3 2

1



Let A(z) be the cross-sectional
area perpendicular to the x-
axis. Then the volume is ap-
proximated by the Y A(z)Ax

and is equal to f; A(x) du.
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Alternative SOLUTION Find the intersection of z = y?,y =  — 2. Since y? =,
y+2, we have y> —y —2 = (y + 1)(y —2) = 0. Then y = —1,2. Now consider
horizontally long rectangle with the side length Ay and the width y + 2 — 3.
Then

2 Y2 3 2
A:/ (y+2y2)dy{+2y] =-1
_1 2 314

NG Ve

3.10.2 Volume

Volume

Slice the solid region by the plane perpendicular to the z-axis. Let A(x)
be the cross-sectional area . Then the volume of the solid corresponds to
a < x < bis given by

V= / " Ay,

NOTE Partition [a, b] into subintervlas
Aa=xpg<x21<--<x,=0>0

Let £ be an element in [x;_1,2;]. Now let the base area be A(§;) and the
height be Az. Then letting |A| approaches 0. the Riemann sum converges to

V= / " Ay,

There are two ways to find the volume of solid generated by rotating the
region. One way to find the volume is to rotate cross-sectional area perpendiculat
to the totating axis. The other way to find the volume is to use cylindrical shell.

If f(x) > 0 for all z in [a,b], then the volume given by rotating the region
{(z,9);0 <y < f(z),a <z < b} around z-axis is given by

V/: lyi dx/abﬂ[f(a:)]zdx

Cross—sectionalarea
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ye

—— Volume ——
When rotate about z-axis,
take the thickness as Ax
and the area of circle with
the radius . Then the vol-
ume of small disk is AV =

. my?Ax = w(f(x))*Aw.

Figure 3.2: cross-section
Let V' be the volume of solid rotating the region {(x,y) : 0 <y < f(x),a <
x < b} around y-axis. Consider the cylindrical shell with the radius = and the
height y. Then the surface area of cylinder is 2rxy. Thus

b b
V= / Qmrudr = / 2ma f(axNdr

y

A

Figure 3.3: Surface Area

Example 3.22 Find the volume of the solid generated by rotating the region

defined by y = vz, y = x> around the z-axis.
¥

SOLUTION Find the intersection of y = 2® and y = /z. Then 2 — /z =

Vr(z®/2 —1) = 0. Thus (0,0) and (1,1) are the intersection points. Slice the

solid by the plane perpendicular to the rotating axis. Then the cross section ¥ = A x

becomes washer shape. Thus the cross-sectional area at x is

A=n((Ve)® - (2°)*) = n(z - 2°).
Now we multiply A by the thickness Az to get the volume AV.
AV = AAx = n(x — 25) Az

w o= ol

Thus
1 5 711 {Common Mistakes}
vV = 77/ (-2 de=m [3: _ x] Let 7o be the radius of outer
0 2 7 1o circle of a washer and r;, be
_ W(l B 1) _ om the radius of innner circle of
2 7 14 washer.  Then the area of

Exercise 3.22 Find the volume of the solid generated by rotating the region washer is W[(gout)Z — (rin)?] not
bounded by y = 2%, y =0, # = 1 around y-axis. T(rout — Tin)
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Exercise3-22

SOLUTION Slice the solid by the plane perpendicular to the y-axis. Then the

Cross section is washer shape. Now the area of the washer is mr2,, — 7r?, =

7 — wz?. Thus the volume of washer with thickness Deltay is given by AV =

(l—x)Ay.
1 1 1
vV = /(ﬂ—ch)dy:/ Wdy—/ nzldy

0 0 0

1 271
Y ™

= T-7 ydy=71'—71'|::| =—1

/0 2]y 2

SOLUTION Use a cylindrical shell. Let z be the radius of the cylindrical shell
and y be the height. Then the surface area becomes 27xy. Now the volume of C

cylindrical shell with the thickness Az is given by 2rzyAz. Thus

! ! e R
V= / 2nxydr = / 2rxalde = 2m [] =— N
0 0 41y 2

—_——
If f(x) is the class C', the 3.10.3 Arc length

curve of a function y = f(z)
is called smooth. arc length

Wl

T Arc Length —\ | Let f(z) be class C!. Then the arc length s of a curve y = f(x), where

Note that the length of @ <@ <bis given by

the line segment is decom-

b
posed with Az and Ay. s:/ V14 (f'(x))?dx

Then (Ax)? + (Ay)2.

Y NOTE Partition [a, ]
Aca=xg<o1<--<xp,=5b

Let P; be the point (z;, f(z;)). Then connect the points Py, Py,...,P, by a
| >x straight line to get
PoPy, P1Pso, ..., Py 1Py

n
"
- E P;_1P;
Pima (35, (,-4)) Fi(x,f(x)) )

- J

Now letting the norm of length |A| get smaller, if the Riemann sum converges
to s, then we say s arc length of y = f(x) for a <z <b.

(i — xi-1)® + (f(x:) Pi Py = (i —zi1)?+ (f(@i) — flwio1))?

f@im))? = (zi — 2i-1)*(1 J_r 2
fle0—fi)y2 _ \/1 n <f($¢)‘ - f(mi—l)) (i — i 1),

Ti—Xi—1

Ax; = a3 — i1
Note that since f(z) is the class C?, use the mean value theorem,

P,_1P, =1+ (f/(g))2A£L’“ (l’i,1 < 5 < xl)
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Thus the arc length corresponds to a <z < b is

b
SZ/ VT @)z m

Example 3.23 Find the arc length of the following curve.

22/3 4 y2/3 -1

SOLUTION Let 2 = cos®t,y = sin®t where 0 < ¢t < 27. Then the s

length Al is given by

A= DT B9 = [ (o2 (RLpar

Note that the curve is not smooth at ¢ = 5. Thus

z
= 4/ \/(—3 cos? tsint)2 + (3sin® ¢ cost)2dt
0

Fl
= 12 / \/cos4 tsin?t + sin® t cos? tdt
0

%
= 12 / \/0052 tsin® t(cos? t + sin® t)dt
0

z
= 12/ V cos? tsin® tdt
0

[ME)

= 12/ costsint dt (u=sint,du = cost dt)
0

1 271
- 12/ udu:l?{u} 19l 6w
o 2 |, 2

Exercise 3.23 Find the length of following curve.

Ve+y=1

SOLUTION Parametrize by x = cost,y = sin*¢ 0<t<3).

VI 4y = cos®t +sin’t = 1.

/2
= / \/(—4 cos3 tsint)2 + (4sin® ¢ cost)2dt
0

/2
= 4/ \/cos6 tsin?t + sin® ¢ cos? tdt
0

/2
= 4/ Vcostt + sin*t costsintdt
0

/2
= 4/ \/(1 —sin®t)2 + sin ¢ sint costdt.
0
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Example3-23

Asteroid

If the curve is hard to represent
by y = f(x), then it is better to
use parametric representation.
For parametric representation
= f(t),y=g(t),if f'(t),9'(t)
are continuous on (a, b) and not
equal to 0 simultaneously, then
the curve is smooth. Since
f'(t) = —3cos’tsint,g'(t) =
3sin®tcost, f/(t) and ¢'(t) are
0att=0,3,m, % simultane-
ously.

Arc length

If the curve of a function is
not smooth, then it is not
the class C''. In this case,
we find the arc length of
the curve which is smooth.

Exercise3-23
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Now let u = sin?¢t. Then du = 2sint cos tdt and

0 — 7
u|0 — 1

Thus

1 1
L = 2/ \/(1—u)2+u2du:2/ V2u? —2u + 1du
0 0

1
1 1
V2u? —2u+1 = = 2\/5/ 1/(u—§)2+1du.

\/2(u? —u+ %

Letwfuff Then dw = du and

_>
%

1/2 1
2v2 / /w2 + —dw.

1/2 4
Now use the following integral formula,

1
/\/372 +a?dx = 5(:1:\/332 + a2 + a*log |z + V22 + a?|)

Let x = atant. Then Va2 + a2 = \/a2(1 + tan?t) = Va2sec?t = asect. Also,
dz = asec? t dt,

/ Va2 4+ a?dx = /asect -asec? tdt = a? /se03 tdt.

Now by Exercise3.11, we have

(NI

XXX

1
/secgt dt = 3 (secttant + log |sect + tant|) + ¢

Thus,

/\/332+a2dx = az/sec?’tdt

a? \/.%‘2 +a*x Vat4+a?2
= o +log|————+ || +c
2 a a
1
= 5(a:\/xQ+a2+a210g|\/x2+a2+x|>+c
L = 2v2- [w,/wu += log|w+ w? + |) 12,
1 1 1 1
= V2 Loglt e L “log|— -+ —=
355+ 3 108 I5 + 75 (s 1081~ 5+ 5)
1,1
— \/§(L+110g|2+7$): +£1 ‘2+\f|
V2 4TS V2

2 2+ v/2)? 2
= 1+%10g|%|:1+§log|1+ﬁ|l

Exercise A
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1. Find the area of the region bounded by the following curves?D
@y=a*y=c+2 [Bly=2"y=2a y=—vao,y=z—-6,y=0
@ y=2°—z,y=1—2a> (€] z+4=y*2=>5
) y=2z,24+y=9y=a—-1

2. Find the volume of the solid generated by revolving the region about the
z-axis?D
y=a,y=0z=1 y=a%y=9 y=vz,y=21a’
y=a"y=x+2

3. Find the length of graph?D

@) y=2z+3fromz=0toz=2 [b] y=2"?fromaz=0tox =44
z(t) =t y(t) =2t fromt =0tot =+/3

[d] r=¢’ from 6 =0 to 6 = 4r

Exercise B
1. Find the area of the region bounded by the following curves?D
(a) z=9y*2x=3-2y> (b) z=cos’t,y=sin®t, (0<t<n)and z-
axis
2. Find the volume of the solid generated by the reion about the z-axis?D
(a) @+ (y—2)° <1
(b) x=t—sint,y =1—rcost, 0 <t <27 and z-axis?D
3. Find the length of graph?D

(a) 2%/% 4+ ¢?/3 =1 wholelength  (b) v + ,/y = 1 whole length  (c)
r =1+ cos whole length






Appendix A

ANSWERS

0.2 INEQUALITIES

1.
() (~o01]  (B) (00,—3)  (9) (~00,1)U(2,00)7D
(d) (-1,0)uU(l,00) (e) (=3, 1)U(3,00) () (1,2)U(6,00)?D

/ 1
2. ch 1 215 larger?D
3
7

(@) (=2,2) () (=5 —7) (€ (=53)UE,11)  (d) (~e0, —4)U(~1,00)
4. |a—b* = (a—1b)? =a® —2ab +b* < |af* + 2al[b| + [b]* = (|a| + [b])*

=}

1.1 Functions

1.

(a) f(1) =1
2.

(a) Domain(f) = (—o0,00) Range(f) = [—1,00)?D

(b) Domain(f) = [1,00) Range(f) = [0,00)?D

(¢) Domain(f) = (—o0,00) Range(f) = [0,1]7D
3.

(a) The graph of y = f(x) 4 ¢ is a parallel shift of the graph of y = f(z) by
¢ into the positive y-axis direction?D

(b) The graph of y = f(x — a) is a parallel shift of the graph of y = f(z) by
a into the positive z-axis direction?D

—~

b) f() =13 (¢) f(1) =2

3
2
Z
1
Tl
2 I
i
Tl
|
Z
— 1lix 4
Ib 5
—-_—— 1 % 4+

135
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(a) (fog)(z) = 2$24+ 5 g(f(@)) = (22 +5)* (b) (fog)(x) =z g(f(z)) ==

xT

i () (fog)(z) = 15 9(f(2)) = o?(z + 1)
(a) fH(x) = z —; 1 b)y=+vVx—2-1 (c) is not one-to-one?D
6.

(a) odd function  (b) odd function

1.2 Trigonometric Functions

1.

T 2 21
(a) 5 (b) 9 (c) 5
2. - -
5 (a) 3 (b) 6
) s 117 T Tr 3w T T 2m o1
. (a) [ g) (T 2n]  (b) (6 5) U(ij) (c) (6 g) U(§7?)
@Wo mI %
1.3 Limits of Functions
1. 1 1 1
(@)1 ()5 (90 (5 (@6 H5 (0 {m-5
-1
2. 5
(@3 ()-1 (90 (d)-1
1.4 Continuous functions
1. 1
(a) =1 (b)1 (¢)0 (A0 (e) 5 (f) does not exist  (g) does
not exist
2.

(a) continous  (b) removable discontinuity ~ (c) continous  (d) essen-
tial discontinuity

3.
(&) f1)=2 (b) f(1)=3
4. 13
YT 16

1.5 Sequences

(a) bounded?Cmonotonically decreasing  (b) bounded?Cmonotonically in-
creasing



(a) ] (b)2n—1  (c)n?

1.6 Transcendental functions

1.

()0 (b)?2?2U0  (c) O
2.

(a) 3.00 (b)2.76  (c) 440 (d) —2.30  (e) 3.225  (f) —0.92
3.

@e () - (1 (A1

2.1 Derivatives

1.
1 2
(a)1  (b) —6
3. 1
(a)y=—z—1 (b)y=—-12z+21 (c)yzzx—i-l
4.

2
(a)y’ =552* —182%  (b)y' = o )y =32 =6z -1 (d)y' = —

137

3 (x —2)2
, 22?43z +1 , 322 —x +1 , o 2t -1
(e)y:w (f)y:—ﬁ (g)y:(mT
2.2 Differential Formulas
- dy 1 d 1
y _ 11 w_
(@ gy =ne g =5
2.
(a) ¥ = 4008z (x? +1)*% (b)) ¢/ = 6(x® + %)2(90 — %)
(c) y' = 6(5z + 3)(52? + 6z + 2)?
3.
dy dy =z
) (@@*2(1’*1) (b)%**g
(a)2zlogz +2  (b)3x?sin2x + 2x3cos2z  (c) \/1EW (d) 5 ::+ :
(¢) 3(sin (x + 1))2cos (z +1)  (f) sin"*(2z) + \/%

2.3 Higher order dirivatives

1.
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2.4 Mean value theorem

we=2 me= /2

(a) concave up on (—o0,0)?Cconcave down on (0,00), local minimum 4 at
x = —1?7Clocal minimum 0 at « = 1, inflection point (0, 2)
(b) concave up on (—oo,0)?Cconcave down on (0, 00), locla maximum —2 at
z = —17Clocal minimum 2 at x =1
" 2 3
(c) EiTi™ (=00, —1)?C??774 (—1,00), x = —1 — % SN 7[7037 =-1+ %
2
f@?fn_i 281 (—1,0)
(d) concave up on (—oo, \f) (0,/3)?Cconcave down on (—v/3,0), (v/3, 00),
V3
Sy

1 1 3
local minimum ~5 at x = —17Clocal maximum 5 atx =1, (—\f, —%), (0,0), (V3,

are points of inflection
(e) concave up on (—2,1)?Cconcave down on (—oo, —2), (1, 00), local mini-
mum 0 at x = —2 and x = 1, local maximum % at x = —

323 . 64+/2
9

1.

2.

1
2

(a) 400  (b)

(@ 5

2.5 Curve sketching

Y == M)z=2y=a+2 (c)x=43,y=0

(a) © = 0 vertical tangent ?D  (b) z = 0 vertical cusp?D (c) x =2
vertical cusp?D
2.6 Limit of indeterminate form

1.
(d)log2 ()0 ()1 (g0 (h)2

A~

@0 () -1 (o

3.1 Antiderivatives

1.
(a)z* -3z +C (b)2°+C  (c) gx%—b-C’ (d)2v/x+C  (e) —log|cosx| + C
r sin2zx 1

(f) tanz + C (g)i— 1 +C (h)4

1
(i) 5 tan™* g +C

3.2 Integration by substitution

1.
(a) f% cos(2z) +C  (b) %log(:z:2 +1)+C (¢ ; 1 ¢ (d)log|logz| +C
2 5/2 3/2
() %eﬂﬂ e (f)%sing’m—i—c (g)2<(1+5$) (H;) )+c
(h) log |sinz +cosz|+C (i) log(l+¢€%) +C
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3.3 Integration by parts

1.
(a) ze® —e*+C  (b) —zcosxz +sinz+C  (c) 36230(2.%' -1)+C
(d) (2® =2z +2)e* + C

(e) (2—a*) cosz +2xsinz+C  (f) %ems(a:3—1)+0

(g) xsinz + cosx + C

3.4 Integration of rational functions

1.
1 -1 -1 1 1 —4 7
b) — 1+ —
(a)x/—2+x+/5 ()/x+x+1+x—1 (c) + 1+x—2
3/4 1/2 1/4 80 32
d 34422 412 2
&Gt eoetoar @4+ x+3+x—2+(x—2)2
1 —x+1
)4 1=
()x+x2+1

3.5 Integration of trigonometric functions

1.
.4 . .3
- 1 sin 2 -
(a) “Z“’Hc (b) 5 sin 3z + C (c)§+bm4x+c (d)sinz — =L 4 ¢
() cos77x _ cos;x LC () co;x _ cols(;")x c (2) sir21x B sin63x ‘C
. . t 2 1
(h) 51r21x sm63x +C () ar; ‘io %) i(secxtanx + log|secx + tanz|) +

3.6 Integration of irrational functions

1.
(a)2f—210g|1+f|+c (b) 2 — 2/ +2log |1 + Vx| + C
(¢) 5log| =+ C

Vi—er+1

(d);(x—l) +2\/x— T+C () Va+i+C

(f)w /22 +44+C  (g)loglr — 1+ Va2 —2x—3|+C
(h) 2(V22 —1—tan ' (v/22 — 1)) + C

3.7 Definite integrals

1.
1/ 1
(@) JL“;onZ<n) =3
2. -
10 3
, (a)g (b)§—10g2 )z (A0 (e)1

(a) sinz  (b) —cosz (c) 2Vsin2x
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()5 ()logy (>

3.8 Evaluation of definite integrals

Wy M ©F @5 (©3%6 @2
2.

WF o 9f @
3.

(a) 2v5  (b) 296 () 4V3 +2log |2+ V3|  (d) V2(e*™ — 1)
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